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SUMMARY 


An account is given of the theoretical basis for the design of coaxial 
resistors that retain their d.c. resistance, without appreciable reactance, 
at all frequencies at which coaxial systems are normally used. The 
main restriction on physical size is governed by the avoidance of 
supplementary modes of propagation. The design employs a uniform 
cylindrical film resistor with a critically dimensioned outer conductor, 
the profile of which has the form of a tractrix. Lead-in cones are 
designed to avoid discontinuity at the connections with the resistor 
and the outer conductor. Experimental results show an impedance 
within 1% of the d.c. resistance, with an extremely small phase angle, 
at all frequencies up to the highest measured, namely 3 450 Mc/s. 


(1) INTRODUCTION 


The realization of constant resistance without reactance over 
the whole range of frequencies at which coaxial lines are used 
is a problem encountered in the design of coaxial loads, dissi- 
pative attenuators or “standard” r.f. resistors for impedance 
bridges or other measuring apparatus. In the best-known 
attempt to solve the problem, a cylindrical resistive film is used 
as the inner conductor of a short, uniform coaxial line which is 
otherwise loss-free. By applying the ordinary theory of uniform 
transmission lines to the problem, it has been shown! that with 
one end of such a coaxial resistor short-circuited the impedance 
at the other end can be made resistive and substantially inde- 
pendent of frequency by suitable choice of the ratio of inner- 
and outer-conductor diameters. Under this condition, the 
tesistance does not vary with frequency by more than 1%, 
provided that the wavelength corresponding to the highest 
frequency applied is not less than about 30 times the resistor 
length. By employing a different diameter ratio, the restriction 
on the length of the resistor may be relaxed at the expense of 
introducing a small susceptance, although this may be com- 
pensated over a wide frequency band either by undercutting the 
inner lead-in conductor for a short length or by other and better 
means.* Even with this arrangement, resistors for frequencies 
up to 3 000M¢e/s are restricted in length to about I1cm, which 


_ Correspondence on Maneurphs is invited for consideration with a view to 
tion. 
» Harris is in the Laboratories of the Aeronautical Inspection Directorate, 
Ainistry of Supply. 
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severely limits their power rating. Any advantage to be gained 
by using a liquid dielectric coolant is offset by the higher per- 
mittivity, which reduces the wavelength and thus the permissible 
length of resistor. 

A more successful mode of attack on the problem is based on 
a new interpretation of the well-known rule that if a uniform, 
lossless transmission line be terminated in a resistance equal to 
the (resistive) characteristic impedance of the line, the input 
impedance of the system is equal to the terminating resistance. 
This condition is independent of the length of the line; in parti- 
cular, it is true when the line is extremely short. Consider a 
cylindrical film resistor of resistance R divided into four equal 
sections, with a short piece of loss-free coaxial line interposed 
between each pair of sections, as shown in Fig. 1. At the cross- 
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Fig. 1.—Cylindrical film resistor divided into four equal parts, with 
sections of loss-free coaxial line interposed. 


section A the resistance seen to the right is R, and the charac- 
teristic impedance of the coaxial line leading-in to A is made 
equal to R. At the cross-section B the resistance seen to the 
right is 2R, and the characteristic impedance of the coaxial line 
leading-in to B is made equal to #R. Likewise at C and D the 
characteristic impedances of the respective lead-in coaxial lines 
are made equal to +R and 1R. If, in Fig. 1, the length of each 
inter-section loss-free line be made infinitesimal, the profile of 
the outer conductor is then determined at the four cross-sections 
A, B, Cand D. By increasing indefinitely the number of sections 
into which the resistor is divided, the continuous profile of the 
outer conductor is determined. It is readily seen that, if Rg is 
the resistance per unit length and w is a distance from the short- 
circuited end, the characteristic impedance of a loss-free coaxial 
line with radii equal to those of the resistor and the ‘outer con- 
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ductor at the cross-section at w must equal wR if reflectionless 
propagation along the resistor is to be obtained. The -charac- 
teristic impedance Z, of a loss-free coaxial line is given by the 
well-known relationship 


Z, = (G[2m) Jog, (rfajyohms te AD 


in which r and a are the radii of the outer and inner conductors 
respectively and ¢ = (1/¢)!/2 is the wave impedance, in ohms, of a 
plane wave, p being the absolute permeability (henry/metre) 
and ¢ the absolute permittivity (farad/metre) of the medium. 
Equating Z, to wRy gives the equation of the profile of the 
outer conductor,> namely 


== @EXP. QT RWiOr ss a) as) Smee) 


The validity of eqn. (2) depends upon the supposition that the 
wavefront is always plane and normal to the axis, so that the 
system may legitimately be divided into cylindrical “slices” 
which do not intersect a wavefront at any instant. In so far as 
the actual field approximates to this requirement, a resistor 
mount designed according to eqn. (2) should be perfect at all 
frequencies at which only the principal wave is propagated in the 
system. The longitudinal section of a resistor mount consistent 
with eqn. (2) is shown in Fig. 2. In accordance with the laws 
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Fig. 2.—Tapered resistor mount. 
The natural direction of the electric field is indicated by the broken lines. 


of the electromagnetic field, the direction of the electric field at 
the outer conductor (assumed perfect) is normal to the conductor 
surface, while the electric-field direction at the resistor surface 
makes a small angle with the normal to the surface. The resulting 
form of the electric field (and with it the wavefront) is indicated 
by the set of broken lines in Fig. 2. It is seen that the departure 
from planarity is largely conditioned by the angle @ between the 
section of the outer conductor and the axis. According to 
eqn. (2), the value of the angle 0 at the entrance to the resistor 
mount is given by the relation 


tan 0 = (dr[dw),_, =2nRoblf. . . . @G) 


and it is evident from this and eqn. (1) that only a long thin 
resistor ensures the validity of eqn. (2). In general, a resistor 
mount designed according to eqn. (2) will be imperfect, and the 
greater the resistance per unit length and the greater the total 
resistance, the more imperfect the mount will be. 

To achieve the aim stated at the beginning of the Section, it is 
evident that a design is required which, although based on 
principles similar to the foregoing, also takes into account the 
departure from planarity of the guided principal wave in the 
resistor mount. Accordingly, the theory of a special class of 
non-uniform transmission systems must be developed from the 
basic electromagnetic equations and then be applied to the 
design of a tapered resistor mount. 


(2) THEORETICAL ASPECTS OF SOME NON-UNIFORM 
COAXIAL TRANSMISSION SYSTEMS 

(2.1) Approximations inherent in the Transmission-Line Equations 
for Uniform Resistive Coaxial Lines Jy 

The ordinary transmission-line equations are based on the 


following differential equations for a uniform dielectric boundec 
by a pair of loss-free conductors: 


d/dz = GoV + CydV)dt } r 
—IV)dz =Lydl fot f ‘a 


in which Go, Co, Lo are the distributed shunt conductance, shun 
capacitance and series inductance per unit length in the z 
direction, respectively. These equations follow rigorously’ 
from the form of Maxwell’s equations in which the electric fielc 
is radial in a cylindrical co-ordinate system and the wavefron 
is therefore planar. In a system with appreciable conducto: 
resistance, however, there is necessarily a component of electri 
field tangential to the conductor surface in the z-direction, s¢ 
that the resultant electric field cannot be wholly radial and thi 
wavefront cannot be planar. But, as Heaviside pointed out,’ 
so long as the resistance Ro per unit length is small, it is usually 
sufficient to add the term Ro/ to the right-hand side of the seconc 
of eqns. (4) and ignore the slight distortion of the wavefront 
This approximation is inherent in the familiar transmission-lin 
equations, and is of special interest in the present work, ir 
which coaxial lines with cylindrical resistive-film inner con 
ductors are considered. For this reason, a rigorous solution o 
the problem of a uniform coaxial line with a perfect outer con 
ductor and a resistive-film inner conductor is given in Section 7.1 
For the range of values likely to be encountered in practice, the 
results show that the ordinary transmission-line equations wit 
Lo, Co and Ro calculated from the simple (radio frequency 
formulae are a first approximation. To a second approximation 
the effects of the departure from planarity of the wave and o: 
penetration of the field into the enclosure formed by the 
cylindrical film have to be taken into account. It is shown ir 
Section 7.1 that this may be done simply by modifying the value 
of Lo given by the well-known formula for perfect conductors. 


(2.2) Limitations in the Application of Transmission-Lin« 
Equations to Non-Uniform Resistive Coaxial Lines 


To investigate how far transmission line equations may be 
applied to non-uniform lines, it has to be determined undei 
what conditions the “general principal wave,’’ which conform: 
with the general orthogonal co-ordinate system conditioned by 
the guiding conductors, exists. The concept “general principa 
wave” is an extension embracing the concepts “plane wave,’ 
“spherical wave,’ and any other form that satisfies certair 
requirements to be set out later. Thus, between a uniform loss: 
free cylindrical coaxial pair of conductors, the wavefront i: 
planar, while between a coaxial pair of loss-free conical con: 
ductors with a common apex the wavefront is spherical; in botk 
examples the wavefront naturally conforms with the orthogona 
co-ordinate system conditioned by the guiding conductors 
By analogy, the wavefront of the general principal wave con- 
forms with the general orthogonal co-ordinate system conditionec 
by the (coaxial) conductor pair. 

Orthogonal curvilinear co-ordinates w, uz, u3; are used, fot 
which an arbitrary line element ds is given by the differential form 


ds? = htdut + h3duz + hdur 
where, relative to a Cartesian co-ordinate system x, y, Z 
hy = +[Qx/duy)? + Qy/duy)? + Oz/du)7]2 «GS 


with corresponding relations for hy and 3. All electromagnetic 
quantities will be expressed in rationalized M.K.S. units. It is 
assumed that each surface u, = (a constant) constitutes a wave- 
front in which E and H, the electric field intensity and the 


* At least for coaxial systems from which there is no radiation. 
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magnetic field intensity respectively, are tangential and mutually 
perpendicular. The components F, and H, alone exist in a 
right-handed system of co-ordinates ,, wz, u3. For the field 
between the conductor pair, the form of the electromagnetic 
field equations is 


(6) 


curl HW = dE /dt 
curl E = — pdH/dt 


in which « and pw are constants for a homogeneous isotropic 
medium. If these equations be expressed in curvilinear co- 
ordinates and the above restrictions on E and H are imposed, 
two significant equations follow, namely 


—“1flighs). 00H, pu, =OEPt . . . (D 
1/(iyhs).10,E) fou; = —pdHPt . . . (8) 


Differentiation of eqn. (7) by uw; after multiplication by h, and 
substitution for h,E, from eqn. (8) leads to 


ay, hy] (hyh3) 55 ) [Ay /(hah3) a d(MyA>)/du3]/du3 = pred*(hyHp)/dt? (9) 
and the corresponding result from egn. (8) is 
h, [(Azh3) A ) [Az/(Ayh3) . d(H, E,)/du3|/du; == p<d7(hy E,)/ dt? (10) 


Inspection of eqns. (9) and (10) reveals that, if both A, and 
hy [hz are independent of wu, they may be written 


1/h3.d°(h,H5) [uz = wed*(hpHp)/d0? 1 (11) 
1/13.0°(h, Ey) 003 = wed*(hy Ey) /[d02 f i 
which have the well-known wave solutions 


hyH = C,f(t — hyus/v) + C_,F(t + hyu/0) sas 
h,E, = Cof(t — hgus/v) + C_pF(t + hygus/0) 


in which v = (we)— 1/2 is constant and /3 is necessarily independent 
of u,. The functions f and F are the same for H, and £,, because, 
as well as being solutions of eqns. (11), they have also to satisfy 
eqns. (7) and (8) separately. 

| The conditions that h, and h,/h, be independent of u3 are 
similar to the restrictions imposed initially by Bromwich in his 
general solution of Maxwell’s equations,°> except that Bromwich 
imposed the more severe restriction 4; = 1 on the co-ordinate 
system. In seeking the physical meaning of these conditions 
governing the strict validity of the concept “general principal 
wave,” it is instructive to examine the approximate solution of 
‘eqns. (7) and (8) when /, varies slowly with u,. There is a similar 
problem in physical optics: the approximate solution of a wave 
equation in which the refractive index (we/9¢9)!/? varies from 
place to place. The result shows that, if the refractive index 
varies little over the distance of a wavelength, the propagation 
is essentially that of geometrical optics. Here, an approximate 
solution of eqns. (7) and (8) for a wave travelling in the positive 
u, direction is sought in the form of eqns. (12), in which the 
former constants C;, Cz and /,/v may now vary slowly with w3. 
Substituting the trial solutions in eqns. (7) and (8) separately 
gives 


Cy = Sopa C, = constant (13) 

C,A]Ayv = €C,]/h, (14) 

\ CoA]hy = pC, [hy (15) 

in which A=1 + upfhy.dh[v) du, . (16) 
From eqns. (14) and (15) there follow 

) H, = vE,A- (17) 

E, = oH,A-! (18) 


hy, 


from which the phase velocity v is found to be 
v = (ue) 12A (19) 


In eqn. (16) the condition for slow variation of h3 with uw, is 
expressed by uw v/h3.0d(h,/v)/du, <1, so that A—+1. The 
variable term in A contains 43, which may be a function of uy, 
and uw, co-ordinates of position on a wavefront, so that if h, 
varies at all with u3, the velocity v will in general be different at 
different points on the wavefront. This can only mean that 
there is a slow bending of the wavefront as the wave progresses, 
such as would occur in traversing a slight bend in a coaxial line. 
In this example, it is clear that the wave velocity must be greater 
on the outside of a bend than on the inside. The requirement 
that h3 be independent of wu; therefore means that there must be 
no bending of the wavefront from the shape conditioned by 
uniform propagation, in order to conform with the bounding 
conductors which govern the co-ordinate system. The other 
condition, namely that h,/h, be independent of u3, means that 
there must be no rotation of the plane(s) of polarization as the 
wave progresses. 

As well as considering co-ordinate systems which strictly 
satisfy these conditions, systems in which /, varies very slowly 
with u3 will also be considered. For such systems, eqns. (17) 
and (18) yield the following important relation: 

Ean CH (20) 
in which (w/<)'/2 = € is the wave impedance of the medium for 
principal waves. Eqn. (20), well-known for plane waves, is 
therefore valid for general principal waves which either satisfy 
the conditions rigorously or satisfy them only approximately 
in so far as h varies slowly with u3. 

The possibility of describing propagation in a system by 
simple wave equations such as eqn. (11), and conformity with 
eqn. (20), are also conditions for the applicability of ‘“‘distributed 
circuit constant’”’ or “‘transmission-line’’ equations to the study 
of the system. Thus transmission-line equations are approxi- 
mately valid when the conditions are relaxed to permit h; to 
vary slowly with u3. 


(2.3) Transmission-Line Equations for Non-Uniform Resistive or 
Loss-Free Coaxial Lines 


(2.3.1) Derivation of the Line Equations. 


In the derivation of the representation of a general principal 
wave (in either the strict or the approximate sense) by trans- 
mission-line equations, the class of system typified by that 
shown in Fig. 3 is considered. The inner conductor is either a 


Fig. 3.—The orthogonal co-ordinate system applied to a non-uniform 
coaxial system with a resistive inner conductor. 


uniform resistive film of resistance R, per square or is a good 
conductor, while the outer conductor has an arbitrary taper and 
is stipulated to be a perfect conductor. 

Let the second circuital law of the electromagnetic field, 


6 dt = =e] Hds . (21) 
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(where dl is an element of the contour around the surface S$) be 
applied to the area ABCDA in Fig. 3. The positive direction is 
taken in this order. The line integral of E along a definite curve 
between two points defines the voltage V between the points, 
even though this is not necessarily the electrostatic p.d. when the 
field varies in time, as is evident from eqn. (21). “The path BC 
in Fig. 3 contributes nothing to the line integral, because the 
direction of E is everywhere normal to w3, but the path DA 
contributes on account of the p.d. along the resistor. Dis- 
regarding the internal reactance of the resistor and the reactance 
arising from the field penetrating the resistive film, the p.d. 
along the resistor is IRo5z, where Ry (=R,/27a) is the resistance 
per unit length and z is distance along the resistor surface. This 
contribution is bound up with the fact that the electric-field 
vector meets the resistor surface at an angle to the normal. 
which is denoted by ys. In Fig. 4, the path DA is vectorially 


Fig. 4.—Enlargement of detail shown in Fig. 3. 


equivalent to the path A’A in the line integral of eqn. (21), 
because, vectorially, DA = DA’ + A’A and there is no com- 
ponent of E along DA’. Then [Ro$z = E,.) sin ~6z in which 
the subscript (a) refers to the resistor surface. It follows that 


IRo = Ea) sin pb (22) 


in which the subscript (a) refers to the resistor surface. The 
current J in the resistor is given by the line integral of H around 
the resistor, and 


i Ay27a (23) 
Eqns. (22) and (23), together with eqn. (20), lead to.the important 
result ! 

sin f = RC (24) 


Applying the usual procedure to the path ABCD, and adding the 
contribution [Ry6z for the part DA, gives 


b Edl = 8V + IR,8z (25) 


“ABCDA 


in which 6V = V4pz — Vpc, the voltage increment at AB over 
the voltage at DC. The surface integral in eqn. (21) is taken 
over the area ABCDA. (Whether ABCD’A or A’BCDA’ be 
taken is of no consequence, for the difference is of an order 
smaller than the integral.) On using eqn. (20) and eqn. (25) 
there follows 


(oj 
OV + IR,8z a sy (ts8aae | Had) . (26) 
D 


In the derivation of eqn. (26) it is to be noted that 6z is related 
to du; by the expression 6z = 6u; [dz/du3](.), or on reference to 
Fig. 4, 6z = h36u3/cos %. The expression in brackets in eqn. (26) 
is the magnetic flux linking the contour ABCDA which, according 
to the definition of self-inductance Ly per “unit length,”’ may be 
written Loh3du3I. The self-inductance per unit length in w; is 
therefore 


Cc 
Lys al Hyh,du, mex) 
D- 


where / is given by the line integral of H around the inner con- 
ductor. Substituting eqn. (27) for the integral in eqn. (26), 
dividing by 4,u3 and passing to the limit du; —> 0 gives 


ih ee 


1 oV ol 
== 1 re 
hy ay if 


8 
hz du3 Or Ca 


This corresponds to the second transmission-line equation 
[cf. eqn. (4)] and refers to propagation in the natural w, direction. 
For those cases in which h3 varies slowly with u3, it is more 
useful to refer the propagation to the z-direction along the 
resistor surface. The equation then becomes 


—dV/oz = Lodlfot + Rol (29) 
in which Ly = Lo cos #. 
Next, let the first circuital law of the electromagnetic field 
} nds = =| Eds (30) 


Fig. 5.—Contour for the line integral of H. 


(where ds is an element of the contour around the surface S) 


be applied to the contour ABCDEF shown in Fig. 5. On 
applying the usual procedure there is obtained 
r) 
on => PY h3du; eE,hduy (G1) 
ABCA 


in which SJ is the increment in the current at F over that at A, 
and the expression in brackets is the electric flux threading the 
closed curve. This flux is equal to the equivalent surface charge 
on the adjacent conducting surface. If V be the voltage between 
the conductors, this charge is h,6u,CyV, where Cy is the 
capacitance per unit length in the w, co-ordinate. Then 


Cre = f E\hpduy (32) 
in which V is given by the line integral 
b 
V= J E,h,du, (33) 
a 
taken along a curve in the surface u, = a constant. Substituting 


eqn. (33) for the integral in eqn. (31), dividing by 436u, and 
proceeding to the limit du, — 0 gives 


—1/hy.d1/du3 = CodVJdt (34) 


This corresponds to the first transmission-line equation [cf. 
eqn. (4)] and refers to propagation in the w,-direction. As with 
eqn. (29), the equation referring the propagation to the z- 
direction is 

—difoz = 


in which Cy = Cy cos x. 
Eqns. (28) and (34) are most useful in those problems in which. 
the conditions of validity of a general principal wave are 


CyoV/dt (35) 
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rigorously satisfied, while eqns. (29) and (35) are most useful 
in those problems in which 3 varies slowly with u3, and the 
transmission-line equations are therefore approximate. As 
would be expected for a wave referred to a direction z at an 
angle % to the natural direction of propagation, the phase 
velocity in the z-direction is (L6Cj/LyCo)~ 1/2 = 1/cos x times 
that in the natural direction. Also, the relation Lo/Cy = Lo/Co 
obtains. 


(2.3.2) Characteristic Impedance in Non-Uniform Systems. 


Wave impedance € is a property of the wave and the medium. 
For a general principal wave in a loss-free medium, ¢ = (jz/e)!/? 
and is resistive [eqn. (20)], while in a lossy medium the wave 
impedance is complex. In this work, losses in the dielectric are 
assumed to be negligible compared with other losses, and the 
complex form of ¢ will not be required. 

Characteristic impedance, Z,, at any section of a coaxial 
system is a property of the wave impedance and of the propor- 
tions of the guiding conductors, its value being given by the 
product of the wave impedance and a numerical factor deter- 
mined by the geometry of the system. For a guided principal 
wave, Z, is the ratio of voltage to current at the wavefront in 
question, determined by the value of u;. According to eqns. (33) 


and (12) with F = 0 and the relation J = $ Hds, there results the 


general equation: 
b 


VA a rs 4 h, 
Z(u3) = (7), § Aphod *| ae . (36) 
gids 


a 


in which a and 6 refer to the inner and outer conductors respec- 
tively. When the inner conductor is resistive, the value of Z, 
thus defined is better termed the “wavefront characteristic 
resistance” to distinguish it from the complex characteristic 
impedance of a uniform resistive transmission line as used in 
ordinary line theory. An application of eqns. (27), (33) and (36) 
shows that the familiar relation Z, = (Lo/C)!!2 applies to all 
valid general systems. 


(2.4) Reflectionless Propagation in Resistive Coaxial Systems 


(2. 4.1) Comparison between Resistive Systems with Uniform and 
Tapered Outer Conductors. 

_ The field of a uniform coaxial system with a resistive inner 

conductor and a perfect outer conductor is investigated in 

Section 7.1, and the resulting form of the electric field-is shown 

in section in Fig. 6. The wavefront continually bends towards 


‘ 


OUTER CONDUCTOR 


DIRECTION OF 


PROPAGATION 
— 


~ RESISTOR 


AXIS _ 


Fig. 6.—Representation of dissipation in the resistive inner conductor 
} of a uniform coaxial line. 


_ The Poynting flux of energy is shown by the dotted lines. An equal rate of dissi- 
pation occurs in each shaded triangle, the area-of the triangle representing the equi- 
valent amount of field at the place in question. 


the resistor as the wave progresses, and the energy equivalent 


to those (fictitious) parts of the field shown shaded in Fig. 6 is . 


converted into heat in the resistor. According to the conclusions 
of Section 2.2, this bending of the direction of propagation 
makes the application of transmission-line formulae valid only 
as an approximation. Both E and H are attenuated as the 
j 


| ' 


wave progresses, by the “thinning out” of the electric and 
magnetic flux as a result of the bending and dissipation in the 
resistor. A reactive component of the characteristic impedance 
associated with the approximate transmission-line equation also 
appears. The power dissipated in unit length of the resistor 
decreases exponentially along the system, with the result that 
nearly all the power is dissipated near one end of the resistor. 
The form of the electric field of a system with a uniform, 
resistive inner conductor and a tapered perfect outer conductor, 
similar to that shown in Fig. 2, is shown in Fig. 7. The nature 


DIRECTION OF 4¢ 
PROPAGATION SA 


OUTER 
CONDUCTOR 


RESISTOR 


Fig. 7.—Representation of dissipation in the resistive inner conductor 
of a tapered coaxial line, in which the electric and magnetic flux 
densities remain constant while the wavefront area is progressively 
reduced. 

Compare with Fig. 6. 


of the flow of energy from the electromagnetic field to the 
resistor may be seen by a simple application of one form of 
Poynting’s theorem. If, in Fig. 7, energy crosses the surface AA’ 
at the rate P, (watts), energy is dissipated in the resistor AB at 
the rate 6Pp and energy leaves the surface BB’ at the rate Pp, 
and if there is no storage within the enclosure AA’BB’, the 
continuous application of the law of conservation of energy 
requires that 


PystP, 2 8P. (37) 


For quantities that vary sinusoidally with time, Poynting’s 
theorem shows that the time mean of the energy flux (power) P 
leaving an enclosure is the integral 


= {| E x HdS watts 


taken over the surface.* The instantaneous energy flux varies 
sinusoidally between 0 and 2P twice every cycle. In the case 
of a general principal wave, the time mean power per unit area 


passing any part of the surface is given by Py) = E X H at the 
place in question. On applying eqn. (38) to the wave of eqns. (12), 
with f = sin and F = 0, the mean power crossing AA’ from left 
to right is 


(38) 


A’ 


P, -| du, $ duyhhoE, Ay 
4 . 


and since E, = CH, and J = $ Ayhduy 


(39) 


or, by eqn. (36), 


Pe gz), (40) 


where f is the peak value of J. On stipulating that the current 
amplitude J is constant along the resistor, such as would produce 
uniform dissipation in a uniform resistor, the mean power 
crossing BB’ from left to right is similarly 


Pp =1(Z)p 


* E, H, I are here instantaneous values of sinusoidally varying quantities. 
bar denotes the time mean. 


(41) 
The 
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The power dissipated in the resistor between A and B is 6Pp = 
4f2R) dz, so that with eqns. (40), (41) and (37) 


(Z)4 — (Zp = Rodz (42) 


Thus, with the same current Jat A and at B, the difference between 
the wavefront. characteristic resistances at A and B equals the 
resistance between A and B. Because J, = Jz in amplitude, 
(H>) 4 = (A), in amplitude, and, with the relationship E, = CH), 
(EZ), = (&,)g in amplitude also. Therefore both E and H 
remain unchanged in amplitude during such reflectionless 
propagation, the difference between (Z,), and (Z,)p, required 
by eqn. (42) being achieved by reduction of the area of the wave- 
front as it progresses. This can be seen from inspection of 
eqn. (36), in which £,; and H, are constant in amplitude while 
the value of Z.(u3) can be made to vary with u, by varying the 
path length a, b in the line integral, ic. by tapering the outer 
conductor. 

To sum up, the attentuation of the system shown in Fig. 7 is 
by reduction of the wavefront area as the wave progresses, the 
energy of that part of the field which is thus removed being 
converted into heat in the resistor. By contrast with the uni- 
form system shown in Fig. 6, there is less ‘“‘bending”’ of the wave- 
front during propagation and the dissipation is uniformly 
distributed along the resistor. Eqn. (42) expresses the condition 
for reflectionless propagation which was derived in the Intro- 
duction by a more elementary method. 


(2.4.2) Application of Transmission-Line Equations to the Problem. 

Let the time variation of the field quantities be sinusoidal, 
i.e. proportional to the real part of exp (jw). Because coaxial 
systems with a uniform cylinder of resistive material as the inner 
conductor in general admit only approximate solution by 
transmission-line equations, the approximate equations (29) 
and (35) are used as a starting-point.* There is obtained: 


—dV]dz = (jwL, + RoI . (43) 
—dlldz = jwCiV (44) 


Although these equations are superficially the same as the 
ordinary uniform line equations, they differ in that Cj and Lo 
may now be functions of z. This dependence on z occurs 
through the upper limit of the line integral in eqn. (27) and 
similarly in eqn. (33). Differentiation of eqn. (44) by z gives 


—d?I|dz* = jaCy(dV dz) + ja(dCo/dz)V 


and substitution for dV/dz from eqn. (43) and for V from eqn. (44) 
leads to the differential equation 


dlp Ne dG-adk eee PERE 

- Ee C oe BE t (w*L5Co — jwCoRy)1 =0 
Let the independent variable be changed to w, where w = / — z, 
I being the length of the resistor (Fig. 2). The variation of Lo 
and Co with z must be such that eqn. (42) is satisfied, and on 
noting that Z,=0 at w=0, we have (Lo/C)!/? = Z, = wRp. 
Uniformity of velocity of propagation along the resistor requires 
L4Co = a constant (= K? say). From this, two relationships 
follow, namely 


(45) 


Lj =wRoK and Ci, = K/(wRy) 


On writing 8 =wK and making use of the two preceding 
relations, eqn. (45) becomes 


d?I/dw? + (1/w)dI/dw + (6? — jB/w)I =0 


* For a conical inner conductor of uniform surface resistance Rs, and of semi- 
angle | given by eqn. (24), a rigorous solution exists, eqns. (28) and (34) being most 
suitable for this problem. The co-ordinates are cylindrical and the wavefront is planar. 
In practice, however, the rigour is upset by the effect of the field penetrating theyresistive 
film, while the utility of the design is adversely affected by the uneven distribution of 
power dissipation in the resistor. 


This differential equation may be solved by substituting* 
éJevT (w) for J in it, leading to 


wa2Tldw2 + (1 — 2j8w)dT/dw — 2j8T = 0 


which, in turn, may be solved as a power series in w according 
to the method of Frobenius. The solution is 


T = A,e2J6w + A,[e2/e" log. w — 2j8w + #2Bw)?—...] 


in which A, and A, are two arbitrary constants. In the physical 
problem (Fig. 2) the point w = 0 is included in the domain of 
the solution, but because log, w becomes infinite at this point, 
the constant A, must vanish in order to keep T finite. Therefore 
T = A,e2ie’, whence I = A,e/@¥, or in terms of z, including 
the time factor which has been suppressed from eqn. (43) 
onwards, 


T= Asie)... . 48) 


This result shows that J is constant in amplitude. The voltage V 
between the ends of a line of electric force associated with the 
position z along the resistor follows from eqns. (46) and (44), 
and is expressed as 


V = Al — 2) Ros 1 82) (47) 


The impedance at any wavefront, V/J, is clearly given by (/ — z)Ro 
and is resistive. 


(3) THE DESIGN OF A RESISTOR MOUNT 


(3.1) Formulation of the Outer Conductor Profile 


Given a uniform resistive film in the form of a right circular 
cylinder, the determination of the profile of the outer conductor 
is a matter of mathematical trial and error rather than a deductive 
process. Having assumed a given configuration, its conformity 
with the simple condition for reflectionless propagation given 
ih, the preceding Section is then checked by the methods developed 
in Sections Z.2 and 2.3. 


Fig. 8.—Nomenclature and geometrical arrangement for resistor 
mount with coaxial cone input terminals. 
2 

Refer to Fig. 8. As a starting point it is assumed that the 
wavefronts are parts of spheres. According to eqn. (24), the 
angle % between the normal to the resistor surface and the 
electric field vector is given by sing’ = R,/¢. Then, with a 
uniform resistor, % is constant at all points along the resistor, 
and on inspecting Fig. 8 it is seen that this constrains all the part- 
spheres to be of the same radius pp (= a/sin % = al/R,), the 
locus of their centres being the axis of the coaxial system. The 
orthogonal co-ordinate system resulting from this is derived in 
Section 7.2 and is illustrated in Fig. 12. It is shown that /,/h, 
is constant, and provided that -R,/f < 1, h; varies slowly with 
u3, So that the conditions for the validity of a principal wave are 
approximately satisfied. It remains to show that the condition 


* The substitution e/8”7(w) would equally serve, a different value of T being 
obtained, leading to the same value of J at the end of the calculation, 
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for reflectionless propagation is satisfied. Eqn. (97) [Section 7.2] 


may be written 
tan (0/2) 

— uy = po! a 
U3 Uy Po 108. he (¢/2) 
in which 0 is a function of u, and u, defined by this relationship, 
and % is the constant angle already defined. The wavefront 
characteristic resistance is given by eqn. (36), with h,/hz = 1/po 
‘as shown by eqns. (101), as 


b 
Z,(vs) = ie / ces We = 2. 


(48) 


Po 20 Po 


in which a and b refer to the two ends of a curve u; = a constant 
(Fig. 12). On applying eqn. (48), we obtain 


fC, | tan (69/2) 
Zi 8s | tan (p P| 


in which 0 is the angle which the curve u, = 0 makes with the 
axis at the point where it cuts the curve vu; = aconstant. Again, 
on using eqn. (24) there results Row = (C/277)w/po. 

When associating a result with a curve uv; =a constant, 4; 
may be equated to w, so that from eqn. (48) there is obtained 


4 tan (99/2) 
3 Oe @ a 


On comparing eqns. (49) and (50) it is seen that the condition 
for reflectionless propagation is satisfied within the limits of the 
approximation made in assuming the existence of a principal wave. 

It is shown in Section 7.2 that the radius r of the outer con- 
ductor is given as a function of position w along the axis (Fig. 8) 
by the formula? 


pw Al + 97/4) exp [Cw + Aw)/po] 
~ 1 + (82/4) exp [2(w + Aw)/po] 


Aw ~ (as]2)[exp (2w/po) — 1] } Wea e535 


‘The profile of the outer conductor thus defined is a tractrix. 

So far, the effect of the field penetrating the resistive film into 
the enclosure formed by it has been ignored. For a uniform 
coaxial system it is shown in Section 7.1 that the effect is to 
impose a small negative inductance on the film resistance, 
which can be compensated by a small increase in the radius of 
the outer conductor. By assuming that the same correction 
applies to a tapered mount, it follows from eqn. (87) that the 
right-hand side of eqn. (51) should be multiplied by the factor 
(1 + «,s2/4) to compensate for the field penetrating the film, 
where ¢, is the relative permittivity of the enclosure compared 
with that of the coaxial space. 


(3.2) Lead-in Cones 


To avoid discontinuity at the input to the resistor mount, a 
pair of conical conductors are used, the outer cone being a 
natural continuation of the tapered outer and the inner cone 
being of semi-angle % (Fig. 8). Both cones have a common 
‘apex. In a lossless conical line with a common apex the wave- 
fronts are parts of spheres, and a spherical co-ordinate system, 
u = 0, uy =¢ and u; =p (Fig. 9) conforms with the field. 
For this, 4; =p, hy =p sin @ and h; = 1, so that h; and hj/hy 
are independent of u3. Eqn. (36) gives 


60 
ess i hemgien § io tan (95/2) 
oe sin@ 27 ~ | tan (6,/2) 


Zz (ul) om (49) 


) Row — 


; 


(50) 


(51) 


‘where 


s =sin % and po = als 


) 


(53) 


in which the semi-angle 0, of the inner cone is set equal to 


s 


Fig. 9.—Spherical co-ordinate system for a conical coaxial line. 


for the lead-in cones. Comparison with eqn. (49) shows that 
there will be conformity at the outer conductor when the 
characteristic resistances are equated.* The angle of the inner 
cone ensures the correct direction. of the lines of electric force 
at the entry to the resistor surface. 

When a conical coaxial line is joined to a cylindrical coaxial 
line, a spherical wave has to be transformed into a plane wave. 
The equivalent network of the resulting discontinuity is a low- 
pass 7-section of zero-frequency characteristic impedance equal 
to the nominal impedance of the line. With small cone angles 
(4) < 15°) and with diameters within about 1 -4in, this impedance 
does not change appreciably at any frequency up to 4 000 Mc/s. 


(4) EXPERIMENTAL RESISTOR MOUNT 
To check the design formulated in the preceding Section, 
some 24-3 ohm coaxial resistor mounts were constructed, using 
cracked-carbon-film resistors (Fig. 10). The nominal design 


LEAD-IN 
CONES 


COAXIAL LINE RESISTOR ELEMENT | 


(24-3 OHMS) 


Fig. 10.—Section of experimental ‘‘terminal” resistor mount, of 
24-3 ohms, 
Length of resistor, 2:35 in. 


PLANE OF 


(24:3 OHMS) 
SHORTCIRCUIT 


was based on eqns. (51) and (52), no correction for the field 
penetrating the resistive film being made. In the best experi- 
mental mount the profile of the outer was within +0-0005in 
of the calculated form, but the diameter of the resistor varied by 
+0:002in. The admittance was measured at frequencies from 
5 to 250 Mc/s by a precision admittance bridge and from 560 Mc/s 
to 3 450Mc/s by a slotted line. The results are given in the 
Table. Correction for the field penetration would reduce the 


small phase angles shown in the Table. 


Table 1 
Gy, = 41-15 MILLiMHos 


Frequency G/Gae B/G(= tan ¢) 
Mc/s 
5 1-005 + 0-001 0-001 + 0-0003 
10 1-005 + 0-001 0-0008 + 0-0003 
30 1-003 + 0-001 0:0014 + 0-0003 
150 1:009 + 0-002 0:0036 + 0-001 
200 1:009 + 0-002 0:-0024 + 0-001 
250 1:000 + 0-002 0-0023 + 0-001 
560 0:99 + 0-01 0-013 +0-01 
2 620 0-99 + 0-01 —0:04 +0-05 
2 960 1:01 + 0-01 —0:04 + 0:05 
3 450 0:99 +0-01 —0:05 + 0-05 


* Tt is evident from a comparison between eqns. (53) and (49) that the tractrix 
profile of the outer conductor will result from a construction according to Fig. 1, 
using conical line sections in place of cylindrical line sections. 


Experiments on the other mounts showed that, to obtain a sub- 
stantially frequency-independent resistance at all frequencies up 
to 4000Mc/s, the outer conductor profile and the resistor 
diameter must be within +0-00lin of the nominal values. 
Moreover, the resistance must be uniformly distributed within 
narrow limits, for non-uniformity in this respéct introduces 
appreciable susceptance. The frequency limitation is set by the 
start of supplementary modes of propagation, given by 
A ~ x(a + b), where a and 6 are the maximum inner and outer 
conductor radii and A is the free-space wavelength in the coaxial 
dielectric. 

Because of the small field penetration into the cavity formed 
by the resistor, it might be thought possible to insert thermo- 
couples or similar devices into the cavity to measure power. 
This is not possible, however, because the insertion of a con- 
ductor into the centre of the system completely changes the 
electric-field configuration and seriously affects the resistance. 
A better way to measure the power dissipated in a terminating 
load is to construct a dissipative attenuator from “through” 
and ‘“‘terminal’ versions of the foregoing design of resistor 
mount, and use an aperiodically mounted pair of thermistors 
as a bolometer to terminate the attenuator. By this means 
u.h.f. power up to 60 watts can be dissipated in a known 
resistance and measured, using ordinary film resistors in an 
attenuator of 45dB, with a thermistor mount which will handle 
2mW of radio-frequency power. Applications of the simple 
“terminal” resistor mount to the field of measurement are too 
well known to require special mention. 
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(7) APPENDIX 


(7.1) The Principal Mode in a Uniform Coaxial Line with a 
Resistive-Film Inner Conductor 


A uniform thin resistive film of thickness d in the form of a 
cylinder of outer radius a is surrounded by a perfectly conducting 
cylinder of inner radius 6. This is described by cylindrical 
co-ordinates r, 4, z, with the z-axis along the axis of the system. 
The field is divided into three regions: I from r = b td r =a; 
Il from r = a to r=a — d; and II from r=a—dtor=0. 
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Regions I and III are of loss-free dielectric, while region II 1: 
of conductivity o, which is such that displacement currents ir 
the region are negligible. Field components are restricted tc 
E,, E, and Hy, and for regions I and III Maxwell’s equation: 
become 

d£,/dz — dE,for = — jor; | 


— dH, /dz = jweE, 4 
1/rd(rH4)/dr = jweE, J 
In region II, in which o s we, there obtains 
dE, /dz — dE, pr = —jopH, ] 
(55 


1/r.d(rH,)/dr = cE, 


but since d < a, the last equation may be written JH,/dr ~ oE 
with sufficient accuracy. 

Eqns. (54) may be solved by Bromwich’s method,° in whict 
the solution is the sum of two partial solutions, one bein; 
derived when E, = 0 and the other when H, = 0. Here, H, i 
identically zero, and only the solution with H, = 0 need b 
considered. The solution is obtained through a potentia 
function U which satisfies the equation 


— 0H,/dz = cE, j 


I/r.d(rdUdr)/dr + d2U/dz2 + we~U = 0 (56 
The field components follow from the relationships 
E, = 0?U/dzdr 
E, = 0?U/dz? + wenU (57 
Hy = — jwedUpor } 


Eqn. (56) may be solved by separating the variables, writin; 
U = &(r)Z(2), resulting in two equations 


aR |dr2 + 1/r.d2]dr — WA =0.. 
d?Z|d22 + (kt eae Oe 


(58 
(59 


in which k = w(ey)!/2 and n is a constant. The solution o 
eqn. (58) is 

BR = Cilo(nr) + CKo(nr) (60 
in which Ip and Ko are modified Bessel functions of zero orde 
and of the first and second kind, respectively. Let 


—y=ak?+n (61 
The solution of eqn. (59) is z = C3eY? + C,e—¥?, from which i 
appears that y is the propagation coefficient of a wave travelling i) 
the z-direction. If propagation be restricted to the positive z 
direction, then C; = 0. On multiplying z, thus restricted, by 4 
and absorbing C, in C, and C, there results 


U = [Clomr) + C,Ko(nr) Je? (6: 
With eqn. (62) in eqns. (57) there results | 
Hy = [C\l\(r) — C.K, (ar) Je~? (6: 


= (yliwe) [C,I,(r) ee CK, (nr) ]Je- x . (6 
= (nfjwe)[CiIp(nr) + C2Kon)Je“*7 ww CE: 


in which I,(x) = dIo(x)/dx and K,(x) = — dKo(x)/dx and certai 
constants have been changed. Eqns. (63)-(65) apply to regior 
I and III. For region II the last two (simplified) of eqns. ‘G: 
are substituted in the first, giving 


02, /dr2 + 0?Ay/dz? a KH, 0) 
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in which kf = — jwuo. The solution for forward propagation 
only is found, by separating the variables, to be 


Hy = (Cye"" +- Cye—")e— 17 (66) 


with —y3 = k3 + n3, n being a constant. From eqn. (66) and 
the simplified form of eqns. (55) there follow 


E, = (yalo)(C3e" + Cye—™ EY 
jae a (2/0) (C3e”2" = Cye—™)e~ 122 


(67) 
(68) 


In eqns. (66) and (68) it is expedient to write r — a for r and 
absorb ¢+”24 into the constants. 

The boundary condition at r = b is simply that the electric 
vector is normal to the surface, ie. E, = 0. From egn. (65) 
follows 

Cy = — CyKo(m5)/Io(m5) 


in which the suffix 1 on 7 refers to region I. 
strengths in region I are 


Then the field 


Ay = — mCo[Ko(b)1y (mr) [Tom 5) + Ky@yr)Je~% (69) 
E, = — (ymCp/jwe,) [Ko(mb)1, yr) [Ip(m,b) + Ky (yr) Je- 2 
pe (70) 

} ES, =. (nf C2] jwe,) [K (72,) I(r) /To(1,5) Fa Ko(mr) Je- 7 
| (71) 


In region II, eqns. (66), (67) and (68) apply. In region II, C, 
must vanish because Ky and K, are infinite atr =0. Then 


Hy = CsI, (ngr)e-— %37 (72) 
E, = (y3Cs/jwe3)1,(ngr)e—%3? (73) 
E, = (n3Cs/jwe3)Iq(nyr)e— 37 (74) 
in which the suffix 3 denotes the values for region III. The 


boundary conditions at r = a and a — d are that the tangential 
somponents of E and H immediately on either side of the 
oundary are equal. Then, from eqns. (66)-(71), 
ea 3 (=-y) 
ny [K o(75)1, (mya) [Ip(1,5) aE K,(ma)]C, oH C; ate C4 =0 


(75) 
#2 [jare,) [K 971, b)Ip(ma)/Ip(mb) — Ko(,a)]C, 

+ (n,/0)C; — (n2/0)C, = 0 (76) 

e-mdC, + eC, —1,(n,a')C; =0 . (77) 


(n2/o)e~™4C; ra (nz[o)e”24C, = [n3I9(13a’)/jwe3]Cs =0 (78) 


n which a’ =a—d. Eqns. (75)-(78) from a set of simul- 
aneous equations for three of the four C’s, the remaining C 
eing arbitrary; n, and n; are given in terms of n, by 


(79) 
(80) 


n= ni +k + jwpo 
ny = nt ag Ke [(w3€3/ 11) aa 1] 
ro ensure compatibility of eqns. (75)-(78), the determinant of 
he array of coefficients of the four C’s must be zero. The 
leterminant is expanded, setting e+74~ 1 + md, because 
nd < 1, and setting a’ ~ a. The following approximations to 
he Bessel functions,’ valid for arguments small compared with 
inity, are then substituted in the result: 
K(x) = (— log, x + 0:116)(1 + x2/4) + x2/4 1 
K,@) = 1/x + (&/2)(log, x — 0-116) — x?/4 
I(x) = 1+ x7/4; Lx) = x/2 


. (81) 


The result is solved for n,, after eliminating , and n, by eqns. (79) 
and (80) and making some approximations appropriate to the 
practical application. The first-order approximation is 


n? = — jwe,/[oda log, (b/a)] . 


and the second-order approximation®* is 


(82) 


ae —Jwe, We, a 
! oda log, (b/a) od log, (b/a) 


€;log, (b/a) _ b*/a* —1 1 + log.(b/a) 
| 2 4log, (bja) — 2 | ey 
In the simple transmission-line theory of the system 
y? = — w*LyCy + jwCoRy (84) 
in which Lo = ("/27) log, (b/a) 
Co = 27, /log.(b/a) 
Roy = 1/@7cad) 
In the field theory eqn. (61) gives y? = — k? — nz, and with 


eqn. (83) and the above values of Lp, Cy and Ro, there results 


yy? =— w*LoCo +jwCoRo ele (wCyRoa)?[e3 log. (bJa)/2«, ARIA ] 
(85) 


On comparing this with eqn. (84) it is seen that the second-order 
correction is equivalent to an increment in inductance 


AL =— CoR}a* 


€; log, (b/a) , b?/a* —1 _ 1 +1og, (6/a) 86 
2, | 4ilog, G/a 2 Oe) 


The term in the brackets containing the factor €3/e, must arise 
from the field which penetrates into region III, for if e, = 0 the 
enclosure would support no flux. The other two terms in the 
brackets must result from the axial component in region I. 
Therefore the effect of penetration into region III is a small 
increment of inductance 


ALy = m€é3( Roa)” 


which results from (86) and the value of Cp given above. 

From eqns. (69)-(74), with appropriate approximations, the 
real parts of the expressions for E, and E, may be obtained, and 
from them the lines of electric force may be plotted. The 
general form of the field thus obtained is sketched in Fig. 11. 


(87) 


DIRECTION OF 
PROPAGATION 
fed TON 


Fig. 11.—Electric flux in a coaxial line with a resistive-film inner 
conductor. 


(7.2) The Orthogonal Curvilinear Co-ordinate System Relating 
to a Resistor Mount 
Refer to Fig. 12. The cross-sections of the surfaces u, =a 
constant are stipulated to, be parts of circles of equal radii po 
with centres on the axis. Let the numerical value of uw; be given 
by the distance w, along the axis, measured from the point 
where the part circle uw; = 0 cuts the axis. Then 


r= + [p? — (po + m1 — ws?} 


* It is assumed that 1 = w2 = w3 in these results. 


(88) 
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Fig. 12.—Orthogonal co-ordinate system for a tapered resistor mount. 


Differentiation and elimination of wu; gives 


(dr]dw1)u,—constant he (p32 = r?)'2]r (89) 


Orthogonal trajectories to the family of part-circles (88) are 
given by the relationship 


(dr| dw), constant ae 1/(ar]dw1)u,—constant 
which with eqn. (89) leads to the integral 


Wie 


2 -2)1/2 ey. 
[ BaP a= 3-112 —pylon,| 7" 4. 


(90) 


This describes a family of tractrices, the constant C distinguishing 
the individual members. Let u; also be numerically equal to 
the distance w measured along the resistor surface (see Fig. 12). 
Then eqn. (88) with r = a gives 


Wi Po (pe — @2)t? Sw (91) 


When r = a, w = u, = uy, and putting u, for w in eqn: (91) and 
substituting for w, in eqn. (90) with r = a, gives 


C = uy — po + polog.{ [Po + (8 — a2)"2]/a$_ . (92) 
Again, with eqns. (91) and (92) in eqn. (90) there is obtained 
a)\I2 — (p2 — r)t2 
— polog.{ [Po + (63 — a7)!/2]/a} 

+ polog.{ [Po + (63 —r)"?I/r} . (93) 
On substituting from eqn. (91) for w, in eqn. (88), there results 
a il? — (06 (94) 


By analogy with the relationship sin y = a/p (Section 3.1) let 
sin 0 = r/py define another angle 6. Define two quantities € 
and & by tan (6/2) and tan (//2) respectively, and note the 


Uy = Ww + (p§ 


1 = w+ rye 


identities tan (6/2) = sin 0/(1 + cos 6) = (1 — cos 6)/sin @; 
cos @ = (1 — €2)/(1 + &) and sin@ = 2€/G + &). On sub: 
stituting € and &, for r and a in eqns. (93) and (94) there is 
obtained 


my =w + po[(l — €)/0 + €) 
— (1 — €?)[ 47) tog (2/6) ) na 
uz =w + poll — PIA + eG aed eo 
97. 
(98 


By subtraction uz — Wy = po log, (E/é ) 


or E = €,exp [(u3 — m)/po] - 


To obtain the relationship between r and w it is noted from the 
definition of 9 that r =p sin 8, giving r = 2p9é/(1 + €7), it 
which & is given by eqn. (98). At the outer conductor surface 
uy = 0, and when following a curve u; = a constant, then u; = ¥ 
numerically. Since € =[1—( —s?)!2]/s ~ (s/2)(1 + 57/4) 
where s = a/po, there is obtained the approximate relation 


pw al + 37/4) exp Ovlpo) 
~ 1+ (s?/4) exp (w/po) ~ 
This gives r at the axial distance corresponding to the poin’ 
where the curve u; = w cuts the outer conductor. This poini 


is displaced axially Aw from the point w on the resistor surface 
where 


Aw = po(cos & — cos 8) ~ (as/2)[exp (2w/po) — 1] . (100 


(99 


Eqns. (99) and (100) determine the profile of the outer conducto: 
sufficiently accurately for most purposes. Alternatively, w i: 
given exactly as a function of r by eqn. (93) with u,= 0. Thi 
is the equation to a tractrix. 

_ To obtain h,, h2 and h3, note that uv, may be expressed in term: 
of the two co-ordinates x and y in a plane perpendicular to : 
or w where x = rcosu, andy =rsinu,. Then 


x = (2po§ cos u)/(1 + €) and y = (2po€ sin uz)/(1 + €?) 
which together with eqn. (96) enable h,, h, and h; to be calculate 
from eqn. (5) and two like it. The results are 

hy = 2€/(1 + &) 

hy = 2Epo|(1 + €?) 

h; = (1 — &)/l + &) 
where € is given by eqn. (98). Then A,/h, = 1/po is constan 
and h3 varies very slowly with uz, provided that (uv, — 1)/po 1 


not large and a/py < 1. Thus the conditions for a valid generé 
principal wave are approximately satisfied. 


(101 
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SUMMARY 


The operation of a Schrage motor at synchronous speed is: con- 
sidered, and on the assumption that the air-gap flux at this speed 
contains space harmonics, an expression for the torque in terms of 
flux-axis position is derived. This shows that the torque consists of 
the main component, which is constant for constant brush separation, 
and variable components depending on (a) unbalance in the secondary 
circuits owing to errors in brush-separation angles and/or unequal 
secondary resistances, and (b) the assumed space harmonics of flux. 
The variable torque components give rise to superimposed speed 
oscillations and primary-current hunting, when the average speed is 
j ust above or below synchronism. 

An experimental method of investigating the torque is then given, 
together with two methods of measuring the harmonic content of the 
air-gap flux. The latter measurements are used to predict the amount 
by which the total torque varies with the air-gap flux-axis position at 
synchronous speed. 

Possible errors are discussed, and an approximate correction for 
non-linearity due to the brush-contact effect is derived and applied. 

_ Experimental results given for a 2-phase machine show reasonable 
‘agreement with the theory. 


LIST OF SYMBOLS 


Unless otherwise stated, the following symbols apply when 
the Schrage motor is operating at synchronous speed: 


Ay = Factor showing the effect of flux harmonics on 
constant torque component developed. 

A, = Factor showing extent of ath harmonic of torque. 

a = Order of torque harmonic. 

B = Resultant air-gap flux density, Wb/m2. 

B, = Maximum air-gap flux density of nth flux harmonic, 
Wb/m?. 

d = Difference between brush-spread/secondary-resis- 
ta tance ratios for 2-phase machine (using R, and R,). 
d’ = Difference between brush-spread/secondary-resis- 

tance ratios for 2-phase machine (using Rj and R3). 
| fo =Sum of brush-spread/secondary-resistance ratios 
for u-phase machine. 
f»&q = Functions of brush-spread/secondary-resistance 
ratios, depending on number of secondary phases. 
i = Current flowing in secondary circuit. 
i, = Current flowing in circuit of uth secondary phase. 
m = Current flowing in circuit of uth secondary phase 
owing to voltage produced by rotation in mth 
harmonic flux. 
) K,, = 2K,k,, sin $f. 
2T,(= k) = Maximum torque produced when a current of lamp 

\ flowing in one secondary circuit reacts with the 

fundamental air-gap flux. 

_ K, = Byw,NYI cos y/7 sin 4. 
n» Ky» Km = Ratio of nth (mth) harmonic to fundamental brush 
voltage (function of brush spread). 


\ 
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k = Ratio of maximum rth harmonic to maximum 
fundamental brush voltage (independent of brush 
shift). 

! = Length of stator-coil sides, m. 
N, N’ = Number of turns per coil of commutator and stator 
windings, respectively. 
n,m = Order of air-gap flux space harmonics. 
r = Radial distance of stator-coil sides, m. 
R = Total resistance of secondary circuit. 

R,, = Total resistance of circuit of wth secondary phase. 

R’ = Ratio of maximum fundamental voltage to maxi- 
mum fundamental current for uth secondary 
phase. 

= Sum of brush-spread/secondary-resistance ratios for 
2-phase machine (using R, and R,). 
s’ = Sum of brush-spread/secondary-resistance ratios for 
2-phase machine (using Rj and R3). 
T = Total torque developed, newton-metres. 
Ty = Constant component of total torque. 
T, = ath harmonic components of total torque. 
T,, = Total torque on stator winding S,. 
Tn = Torque on stator winding S,, when carrying curren 
iym in nth harmonic flux. 

U = Total number of secondary phases. 

u = Numeral applied to particular secondary phase. 

V = Brush voltage. 


Vmax = Maximum brush voltage. 
V,, = Brush voltage of uth secondary phase. 
Vm = Brush voltage of uth secondary phase due to rotation 


in mth harmonic flux, 

V,, = nth time harmonic brush voltage at standstill. 

YI = Pole area, m2. 

x(=«,) = Angle between axes of air-gap flux and secondary 

circuit 1, rad. 

%, = Angle between axis of air-gap flux and correct axis 
of stator winding of uth secondary phase, rad. 

8 = Brush spread, rad. 


Bos Bu = Brush spread for uth secondary phase, rad. 
§’ = Stator-winding spread, rad. 
2y, 2y’ = Angular short-chording of commutator and stator 
windings, respectively, rad. 
O = Brush shift, rad. 
Nq = are tan (g,/f,), rad. 
@ = Position round air-gap. 

@’ = Position round air-gap, standstill conditions. 

o,, = Ratio of nth harmonic winding factor to funda- 
mental winding factor for commutator and stator 
windings, respectively. 

6, = (_/¢,). 

@® = Total flux per pole, Wb. 

#, &’ = Slot pitch of commutator and stator windings, 

respectively. 

= Synchronous rotor speed, rad/sec. 

= Rotor speed, rad/sec. 
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(1) INTRODUCTION 


It is well known that the Schrage motor is capable of showing 
periodic variations in speed and line currents when its average 
speed is near synchronism. Such hunting is at least partly 
explained by the possibility of the output voltage from the 
commutator being asymmetrical, or connected to an unbalanced 
system of impedances. Asymmetrical commutator voltages can 
be caused by errors in brush positioning; this effect is mentioned 
in a paper by Arnold,! although not thoroughly dealt with. The 
effect of unbalanced secondary circuits in general is dealt with 
qualitatively by Adkins and Gibbs.” 

Speed and current hunting caused by either or both of the 
above effects possesses a frequency which is twice the slip fre- 
quency. In the course of investigation, however, it became 
clear that, for the particular machine under test, hunting of a 
frequency four times that of the slip is also possible. Since the 
Schrage motor is an asynchronous machine, any speed variation 
is not of the phase-swinging type associated with synchronous 
machines, but simply variation about an average speed. The 
speed variations are accompanied by corresponding periodic 
variations in the torque developed by the machine, and the 
present paper sets out to investigate the torque characteristics; 
this is best done by considering the machine operating at syn- 
chronous speed. It is seen that the torque characteristics which 
can produce speed hunting depend not only on the factors 
mentioned above, but also on space harmonics in the air-gap 
flux distribution of the machine. 


(2) OPERATION OF THE SCHRAGE MOTOR 
(2.1) General 


The Schrage motor is an inverted induction motor and a 
frequency changer combined in the one machine. A rotating 
flux is produced by polyphase currents flowing in the primary 
winding on the rotor. With the rotor in motion, this flux induces 
voltages of slip frequency in secondary windings on the stator, 
and voltages of supply frequency in/the conductors of a com- 
mutator winding housed in the:rotor slots. Owing to the effect 
of the commutator the brush voltages are always of slip fre- 
quency, so that they can be injected (in correct phase sequence) 
into the secondary circuits. Speed and/or power-factor control 
is then obtained by suitable movement of the brushes on the 
commutator. 


(2.1.1) Operation at Synchronous Speed. 


Since the primary winding is on the rotor, the speed of rotation 
of the air-gap flux relative to the stator is the difference between 
synchronous speed and rotor speed. Thus when the rotor is 
running at synchronous speed, the air-gap flux becomes 
stationary. No voltage will then be generated in the stator 
windings, while the generation of voltage at the commutator 
can be compared with that of a d.c. machine. The position of 
the air-gap flux, although stationary, does, however, depend on 
the instantaneous position of the rotor measured in electrical 
degrees at time intervals equal to the periodic time of the mains 
supply. This position will be referred to as the “synchronous 
position”’ of the rotor. 


(2.2) Torque Production at Synchronous Speed 


Some idea of the torque condition of a Schrage motor 
operating at synchronous speed can be obtained by considering 
such a machine with one secondary circuit only in operation. 
By “secondary circuit” is meant the usual combination of a 
stator winding and its corresponding commutator circuit, as 
shown for the 2-pole case in Fig. 1. Since the speed is syn- 


cos (2% + 8) terms will have no resultant. Thus with a, 6 and 


Fig. 1.—Operation with one secondary circuit connected. 


cc. = Commutator winding axis. 
ss. = Stator winding axis. 


chronous the air-gap flux ©, due to polyphase primary currents 
is stationary. If it is assumed that O is constant with respect t 
time and position and sinusoidally distributed in the air-gap 
the open-circuit voltage at the brushes is 


V = V,,ax Sin $8 sin (a + 6) 


where f is the brush separation, « is the angle between stato 
winding and flux axes, and 6 is the angle between the magneti 
axes of the stator winding and the commutator winding, and i 
known as “brush shift.” If R is the total resistance of th 
secondary circuit, then, assuming that the reaction of th 
secondary circuit is negligible, the secondary current is 


(Vinaxl R) sin 48 sin (a + }) 


The torque exerted on the stator winding carrying this currer 
is proportional to the product of the current and the componer 
of ® in quadrature with the winding axis. Thus the torque is | 


= (kV,,q,/R) sin $8 sin i + 8)sin « | 
at /R) sin $8 [cos 8 — cos (2% + 8 

It causes motion by reaction on the rotor. The expressio 
shows that the machine considered will operate synchronous! 
i.e. for a change in mechanical load it is merely necessary for tl 


axis of ® to find a new position in the air-gap, provided that tt! 
torque required is not greater than 


H(KV,,.qx/R) sin 4B [cos 6 + 1] 


With all polyphase secondary circuits in operation, and tl) 
system symmetrical and balanced, the combination of tl} 


max’ 


Viens 


all constant, the total torque developed at synchronous spe 
will be single-valued, and the machine will run constantly i: 
this speed only, provided that the mechanical load is constant | 
the appropriate value. 

However, with any form of unbalance in the seconda/ 
circuits, the cos (2% + 6) terms when combined will have 
finite resultant. With 5, 8 and R all constant, the torque w 
then consist of a constant component and a component dependi 
on the position taken by the flux axis in the air-gap. Such 
machine is capable of operating at synchronous speed over 
limited torque range, the limits being determined by the exte 
of unbalance in the secondary circuits. 


(2.3) Operation at Speeds nearing Synchronism 


When the torque required by a machine with unbalancii 
secondary circuits is just outside the range for which synchronc} 
running is possible, synchronism is lost, and the main fik 
rotates slowly in the air-gap. The component of torque tt! 
oscillates, which tends to produce periodic variations in spei|. 
From the expressions given in the preceding Section, it is cliir 
that the frequency of the periodic speed variations, if they ex}: 


is twice the slip frequency. 
investigate the nature of the torques which produce these speed 
\variations, rather than the nature of the variations themselves. 


| (3) AN EXPRESSION FOR TORQUE AT SYNCHRONISM 
_ There are second-order torque components in ordinary 
induction motors known to be caused by time harmonics in the 
supply and space harmonics due to winding distribution3.4 and 
the presence of slot openings.5.6 In order to take harmonics 
into account when considering the Schrage motor operating at 
synchronous speed, the component of air-gap flux which is 
Stationary at this speed is assumed not to be sinusoidally distri- 
buted, but to contain all odd space harmonics. Harmonic 
components of the total flux which rotate when the machine is 
operating at its synchronous speed need not be considered. 
Thus, that part of the air-gap flux which is stationary is assumed 
to be 


= (B, cos 6 — B; cos 30 + B,cos 56...) 


= ¥ (—1)?-D2B, cos nO (1) 


n=1 

where n is a positive odd integer, @ is in electrical radians, and 
'B, is the maximum flux density of the nth harmonic measured 
in webers per square-metre. 

_ The B,’s are assumed to be independent of «, the flux-axis 
position in space, and the whole air-gap flux is assumed to be 
due to an m.m.f. which is the resultant of the primary-, stator- 
and commutator-winding m.m.f. These points are discussed 
further in Section 12. 

_ Finally, for each secondary circuit, the commutator- and 
stator-winding axes are assumed to be coincident. Errors in 
brush shift and in stator-winding positions are excluded from 
be following analysis in order to avoid too complicated a 
treatment. Brush-spread errors are the most effective in the 
| production of secondary asymmetry, and are therefore dealt 
with in particular. 

_ With these assumptions, let us consider the uth phase ee a 
‘machine having a U-phase secondary system. In Fig. 2 S, 


if 


i 


Fig. 2.—Components of the uth secondary phase with 
zero brush shift. 


the stator winding of secondary phase wu, and b,,b, are the 
brushes of that phase; their common axis is shown by the 
broken line. With the axis of the air-gap flux at an angle of « 
fradians to the axis of the secondary circuit 1, the corresponding 
angle for the secondary circuit u will be Tec + 2n(u — 1)/U] 
radians. 
When the brushes have a separation of 8, radians, the voltage 
ring at them due to rotation in the mth harmonic flux 
(—1)@-D/2B,, cos mé is 


Vip, = sin 38,,(20,N Yicos y/7sin $9/)o,,B,,sin m[x-+2m(u —1)/U] 
= 2K,k,, sin $B, sin mle + 2m(u — 1)/U] (2) 


The purpose of the paper is to 
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= Ou 


where mB ml By 


K, = B\w,NYI cos y/7 sin 44; k,, 
_ sin 4mB,, sin $x cos my 


sin $f, sin 4m Cos ‘y 


m 


The coefficient o,, is, in fact, the ratio of the mth harmonic 
winding factor to the fundamental winding factor, and the 
constants are introduced in this particular form so that k,, is 
given the practical significance of being the ratio of the mth 
harmonic brush voltage to the fundamental brush voltage. 

The current in the secondary circuit u is 


(3) 


where R,, is the total resistance round the circuit considered, and 
sin 38, has been replaced by $8. This is justifiable because 6, 
is always small when the Schrage motor is working normally at 
its synchronous speed. 

The torque exerted on the stator winding S,, carrying current 
in the nth harmonic flux density is 


m = KBAR) _ Sin mo + 2n(u — 1/U] . 


Lim 


j ne se 


win 


N’rl sin $8’ cos y’/sin4~’]B,,a;, sin n[«+22(u—1)/U] 
= 2i nT OK, sin nlx + 27(u — 1)/U] (4) 


where T, = B,N’rl sin 4’ cos y'/sin 4’; ¢,, = oJ/o,;3 
Therefore the total torque on the stator winding S, is obtained 
from eqn. (3) by substitution for i,,,, in eqn. (4) and making the 


appropriate summations. 


T= KU (pL RD > y Tak ak m4 COS (n—m)[«+2n(u—1)/U] 
n=1m=1 
— cos (n + m)[a + 27(u — 1)/U]} ae(S) 


The total torque on all the stator coils, which causes rotation 
by reaction, is thus 


6,k_k 


nv-nvm 


r= KT, S| GRD S 3, 
{cos (n — ey + 2n(u — 1)/U] 


— cos (n + m)[a + 2n(u — niu} | (6) 


This expression shows the presence of torque components 
depending on «. These will be termed the “‘space harmonics of 
torque.” Since n and m are always odd, the coefficients of «, 
which indicate the order of the torque harmonics, will always be 
even. The fundamental is therefore absent, but there is a zero- 
order harmonic of torque, which is the torque component 
independent of « and is, in fact, constant for each particular 
brush setting. This constant component is obtained by con- 
sidering the cos (” — m)[a« + 27(u — 1)/U] term in egn. (6) 
when n = 712. 


This gives Ty = Kr] 3 yi (B,/R o[ ss G,k2 = K,T,fodg - (7) 

where f= > BulR,) ; (8) 

and Ue Sok? (9) 
=1 


To obtain an expression for the ath order torque harmonic, 
the conditions 


(n — m) =a; (m—n) =a; (a+m) =a 
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are imposed in turn on eqn. (6), and the relevant terms are 
selected. This gives 


U 
ia > K,T, x Pil.) 


oa o (a—1) 
| >y OK (na) a DA OK Kata) cs, >2 ORK qn) 
n=(a+1) n=1 n=1 


cos a[« + 2m(u — 1)/U] 


Or, «! T, = K,T,[ f,4, cos ax — g,A, sin aa] (10) 
where 
a o (a—1) 
is an | > OK K (na) oir D2, OK nk (n+a) , Sy Fukakio-n | (11) 
n=(a+1) nA n=1 
U 
f, = ¥ (B,/R,) cos [2ax(u — 1)/U] (12) 
u=1 
U 
and &a = > (B,/R,) sin [2Zar(u — 1)/U] (13) 
u=1 


To obtain the total torque at synchronous speed, the torque 
components for all even positive values of a are added and the 
steady torque given by eqn. (7) is added. This gives 


T = K,T,[(fo4o + frAd cos 2a + fA COS 4a on ) 


— (g2A, sin 2« + g4A,sin 4e...)] (14) 


The coefficients f, and g, are functions of brush spread and 
secondary resistances, and by using eqns. (12) and (13) they can 
be readily evaluated. Both the f,’s and g.’s do, in fact, them- 
selves form a periodic series; for all values of a it can be shown 
that f(a12y) equals f, when U is odd, and f,, y) equals f, 
when U is even, and similarly for g,. 

It can be shown also that when (8,/R,) = (82/R2) =... =(B/R), 
the following conditions apply. When U is odd, all the g,’s 
are zero, and of the f,’s only those remain for which a is zero 
or an even multiple of U. When U is even, all the g,,’s are again 
zero, and of the f,’s, only those remain for which a is zero or 
any multiple of U. Furthermore, in both cases, each of the 
remaining coefficients is equal to UB/R. 

Thus when U is odd, 


T = K,T,U(B/R)(Ay + Any cos 2Ua + Ayy cos 4Ua« +...) . (15a) 


vt 


and when U is even, 
T = K,T,U(B/R)(Ay + Ay cos Ux + Axy cos 2Ua +...) . (15d) 


Cases may also arise where not all the secondary circuits of a 
particular phase system are in operation. An example of this is 
given in Section 4. 


(3.1) A Practical Expression for Torque 


When the coefficients f, and g, in eqn. (14) are not zero, the 
extent of each space harmonic of torque will be affected by the 
corresponding value of A,, which in turn depends on the k,,’s 
and o,’s. By definition, k; = 1 = G,, and in order to use this 
fact to determine the relative values of the A,,’s, eqns. (9) and (11) 
are written so that all terms involving k, and o, appear extracted 
from the various summations. 

ioe 
Thus from eqn. (9) Ay =1+ 3 6,k2 . (16) 
3 


i 


and from eqn. (11) 


Ag = Gzk3ky + LL Faknk (m2) + Opkyk3 + 2 Fk nken+-2) wa 
I= Pe >) 


=(1 + Oks > dt x [on + Font 2y)nkont2y + (17) 


A, a ad + G5)ks a d +63)k3 + 3 [¢, + Gna KiK n+) . (18) 
n=3 


Aa>s) = [1 + Gat Kati — [1 + Ge_pe-n 
BS 


oc 3 
a >} [c,, a Conta KK ata) pa 2 Okk(a—m 
n= n 


(19) 


It is clear from eqn. (2) that k, is the ratio of the nth space 
harmonic of brush voltage to the fundamental, whether the 
voltage be measured in relation to either B or «. For a typical 
machine k,, is unlikely to be more than a few per cent at the 
most, so that all products such as k,k,, are negligible compared 
with the single coefficients k, or k,,. Again, apart from ©;, 
which is unity, the ratios G,, are all less than unity, and for low 
values of 1 they are small compared with unity. Also, since the 
magnitudes of the flux harmonics in general diminish as the 
orders increase, all the terms under the summation signs in 
eqns. (16) to (19) can be neglected. 


Thus Agee (20) 
A, = [1 +3,)k; — 1] (21) 


Aa>2 = {1 + Fernlkatn — [0 + Ge_nlkea_nf - @2) 
With the assumptions made, these equations show that the 
ath torque harmonic depends entirely on the (a — 1)th and the 
(a + 1)th space harmonic of flux. 
Neglecting flux harmonics of orders higher than five, eqn. (22) 
shows that the total torque expression will not include torque 
harmonics of orders higher than six. Eqn. (14) then reduces to 


T = K,T,[ fodo + (£3 + 83)12A2 cos (2x + 49) 
+ (f4 + gf)2A, cos (4a + 4,4) 
+ (f2 + g2)U2A, cos (6a + H6)] 


where 7, = arc tan(g,/f,). 

This is a fair representation of the torque of the Schrage 
motor operating at synchronous speed. 

In certain machines with open stator slots, however, higher-, 
order flux harmonics due to slot openings cannot be neglected, 
and may result in.a torque harmonic not included in eqn. (23). 

It is seen that the magnitude of each torque harmonic depends 
both on asymmetrical secondary circuits and on the presence of 
flux harmonics. For this reason, such a general result as that 
given by eqn. (23) could not be obtained by dealing separately 
with the asymmetry and flux harmonics. ‘ The rather complicated 
analysis given above is therefore necessary in order to give a 
reasonably true representation of the torque at synchronous 
speed. 

The torque expression does, of course, take a simpler form 
when applied to a particular machine and when the number of 
secondary phases is known. For example, in a machine with a 
3-phase secondary system 


(f3 +83) =(43 +8) =f? 
14=— 1» So =So> ame aie —9 
so that the torque equation becomes 
T = K,T, | foAo + fA2cos (2% + 2) 
+ fA, cos (4a — nz) + foAg cos 6x] (24 


The case of a so-called 2-phase secondary system is dealt with ir 
Sections 4 and 12. 


(23) 


(3.2) The Torque Components due to Flux Harmonics 


The expressions for the A, coefficients are seen to depenc 
entirely on the flux harmonics, except for Aj and A>, both o 


which are approximately unity. The coefficient Ag corresponds 
to the steady torque, but A, applies to the second harmonic of 
torque. Thus, even when the air-gap flux distribution is purely 
sinusoidal, the second torque harmonic still remains. Therefore, 
if the torque harmonics due to non-sinusoidal flux distribution 
only are to be investigated, it is advisable to eliminate the term 
cos (2% + 1). 

_ The only way of accomplishing this is to make all the brush- 
spread/secondary-resistance ratios equal. The result of making 
this adjustment is shown in eqns. (15a) and (155), where it is 
seen that a number of harmonics other than the second are also 
eliminated. As a result, the torque harmonic remaining in a 
machine with, say, five or more secondary circuits, would 
probably be extremely weak. For example, for U =5 the 
lowest torque harmonic remaining is the tenth [see eqn. 15a)], 
and from eqn. (22) it is seen that its magnitude depends on the 
ninth and eleventh space harmonic of flux. 

With either three or six secondary circuits, the sixth torque 
harmonic would remain; this depends on the fifth and seventh 
flux harmonics. 

Thus, in order to investigate torque harmonics resulting from 
the presence of flux harmonics, it would be better to work on a 
machine with a low even number of secondary circuits. For 
example, when U = 4, the fourth torque harmonic remains; 
this is also true in the special case where only two of the four 
Secondary circuits are utilized. The remainder of the paper is 
devoted to this latter case, and amply illustrates the application 
of the foregoing analysis. 


(4) MACHINE WITH TWO SECONDARY CIRCUITS 


. The Schrage motor investigated by the author, and for which 
test results are given in Section 7, is a machine with a so-called 
2-phase secondary system. The relative electrical space displace- 
ment of the two secondary phases is, however, 477 and not 7 
as would be required for a bi-phase system. Thus the secondary 
System actually consists of two consecutive phases of a 4-phase 
system. However, two equal voltages in quadrature are generally 
regarded as constituting a 2-phase system, so that this description 
is retained in the paper. The whole question arises when applying 
the foregoing equations to the 2-phase case, as will be seen 
presently. 

f By amending the torque equation already derived to apply in 
particular to the 2-phase case, test and theoretical results may 
be compared. This special consideration is further justified in 
view of the fact that there is a growing tendency to, design small 
and medium-sized Schrage motors with 2-phase secondary 
circuits. Such a design gives a more economical machine in 
that there is a reduction in brush gear; there is also more scope 
for using split stator windings, which give more versatility in 
performance. 

Although the discussions which form the larger part of the 
remainder of the paper apply in particular to the case considered, 
they are, however, similar to those which would apply to any 
other form of Schrage machine. 

| For a complete 4-phase secondary case, the particular values 
of fo, f,, and g, obtained from eqns. (8), (12) and (13) are 


| eed 
to et 


B3 He et 


Rell R, 
Loo ey ee De 
ae Des |t-s, = 0 


As has been shown, this 4-phase system becomes the 2-phase 
ly 
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system when only two consecutive phases are made operative. 
This means that R; and R,, say, become infinite, so that 


UE ERUNBN Se OBR = yap? 
loc eatwe Wale Ex par |; 


Thus in the 2-phase case the torque, from eqn. (14), becomes 


& =0 


- Bi , Be 
T= er ( if R,) 40 + A, cos 4a + Ag cos 8a +...) 


& @ 3 P2) 4, cos 2a + Ag cos 6a +.. »| (26) 
Ri Rk 

In a practical case, eqns. (20)-(23) can be used to evaluate the 

A_/s, and if the effect of flux harmonics of orders higher than 

five are neglected, the torque harmonics will be limited to those 


of orders less than eight. Eqn. (26) then reduces to 


_ By , Bo B 
fhe xr (@ ne R,)40 + Aj,cos 4a) 


By By 
ae Ga Paige cos 2a + A¢ cos 0) | 


or, writing s for (8,/R,) + (B2/R2), and d for (B)/Rp) — (B2/R2), 
T = K,T{(sAp + dA cos 2« + sA,cos 4a + dAgcos 6x) . (27) 


This equation now represents a torque characteristic that may 
well be obtained in practice. As already shown, if the torque 
variations due to flux harmonics only are to be investigated, it is 
as well to eliminate the term involving cos 2«. It is clear from 
eqn. (26) that this can be accomplished by equating f,/R, and 
f>/R, thus leaving only the steady component and torque har- 
monics of orders 4, 8, .. .; ic. when B,/R, = Bo/Ro, 


Tie a | Puss + A, cos 4a + Ag cos 8 +...) . (28) 
1 2 
There seems no doubt that the cos 4« term in this equation is 
responsible for the quadruple slip-frequency speed hunting 
mentioned in Section 1. 
The extent of the 2ath harmonic is expressed by the ratio A,,/Ao, 
which on using eqns. (20) and (22) becomes 


(Aj,/Ao) = {fi + GeatplKeati1y — [1 + Fa—nlKea—f - (29) 
In particular, for the fourth torque harmonic, 
(Ay/Ao) = [C. + Gs)ks — CL + Gs)k] (30) 


The test results given to support the present theory concentrate 
on determining this ratio. 


(5) EXPERIMENTAL DETERMINATION OF THE TORQUE 
CHARACTERISTIC 


(5.1) Method of Making Measurements at Synchronous Speed 


The Schrage motor is essentially an asynchronous machine, 
so that in order to make reliable measurements at synchronous 
speed, it must be forced to run synchronously. The obvious 
way of accomplishing this is to couple the Schrage motor 
mechanically to a synchronous machine having the same syn- 
chronous speed. The synchronous position of the common 
shaft will then depend on (a) the load on the shaft, and (5) the 
phase relationship between the voltage applied to the synchronous 
machine and that applied to the Schrage motor, both voltages 
being of mains frequency. Thus, if a phase shifter is introduced 
between common supply terminals and the synchronous machine, 
the synchronous position of the shaft will depend on the phase- 
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3- phase 
a.c. supply 


troboscopic 
flash 


resistances 


Schrage motor 


Fig. 3.—Circuit used for testing. 


shifter setting. This system was used for experimental investi- 
gation, the circuit being shown diagrammatically in Fig. 3. In 
order to obtain the torque characteristic suggested in eqn. (27), 
it is necessary to measure the torque (or a known function of it) 
and the angle «. The torque, measured in synchronous watts, 
is equal to the input power to the primary winding of the 
Schrage motor less the appropriate losses (see Section 5.2.3). 
Thus, provided that these losses can be estimated, the torque 
can be obtained by measuring the input power. 

Provided that the angle of lag between the primary m.m.f. 
and flux axes remains small or constant, the angle « can be 
measured by observing the synchronous position of the rotor. 
In the present case, this was done by the well-known stroboscopic 
flash method. 

(5.2) Practical Details 


(5.2.1) External Resistances. 


Since the machine under test was of the 2-phase secondary 
type, only two of the ratios B/R had to be considered. In order 
to have separate control over f,/R, and B,/R>, variable resistors 
were included in the secondary circuits 1 and 2. These provided 
the means of increasing the difference between 8,/R, and B3/R, 
inherent in the machine, which thus accentuated some of the 
oscillations represented in eqn. (27). Also the external resistances 
made it possible to equate 8,/R,; and B,/R>, so that eqn. (28) 
could be checked. 

The resistances R,; and R, include what is commonly known 

s “the brush contact resistance,’’ which depends on the current 
passing through it. Strictly, (6,/R,) + (82/R,), and more par- 
ticularly (8;/R;) + (82/R2), are functions of secondary current, 
and are thus functions of torque. Therefore this effect must be 
made negligibly small, or the foregoing equations must be modi- 
fied to take it into account. The former end was, in fact, 
approached by means of the external secondary resistances, which 
ensured that the purely resistive part of the total resistance of 
each circuit was much greater than the contact resistance. 

Variation in the torque due to brush-contact resistance is 
discussed further in Section 8.1, in which the practical torque 
equation already derived is modified. 


(5.2.2) Variation of a. 


This was done by adjustment of the phase shifter, which in 
the author’s tests took the form of a 3-phase induction motor. 
To minimize the effect of hysteresis lag between the m.m.f. and 
flux in the air-gap of the Schrage motor, all readings were taken 
in a continuous manner, with the phase-shifter adjustment 
after each reading made as gently as possible and always in 
the same direction for one complete set of results. The angle « 
was varied over an interval of 27, which thus provided a means 
of investigating the possible presence of reluctance torques due 
to eccentricity of the rotor or non-uniformity in the stator iron. 


(5.2.3) Losses. 


For a Schrage motor operating at constant speed the oro 
output power measured on a different scale gives the torque. 
The gross output power can in turn be obtained from the input : 
power by subtracting all those losses which the input can supply 
without magnetically crossing the air-gap. When the speed is 
synchronous, these losses include the total copper and iron 
losses. Since the present tests involve measuring torque in 
terms of input power, it was necessary to determine these losses. 

The copper losses were not obtained by the usual short- 
circuit test, in which the rotor is locked, because the conditions ~ 
of such a test would differ from the running conditions in that 
the currents in the stator windings would not be direct currents, 
and the commutation losses would not be completely represented. 
The secondary copper loss was, in fact, measured in the following - 
way: The machine was driven at synchronous speed with no 
primary supply but with direct current supplied from an external 
source to either of the secondary circuits. The d.c. power | 
required to produce a secondary current equal to the maximum | 
obtained in each of the main tests then gave the corresponding 
secondary copper loss. The primary copper loss was included | 
with the iron losses obtained by the test described below. i) | 

The iron losses at synchronous speed were obtained by | 
driving the Schrage motor at this speed with the secondary | 
windings disconnected (brushes remaining in position) and | 
measuring the primary input power at the appropriate voltage. | 
This power measurement gave the sum of the primary i2R loss, | 
the primary iron losses, and the power required to produce 
hysteretic torque. The latter power component in such a test 
can take any value between +(secondary hysteresis loss at | 
standstill), depending on the relative position of the rotor and | 
and stator pole systems. It was found, however, that, by 
changing the flux-axis position « carefully and always in the | 
same direction, the total power input on open-circuit remained 
constant and independent of «. The possibility of the hysteretic | 
torque varying was therefore eliminated, and the total power | 
input was assumed to represent the primary i*R loss and total | 
iron losses present in the main torque determining tests. 


(6) THE DETERMINATION OF COEFFICIENTS ka 


(6.1) At Synchronous Speed 


The coefficients 4, can be obtained indirectly by determining 
the values of k, and G,. The latter involve only the winding 
constants of the machine (including brush spread), while a 
harmonic analysis of a brush-voltage/flux-axis position curve 
will yield the former [if it is assumed that eqn. (1) represents also , 
the air-gap flux with the secondary windings on open-circuit]. 

The brush voltage of the secondary circuit 1 can be obtained 
by summating the expression for V,,, in eqn. (2) and putting 
aan 

Thus V, = > K,sinna, where K, = 2K,k, sin $f, 

n=1 


and neglecting harmonics of orders higher than seven, 


V, = K,sin« + K;sin 3a + Ks sin 5a + K; sin 7a (31) 


If the Schrage motor is driven at synchronous speed, with the} 
primary winding excited but with the secondary windings on) 
open-circuit, the relationship between brush voltage and main 
flux position with constant brush spread can be obtained. 
Eqn. (31) will adequately represent such a curve. The K,,’s 
can be obtained from the following relationships: | 


Ky = 4[ oo + V3) Veo + V30]s Kz = 42V 30 — Voo); 
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Ks = t[Voo + 4V3q — 39/(2)V 45]; 
Ke = ${2[V/(3) Veg + V30] — [Yoo + 3/2) Visi}; 

Where V3, Vas, Veg and Vo are the voltages when « = 30°, 
15°, 60° and 90° respectively, and are best obtained from a graph 
of Vi, versus a. 

| The k,’s are then given by k, = K,/K, and can be used 
lirectly to find the extent of the space harmonics of torque for 
“he machine operating with the same brush separation as that 
used in the determination of the K,’s. However, if the brush 
separations are different for the two cases, the following relation- 
ship can be used: 


Kk, = k,(sin $8 sin 4nB)/(sin $B sin 4nf) 


where the k,? s are the coefficients for brush separation B and the 
k,’s are for brush separation f. 


(6.2) At Standstill 


| Eqn. (1) represents the steady air-gap flux density at syn- 
hronous speed. At any speed other than synchronous, and in 
Sricilar at standstill, this flux will become a travelling or 
rotating wave. Thus, with respect to fixed points in the air-gap, 
the fundamental and harmonics will then become time variants. 
Consequently, the voltage appearing at any brush pair will, in 
general, consist of a fundamental and odd time harmonics. 
With the use of a suitable waveform analyser, each time harmonic 
can be picked out and measured. The most convenient con- 
dition is that at standstill (and open-circuit secondary windings), 
when the brushes can be dispensed with and the voltage can be 
measured directly at the commutator bars. This offers a second 
method of measuring the k,’s, provided that a relationship 
between conditions at synchronism and standstill can be obtained. 
_ As pointed out in Section 3.1, the seventh- and higher-order 
harmonics have negligible effects, so that the fundamental, 
third and fifth harmonics only need be considered. [The seventh 
harmonic is included in eqn. (31) merely for the purposes of 
analysing the voltage wave.] Thus, from eqn. (1) the air-gap 
flux density at synchronism reduces to 


B = B, cos 0 — B, cos 36 + B; cos 50 (32) 


If 0 is replaced by 6’, where 6’ is measured from a datum radius 
fixed relative to the stator, eqn. (32) will also represent flux 
conditions at standstill, when the now rotating axis of maximum 
flux density is instantaneously coincident with the fixed datum. 

At t seconds later, when the flux wave has moved in, say, a 
clockwise direction through an angle wt radians, the flux-density 
wave is given by 


B = B, cos (0’ — wt) — B; cos 3(’ — wt) + Bs; cos 5(8’ — wf) 
(33) 


This is, however, not a complete representation of the flux- 
density wave at standstill, because eqn. (1) itself is not complete. 
Eqn. (1), in fact, excludes all flux components at synchronous 
speed which may be rotating, because they produce torque 
effects which are negligible. However, the only rotating-flux- 
density waves unaccounted for at synchronism, which would 
affect any one of the three components included in eqn. (22), 
are those which at standstill would rotate.in an anti-clockwise 
direction at speeds of w, 3w and S5w radians per second. These 
would combine respectively with the components of eqn. (22) 
to give pulsating flux-density waves. In general, if a component 
of flux density B, cos nO’, which is stationary at synchronous 
speed, corresponds to a pulsating flux-density wave at standstill, 
the pulsating wave is given by 


[B,, cos (n&’ — nwt) + B,, cos (n&’ + nwt)] 


which represents the clockwise and anti-clockwise rotating 
flux-density waves. The combination is then 2B, cos n&’ cos nwt. 

In the machine investigated by the author, it was found that 
in the flux produced by the primary winding acting alone at 
standstill the only pulsating wave was that of the third time 
harmonic (harmonics of orders higher than seven being un- 
detected). In fact, for any 3-phase machine of the induction- 
motor type, if a resultant third harmonic of air-gap flux density 
exists, it will in general constitute a pulsating wave at standstill. 

Thus the relevant part of the main air-gap flux density produced 
by the primary windings at standstill is given by 


B = B, cos (@’ — wt) — B; cos (30’ — 3w?f) 


— B;cos (30’ + 3wt) + Bs; cos (50 — Swf) (34) 
= B,cos(&’ — wt) — 2B; cos 36 cos 3wt 
+ Bscos (50 — Swt) (35) 


It must be emphasized that this does not represent the entire 
air-gap flux density at standstill, but only the components which 
become motionless at synchronous speed. 

Let us now consider the voltage produced at the brushes by 
each of the flux-density components represented in eqn. (34). 
For any component B,, cos (n&’ — mwt), the voltage at.a brush 
pair with a spread of f and their axis at an angle «’ from the 
datum radius is 


Vo= — “2K ky sin $8 sin (no — mut) 


= — —2K,k’, sin 4nB sin (nx’ — mwt) 
n 


ki, = k,(sin 48)/(sin 4) (36) 


and is in fact independent of 8. The other symbols have been 
previously defined. The instantaneous fundamental, third and 
fifth harmonics are then, respectively, 


where 


V, = — 2K,ki{ sin 3 sin («’ — wt) (37) 

V; = 2K,k;j sin 3B [sin 3a’ — 3wt) — sin 3a’ + 3w)] 
= — 4K,kj sin 36 cos 3’ sin 3wt (38) 
Vi = —2K,k% sin $B sin (Se’ — Swf) (39) 


From these equations it is seen that the magnitudes of the 
fundamental and the fifth time harmonic are independent of « 
but vary with 8. Provided that 3x is made equal to any odd 
multiple of 477, all three voltages will have similar form, and 
their maximum values will be given by the following equations: 
Vimax = 2K ees V3 max = 4K KS Vs max = 2Kok5 


Vv. 
3 max 5 max 


Since 
ky = 1, these give ky = Vjnaxl2V,{ max and ky = V5 rea (6 ee 


Thus, k, and k, for any desired value of 8 can be obtained by 
evaluating k’; and kg in turn in eqn. (36). 


(6.2.1) Experimental Requirements. 

To determine the coefficients k{ and kg in practice, it is 
necessary to measure the fundamental, third and fifth time 
harmonics of brush voltage at standstill for various values of 
the brush spread f, and_to plot the resulting relationship. For 
the fundamental and fifth harmonic it is immaterial where the 
brush axis (given by «’) lies, but for the third harmonic it is 
desirable to find the brush position which gives maximum 
voltage for some suitable constant value of 8. Since the rotor 
is at rest, the brushes can, in fact, be removed and voltmeter 
prods used, provided that their positioning simulates normal 
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brush movements. The space relationship of each time harmonic 
of brush voltage at standstill will not in general be represented 
entirely by eqns. (37), (38) or (39) but will show various other 
space harmonics. From graphs of magnitudes of the time 
harmonic voltages against [, it is therefore necessary to extract 
the relevant space harmonic. Thus the fundamental space 
harmonic is required from the fundamental time-harmonic curve; 
the third space harmonic from the third time-harmonic curve; 
and the fifth space harmonic from the fifth time-harmonic curve. 
Harmonics other than the fundamental and the third, respec- 
tively, in the first and second of the above three cases, were 
found to be negligible for the particular machine investigated: 
thus this provided no complication. 


In the third case, however, a fundamental space harnigel 
greater than the fifth itself was obtained, so that graphical har- ; 
monic analysis of the usual nature was necessary in order to 
extract the fifth space harmonic. 5 

(7) EXPERIMENTAL RESULTS 

The graphical and tabular results given in this Section are 
for the 2-phase Schrage motor already mentioned. Figs. 4-7 
show the variation of developed torque and secondary currents 
with the synchronous position of the rotor under different 
conditions. For the curves of Fig. 4, external resistance was” 


introduced into the secondary circuit 2 to simulate asymmetry. 
It is seen in this Figure that disturbances in the sinusoidal space 
| 
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Fig. 4.—Variation of torque and secondary currents with synchronous position. 


Mes = Torque. J; = Current in secondary circuit 1. 
= Current in secondary circuit 2. 
erick primary voltage = 250 volts. 


Brush spread, @ = 1-5 electrical deg. 
Ohmic resistance of secondary circuit 1 = 0-286 ohm. 
Ohmic resistance of secondary circuit 2 = 0:767 ohm. 
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Fig. 5.—Variation of torque and secondary currents with synchronous position. 
T = Torque. J; = Current in secondary circuit a 


Applied primary voltage = 220 volts. 
Brush spread, % = 30 electrical deg. 


Ohmic resistance of secondary circuit 1 = 0-730 ohm. | 
Ohmic resistance of secondary circuit 2 = 0-714 ohm. \ 


urrent in secondary phase 1) produce proportionate disturbances 
a the torque curve. It was possible to avoid these disturbances 
i subsequent tests by always having external resistances present 
a both secondary circuits. This caused the effective brush 
lontact resistance, which is erratic in nature, to be swamped, 
vhich thus stabilized the total circuit resistances. 

| The curves of Figs. 5, 6 and 7 were taken for different values 
yf applied primary voltage, while in each case the external 
‘esistances were adjusted to make the secondary circuits 
iymmetrical. 

| The extent of torque variation in each case is given by the 
‘atio of the amplitude of oscillations to the average value; i.e. 
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ariations of the secondary currents (noticeable at the peaks of the ratio (T,, 
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ax — Tmin!Tmax + Tmin This ratio for each 
case is given as a percentage in column 3 of Table 2. 

From the foregoing theory, the torque represented in Fig. 4 
is given by eqn. (27). The ratio (Tyax — Tnin)|Timax + Tmin) 
can be obtained from this equation; if we assume A, to be 
negligible, its value is dA,/s(A) + A,). From eqn. (3) it can 
be shown that d/s = (I, -- [,)/U, + 1,), where I, and J, are 
the maximum values of the secondary currents. 

The torque represented in each of Figs. 5, 6 and 7 is given by 


T = sK,T,Ap + Aq cos 40) 


and the torque variation becomes A,/A 9, which is the extent of 
the fourth torque harmonic. To obtain A, and A, (Ay = 1) for 
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A Fig. 6.—Variation of torque and secondary currents with synchronous position. 


Ohmic resistance of secondary circuit 1 = 0-730 ohm. 
Ohmic resistance of secondary circuit 2 = 0-714 ohm. 


T = Torque. J; = Current in secondary circuit 1. 
Applied primary voltage = 250 volts. 


Brush spread, @ = 30 electrical deg. 
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Fig. 7.—Variation of torque and secondary currents with synchronous position. 


T = Torque. J; = Current in secondary circuit 1. 
Applied primary voltage = 280 volts. 
Brush spread, 8 = 30-electrical deg. 


Ohmic resistance of secondary circuit 1 =.0°730 ohm. 
Ohmic resistance of secondary circuit 2 = 0:714 ohm. 
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these various curves, the corresponding coefficients k, and k, 
are required. These were in turn obtained by the methods 
described in Sections 6.1 and 6.2, and are shown in Table 1. 


Table 1 
PERCENTAGE VOLTAGE HARMONICS FOR 30° BRUSH SPREAD 


| 280 volts 
Primary line voltage = / ] = 
ky | ks k3 Ks k3 ks 
; baa eae | CARERS e Yo Yo % 
Direct voltage, curve (i) 2:4 |—1:2| 5:4 | —1-8} 8:1 | —0:5 
Direct voltage, curve (ii) 2:8 | —1:4] 6:8 | —1-6| 9:0 — 
| | — 
Direct voltage, curve (iii) | 3-2 | = -2'| 6: Oude tga a) eo 
Direct voltage, curve (iv) | 2-8 | —1-3| 5-1 |—1-6| 8-0 | —0-5 
Direct voltage, average) 2-8 | —1-3| 5-8 | —I'7} 8-2 | —0-6 
curve | 
Alternating voltage curves 
(standstill) 


Table 1 shows the result of analysing five direct-voltage curves 
with the machine running at each of three primary line voltages, 
together with the results obtained from the standstill measure- 
ments. Examples of third and fifth time-harmonic voltage curves 
obtained in the standstill tests are shown in Fig. 8, where, for 
the third harmonic, negative values refer to a 180° phase change. 
(Since the brush-axis position is kept constant throughout, the 
phase relationship of the brush voltage must be either positive 
or negative.) The curves drawn actually represent theoretical 
equations obtained by harmonic analysis of the test results. 

Although the values of k; and k; obtained by any one of the 
two methods are reasonably consistent, the results of the methods 
do not compare favourably. It would be difficult to account 
for this discrepancy without some reliable knowledge of the 
origin and nature of the flux harmonics. For example, the 
third time harmonic at standstill is taken to be entirely a pulsating 
wave, whereas part of it may in fact be rotating. 

Since the conditions of the tests described in Section 6.1 were 
nearer those under which the torque measurements were made, 
the results of these tests are taken to be more reliable. 

From the design data of the machine 


&, = 0-172 (sin 48)/(sin 38), and G; = 0-748 (sin 4f)/(sin $B) 


Table 2 
PERCENTAGE TORQUE VARIATIONS 
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Fig. 8.—Variation of time harmonic voltages with brush spread aj 
standstill. 
(a) Third time harmonic. The curve is a representation of V3 = 1-16 sin 3($/2) — 
0-034 sin 5((@/2). 
(b) Fifth time harmonic. The curve is a representation of Vs = 0+285 sin (8/2) + 
0-032 sin 3(8/2) + 0-073 sin 5(G/2) + 0-028 sin 7(G/2) -++ 0-055 sin 9(8/2). { 
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With these values, and from Table 1 using values of 43 and k. 
corresponding to the average direct-voltage curve, suitable sub- 
stitutions in eqns. (21) and (32) give A, and A,, respectively 
Hence predicted values for the percentage torque variation: 
were obtained, and are given in column 4 of Table 2. Ir 
column 6 of the same Table corresponding figures are showr 
calculated by using k; and k, as obtained by the standstill test o! 
Section 6.2. | 


Percentage torque variation 
Nn Tekan sh ay Primary Brush eae 

Condition of secondary windings | lretvoltace spread @ " BABA Gonectearan Predicted by. 

5 fon TeCICtea Dy contact standstill test 

que curves | syncronous test resiiance (not corrected) 
volts deg % oe Ve we i 
Asymmetrical 250 ioe) 44-5 45-8 a 45-2 
| j 
Symmetrical 220 30 23 4:6 252 4:3 i 
Symmetrical 250 30 6-7 8-1 5:9 6:1 
eas A 
Symmetrical | 280 30 8:4 9:4 ass 4 
| : 
Symmetrical: Min. external resistances. . 250: 4 12 5:3 9-1 4-3 : 


Before coming to any conclusions, it is well to consider some 
pbvious sources of error. This is done in the next Section, where 
the effect of brush-contact drop is shown to be of some 
‘importance. In the manner indicated in Section 8.1 corrections 
‘were applied to the figures given in column 4 of Table 2, the 
‘corrected values being given in column 5. 


| (8) SOURCES OF ERROR 


The errors involved in the present investigation can be divided 
into two main groups: those arising from actual measurement, 
and those due to approximations made in the theory. 

The first group include errors in obtaining the brush- 
voltage/flux-axis-position relationship at synchronous speed, 
tae errors in primary power measurements, and errors in 
other meter measurements. When fine-grade meters are used, 
meter errors can be neglected, especially since errors arising 
from the other sources are usually larger in comparison. 

| If we consider the brush-voltage curve, the accuracy with which 
the flux-axis position is determined depends on the secondary 
hysteresis. Thus should the angle between the rotor synchronous 
position and the air-gap flux position not be constant while a 
complete set of readings are taken, the resulting curve would be 
distorted from its predicted shape. This would mean that the 
harmonic coefficients obtained by following the analysis of 
Section 6.1 would be incorrect. Errors of this nature can be 
minimized by moving the flux axis through a considerable angle 
before taking any actual readings, while avoiding throughout 
any reversal in the general direction of flux rotation, and avoiding 
any jerkiness in the adjustment of the phase shifter. 

Oscillations in the rotor synchronous position due to hunting 
of the synchronous machine are unavoidable, but provided that 
there is no sudden transient effect, these oscillations are small 
enough to cause no serious trouble. 

- The approximations made in the theory include: 


(a) All errors in winding positions and brush angles (other than a 
difference in brush spread) are assumed to be negligible. 

(6) The coefficients G, for the secondary circuit 2 are assumed 
to be the same as the corresponding coefficients for the secondary 
circuit 1. 

(c) Certain assumptions regarding the air-gap flux. 

(d) Space harmonics of torque of order higher than six are 
neglected. 


(e) The total secondary resistances are assumed to be resistive. 
4 


By considerably complicating the analysis of Sections 3 and 4 
the first and second assumptions were made unnecessary. It 
was seen that to account for a drop from 8% to, say, 7°% in 
the percentage torque variation due to flux harmonics, angular 
errors (other than in brush spread) would have to be of the 
order of 9° electrical (3° mechanical). This conclusion justifies 
assumption (a) for the machine investigated. It was also seen 
that assumption (b) is fully justified, provided that B, and B, 
are not large and abnormally unequal. 

The assumptions regarding air-gap flux are dealt with in 
Section 12. ; 

The higher-order torque harmonics are negligible so far as 
the determination of the relative magnitude of the fourth torque 
harmonic is concerned. However, as shown in Figs. 6 and 7, 
they may possibly be sufficient to appear as a distortion in the 
curve taken to represent a pure fourth space harmonic of torque. 

By far the greatest error is that due to (e). This will be con- 
sidered in Section 8.1. 


(8.1) The Effect of Brush-Contact Drop 


_ Curve (a) in Fig. 9 shows a typical voltage/current charac- 
teristic, for increasing and decreasing currents, of an armature 
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Fig. 9.—Direct-voltage/current _ characteristic of secondary circuit 
including brush-contact resistance. 


(a) Ohmic resistance negligible. 
(b) Ohmic resistance = 0-285 ohm. 
(c) Ohmic resistance = 0-722 ohm. 


circuit consisting of two brush-contact drops and practically 
negligible ohmic resistance. 

The effective resistance at any point on the curve is obtained 
by taking the ratio of voltage to current at that point. If the 
voltage generated in such an armature varies sinusoidally with 
the position of the axis of a direct exciting flux in the air-gap, 
the current obtained on short-circuiting the brushes can be 
computed from the voltage/current characteristic. The relation- 
ship between this current and the flux-axis position will, in 
general, consist of a fundamental and all odd and even har- 
monics, each having their individual graphical origin. However, 
when there is some resistance present, as there must be when the 
brushes are connected to an external winding, the hysteresis 
effect can be neglected, so that the harmonics then have a 
common graphical origin. The process is shown in Figs. 9 
and 10. 


Current ,amp 


1 
0 51 7 
rlux axis position, « 


electrical rad 


Fig. 10.—Variation of current with flux-axis position. 


(a) Current with linear resistance and maximum voltage as given by A in Fig. 9. 
(6) Current corresponding to curve (6) in Fig, 9 (difference exaggerated). 


To illustrate the application of the above argument, consider 
the current relationship to contain the fundamental and third 
harmonic only. Thus, if the brush voltage is given by V = 


V nax Sin &, the current on short-circuiting the brushes would be 


i = I(sin « — k, sin 3) 


where k, is the ratio of peak third harmonic to peak fundamental 
current. The negative sign is obvious from Figs. 9 and 10. 

In eqn. (27) contact résistance affects s and d only, since only 
these are functions of B,/R, and B,/R. If we consider B,/R,, 
it can be said that B,/R, = i,8,|/V;, where V, is obtained by 
applying eqn. (2) to phase 1 for all odd values of m, and i, is 
the current flowing in circuit 1 due to V,. To simplify the 
method, let V, in the present substitution be Vj = Vj mq, Sin &. 
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Therefore, i; = J, (sina — k, sin 3a) 


Bi I, 


sina —k,sin3« _ B, 


phevely wi; i 
ms ae Vi max sin « Rit ) pcos 2a] 
where Rj = Vj maqx/1,; and is now constant. 
Similarly 


cosa +k,cos3a fy 


eee ip) 


ie) 2 1 ‘2 vf 4 
Ry Va max COS a Ril 5) + 2k, cos 2a] 
where R} = V3 maxll2, which is also constant. 
Therefore 


= (tk) = (e+ eat (B—@) 
2k, cos 2e = s’(1 — k,) — 2d’k, cos 2a 


and 
(RR) = (ROE) 

2k, cos 2% = d’(1 — k,) — 2s’k, cos 2a 
where v= (R+ E) ers wee (R-§ a 


Substituting these values for s and d in eqn. (27) and grouping 
terms, the following expression is obtained: 


die K,TAs' [Ay — k,(Ap + A2)] 


+ d’[Ay — k,(2Ay + Az + Ag] cos 2c 
+ s’[Ag — k,(A, + Ag + A,)] cos 4c 
d'[Ag — k,(Ag + AQ] cos 6x — sk, Ag cos 8a} (40) 


Eliminating the cos 2x and cos 6« terms as before, but this time 
making d’ = 0, and using eqns. (20)-(22) to substitute for the 
A,’s, and neglecting terms in k, and cos 8a, 


T= sK,TAM = Geeks 
+ [1 + &)ks — (1 + G)k3 + ky] cos 4a} (41) 


Since (1 + 63)k3k, < 1, the extent of the fourth space harmonic 
of torque now becomes Aj/Ap, where Ay = 1 and 


= {fd 4 (1 + G3)k3 + k,| 


which is the new coefficient of cos 4«. 

Thus, to correct the extent of fourth torque harmonic given 
by eqn. (30) it is necessary merely to add k,. In the practical 
case considered, however, A, is negative, so that the effect of 
non-linear secondary-resistance characteristic is to reduce the 
effect of the flux harmonics. 

Actual measurements of k, were made with external resistances 


O5)kKs 


Table 3 
BRUSH-CONTACT RESISTANCE EFFECT 


- Maximum secondary 


External resistance 
current 


ohm 


0-722 


amp 


13-4 
14-2 


0-722 
0-722 


16:4 
16:2 


0-285 
(min.) 


; 
equal to those used in the main torque-determining tests see 
curves (b) and (c) of Fig. 9]. These are shown as percentages in 
Table 3 and are applied as corrections in Table 2. The effect of 
k, is shown most clearly in a test where symmetrical secondary 
circuits were produced by the introduction of minimum possible 
external resistance. (The external resistances given include that 
of the stator winding.) 


(9) CONCLUSIONS 


The present investigation shows that the variation in the 
torque developed by a Schrage motor, when produced either by 
unequal brush spreads or asymmetrical secondary resistances, 
can be effectively eliminated by the inclusion of suitable 
resistances in the secondary circuits. However, if the air-gap 
flux distribution at synchronous speed is ot sinusoidal, all the 
torque variations cannot be eliminated in this way. The mathe- 
matical analysis undertaken in Section 3 shows the connection 
between flux harmonics and torque variations (also referred to 
as harmonics); the analysis is extended in Section 8.1 to include 
brush-contact effects. Test results reasonably substantiate the 
theory (cf. columns 3 and 5 of Table 2). 

If in a machine the flux distribution referred to above is flat- 
topped, and if the brush voltage/current characteristic is similar 
to that given by curve (a) of Fig. 9, the brush-contact effect will 
partly compensate for the effect of flux harmonics on the torque. 
Inclusion of external secondary resistances will, however, reduce 
this compensation (cf. rows 3 and 5 in Table 2). 

The simple theory of rotating fields produced by 3-phase 
windings housed in slots on a rotor shows that, at synchronous 
speed, stationary space harmonics of flux can exist only when 
corresponding time harmonics of m.m.f. for each primary phase 
are present, as well as space harmonics due to winding distri- 
bution. Under average conditions, however, stationary flux 
harmonics produced in this way would be practically negligible; 
this was, in fact, the case for the machine investigated. Further 
investigation is therefore suggested in order to establish a theory 
regarding the origin of the stationary flux harmonics. Also, 
such a theory would be required to show a closer connection 
between open-circuit conditions at synchronous speed and at 
standstill than that suggested in Section 6.2. The test results 
show that, for the machine tested, the proportion of third 
harmonic in the flux wave increases with applied primary voltage 
and therefore with average flux density. This indicates that the 
flux-harmonic content depends on the degree of magnetic 
saturation in the machine. Magnetic saturation may therefore 
play a large part in the production of the flux harmonics which 
cause the effects analysed and discussed in the paper. 


(10) ACKNOWLEDGMENTS 
The author would like to thank Prof. J. C. Prescott for 
encouragement, and Mr. A. O. Carter for valuable advice given 
in the preparation of the paper. 


(11) REFERENCES 

(1) ArNoLp, A. H. M.: “The Circle Diagrams of the Three- 
Phase Shunt Commutator Motor,” Journal I.E.E., 1926, 
64, p. 1139. 

(2) ApxKins, B., and Gisps, W. J.: “Polyphase Commutator 
Machines” (Cambridge University Press, 1951), p. 117. 

(3) Lrwscuirz-Garik, M., and WuippLe, C. C.: “Electric 
Machinery, Vol. I” (D. van Nostrand, 1947), pp. 236 and 
494, 

(4) Liwscuitz, M. M.: “Field Harmonics in Induction Motors,” 
Transactions of the American I.E.E., 1942, 61, p. 797. 


Openings,” Journal of the American I.E.E., 1924, 43, p. 687. 
CHAPMAN, F. T.: “Air-Gap Field of an Induction Motor,” 
Electrician, 1916, 77, p. 663. 


(12) APPENDIX 


| Assumptions regarding the air-gap flux can be summarized 
s follows: 


| @) The air-gap flux represented by eqn. (1) is assumed to be due 
_ to an m.m.f. which is the resultant of primary-, stator- and com- 
| mutator-winding m.m.f.’s. 

_. (6) For constant applied primary voltage, all coefficients in eqn. (1) 
| are assumed to be constant and, in particular, independent of the 
| flux-axis position «. 

'  (c) The harmonic ratios of the flux wave, given by B,/B,, are 
lie to be the same whether the secondary circuits are open or 
closed. 


(a) is a definition, and needs no further comment. 

| The resultant flux depends on the primary voltage less the 
‘primary impedance drop, and will be constant in magnitude and 
form provided that both primary voltage and impedance drop 
or primary current) are constant. Usually there is no difficulty 
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in assuming the former to be constant, while in the present case 
conditions are being investigated when the machine is operating 
against a torque which varies only between narrow limits; i.e. 
the primary current remains practically constant (for the test 
made with balanced secondary circuits, the primary current 
varied by not more than 3%). Thus, provided that the primary 
current is constant, the resultant air-gap flux does not depend on 
either « or the m.m.f. of the secondary circuits (being the only 
variants), and there is, in fact, justification for assuming it to be 
constant in magnitude and form. 

The assumption made in (c) depends on the difference between 
the primary impedance drop (or primary current) with the 
secondary circuits open and closed. The resultant flux in most 
cases will be slightly less on load than on open-circuit. A 
secondary m.m.f. rich in harmonics would mean more distortion 
in the primary current (and therefore impedance drop) on load 
than on open-circuit; this would, in turn, result in the flux 
harmonic ratios, and therefore k,, being higher for the resultant 
flux on load than for that on open-circuit. However, this effect 
cannot readily be taken into account; it can only be referred to 
as a possible source of error in the present investigation. 


621.313,.322:621.3.016.35 


Monograph No. 134‘ 
June 195: 
q 


4 


STEADY-STATE STABILITY OF SYNCHRONOUS GENERATORS AS AFFECTED BY 
REGULATORS AND GOVERNORS 


By H. K. MESSERLE, M.Eng.Sc., B.E.E., and R. W. BRUCK, B.Sc., B.E. 


(The paper was first received 2nd November, 1954, and in revised form 3\st January, 1955. 


It was published as an INSTITUTION 


MOonocGrRaPH in June, 1955.) 


SUMMARY 


Voltage and power-angle regulation can be used to improve the 
steady-state stability of synchronous alternators, whereas speed 
governors and tie-line power controllers often introduce instability. 

In the paper, methods of determining the effects of voltage and angle 
regulation on the steady-state stability limit are discussed, and they 
are extended to allow for the control of the prime-mover torque by 
means of governors and power controllers. The machine analysis is 
based on the general equations for synchronous machines. 

A complete analysis of actual problems is rather tedious, and a 
differential analyser has been found most suitable for detailed investiga- 
tions. Results, as obtained for typical alternators, are presented in 
the form of stability contour diagrams, which are very convenient for 
aS purposes, since optimum control parameters can be read off 

irectly. 


LIST OF SYMBOLS 


(a) For Machine as shown in Fig. 15. 
v4, = Direct-axis voltage. 
V, = Quadrature-axis voltage. 
v, = Generator terminal voltage. 
Vig = Reference voltage, Av, = v, 
v = Field voltage. 
Yq = Equivalent field voltage = X,,4/R,. 
iq = Direct-axis current. 
i, = Quadrature-axis current. 
i= Field current; iyg = Xjygir. 
®, = Direct-axis flux linkage. 
®, = Quadrature-axis flux linkage. 
Dy = Field flux linkage, and Oy = Xj Pgal X;- 
X,4 = Direct-axis synchronous reactance. 
X, = Direct-axis transient reactance. 
X, = Quadrature-axis synchronous reactance. 
X, = Field-winding reactance. 
Xr, = Mutual reactance between field and direct-axis armature 
windings. 
R, = Field-winding resistance. 
@ = Displacement of direct axis with respect to stator. 
6 = Angle between quadrature axis and infinite bus voltage. 
t = Time. 
f = Frequency. 
w = Angular velocity. 
Wy = 2mf9 X synchronous speed. 
Jo = 50c/s or 1 per unit. 


— Vo. 


d : Beek 
= — = Time derivative. 


dt 
Tq = Open-circuit generator field time-constant. 
; MG ae Ae 
Ta => T° 
CRO CO OLS 
M = 47foH. 


HT = Inertia constant. 
D = Damping due to prime mover and load. 
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T,, = Prime-mover torque. 
T,,; = Electrical torque. 
F, = Transfer function of controller. 
F,, = Transfer function of amplifier in regulator. 
' F. = Transfer function of exciter and stabilizer. 
Fp = Transfer function of regulator. | 
Fyg.4 = Transfer function of alternator with voltage regulation 
Fyyzs = Transfer function of alternator with angle regulation. 
F,,, = Transfer function of tie-line power controller. 
T, T2 = Governor time-constants. 
r = Regulation of governor. 


(b) For Derivative Transformer. 
v, = Primary voltage. 
= Primary current. 


ie 


v, = Secondary voltage. 
i, = Secondary current. 
R, = Primary resistance. 
L, = Primary inductance. 
R. = Secondary resistance. 
L,, = Secondary inductance. 
N, = Number of turns on the primary winding. 
N., = Number of turns on the secondary winding. 


(c) For Regulator. 


T,. = Exciter time-constant. 
= Stabilizer voltage. 

= Stabilizer gain. 

= Stabilizer time-constant. 
= Amplifier output. 

= Amplifier input. 

= Amplifier time-constant. 


ae = Sew = = 


(1) INTRODUCTION 


Steady-state stability generally limits the performance of an 
alternator when operating at a leading power factor. The 
operating range throughout the whole leading-power-facto1 
region can be extended considerably with continuous regulation. 
whereas governors are usually less effective and often reduce the 
stability limit. The stability limit, together with the general 
operating limits of an alternator, is of particular importance tc 
the operating engineer. It forms a part of the operating charac- 
teristic or capability diagram of the alternator and covers the 
major part of the leading-power-factor region,! as indicated in 
Fig. 4. 

The steady-state stability limit of an alternator defines the 
maximum steady load the alternator can carry without falling 
out of synchronism. This limit can be found experimentally 
by loading the alternator, increasing the load in small steps. 
until it becomes unstable. Theoretically the load steps should 
be infinitesimally small to avoid transient disturbances which 
obscure the results. 

When using continuously acting regulators and governors. 
negative feedback can be introduced, and the alternator may be 
loaded beyond its ordinary steady-state stability limit and it: 
load angle may increase past the normal maximum. Wher 
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)perating beyond the ordinary limit the alternator is said to run 
in the dynamic stability region, and it falls out of step or becomes 
jinstable when it reaches the ‘‘dynamic stability limit.” 

‘The dynamic limit depends, not only on the alternator itself, 
but also on the load and system characteristics. Usually, how- 
jver, any particular alternator is only a minor component in a 
jarge supply system. Hence, as a first approximation, the 
Iternator can be considered as being connected to an infinite 
vusbar. Thus the basis for practically all dynamic stability 
jtudies in recent years!-© has been the assumption that the 
I. Iternator is feeding into a relatively large system which can 
ye represented by an infinite busbar as shown in Fig. 1. 
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Fig. 1.—Synchronous generator connected to an infinite busbar 
| through a reactance X,. 

The determination of ihe: steady-state stability limit for a 
nachine with discontinuous regulation is straightforward, and 
| mathematical expression for this limit can be deduced directly 
tom the steady-state vector diagram.! NHowever, when intro- 
fucing feedback with regulators or governors, the steady-state 
rector diagram has to be replaced by a more accurate description 
»f the machine allowing for field time-constant, inertia and 
)ther transient quantities. 

| The instability of alternators with feedback usually shows up 
it the dynamic limit in the form of self-excited oscillations in 


he feedback system and not, as normally happens at the steady- 


itate limit, by a slow falling out of synchronism with a con- 
inuously and monotonically increasing load angle. The period 
of these oscillations depends on the regulator parameters and 
‘anges from about 0-5 to 10sec or more for large machines. 
[Thus a determination of the stability-limit by representing a 
nachine simply by its synchronous reactance does not allow for 
he fast changes in the variables. Going to the other extreme 
ind using the transient reactance of the machine is not justified 
‘ither, since the transient reactance applies to changes which 
ake place within a fraction of a second. In spite of these 
»bjections, equivalent reactances for machines simplify the 
inalysis considerably and have been used in several papers, 
.g. Reference 7, but an accurate analysis has to be based on 
he general machine theory as given originally by Park’ and 
ound in many textbooks. 
- For the analysis of the behaviour of the regulator and governor, 
yrdinary servo-mechanism theory applies, and once the complete 
ystem equations, including those for the alternator, are 
stablished, the stability limits can be found by using standard 
tability criteria.9 

Several papers have discussed the general effect of regulators 
m the stability limit under particular conditions. By repre- 
enting the alternator only by an equivalent reactance, Adkins? 
las indicated the use of servo-mechanism theory. Concordia 
;0es a step further,?-3.4 and using generalized machine theory, 
le discusses the effect of voltage and angle regulators on the 
tability limit of round-rotor generators with X, = 1-0 per unit 
nd operation at unity power factor: He uses the well-known 
outh’s criteria to derive the stability from the characteristic 
ystem equation. Heffron and Phillips> give a method, also 
yased on the general machine theory, for the investigation of 
Iternators operating at any power factor, and they establish 
yperating charts for the leading-power-factor region showing 
ome typical examples and considering voltage regulation. 
In this paper the analysis has been extended to allow for the 


ffects of governors as well as regulators, which means that, not 
y 
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only the control of the alternator field voltage, but also the 
control of the mechanical input due to ees and tie-line power 
controllers is considered. 

The machine equations used in the paper are derived from the 
general equations for synchronous machines. They are reduced 
to a form suitable for stability studies and are similar to the 
equations used by Heffron and Phillips.5 They still contain 
many parameters whose effects are important, and they remain 
complex in particular when they have to be analysed together 
with the regulator and governor equations. Thus a detailed 
investigation becomes very involved unless some automatic 
computer is used, 

In the following Sections, first the machine and regulator 
equations are established. Then the effects of the important 
regulator parameters are investigated in detail. Finally, the 
governor equations are set up and the possible modifications of 
the steady-state and dynamic stability limits with prime-mover 
torque control are discussed. 

Transfer-function diagrams are used to show graphically the 
trend in stability when changing the major parameters. For the 
detailed analysis of actual alternators a differential analyser!® has 
been found most suitable, and the method employed when 
deriving the results, which are presented in this paper, is dis- 
cussed. Stability contour diagrams (Figs. 7, 8, and 11) are used 
to record the results in a form showing very clearly the effect of 
varying regulator parameters. 

The analysis covers the case of an alternator feeding into an 
infinite busbar through an external impedance j/X,. The results 
obtained for this case are usually sufficient for the operator of an 
alternator if the supply system itself is large or in particular if 
the generator is a long distance away from the main system. 
The approach could be extended to cover the case of several 
machines operating in parallel or other combinations, although 
the mathematics involved becomes rather complex. 


(2) MACHINE EQUATIONS 
The general equations for the synchronous machine as 
developed by Park’ have found little application because of 
their complexity. They are based on three main assumptions: 


(a) Saturation is neglected. 

(6) The effect of stator slots is negligible. 

(c) The stator windings are sinusoidally distributed around the 
air-gap when considering their interaction with the rotor windings. 


Usually additional approximations are made to simplify the 
resulting equations. In particular, when the steady-state stability 
is to be determined, the complexity can be reduced by considering 
only small deviations of the variables from their steady-state 
values. This, in effect, means that the system equations can be 
linearized, since only infinitesimally small changes are of interest. 

For example, the output voltage v, of the alternator is then 


U, = U,9 + Ay, 


where V,9 is the steady-state value before a disturbance occurs, 
and Av, is any small variation in v, arising when the disturbance 
is taking place. 


Similarly 8 = 6) + Ad Load angle 


fq = Vag + Avy Field voltage 
T= Tmo + AT,, Mechanical torque 


m 


where the zero index refers to the undisturbed steady-state value, 
and A to a small change. 

If we consider the alternator to be connected to an infinite 
busbar through an impedance jX,, the machine equations can 
be simplified and linearized in terms of the small variations of 
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the variables concerned. The linearized machine equations, as 
derived in Appendix 9.1, are then 


[(74,2 + 1\(Mp? + Dp + A;) — A,]AS 
+ A;Adgqg =(7y,P4 DAT, . () 


(Agrap + As)AS + ApAvyg = (7a,p + AYR. @) 
where M = 47foH 
D = Damping coefficient 


X, = Direct-axis transient reactance 
d 
a Fi = Time derivative 


H = Inertia constant 
Jo = Frequency, 50c/s 
Tyo = Open-circuit generator field time-constant (per 
unit) 
X, = Direct-axis synchronous reactance 
t = Time (per unit) 

Per-unit notation is used throughout the paper unless stated 
otherwise. 

The A,’s are constants and are determined by the steady-state 
load condition of the system. 

The coefficient D is a rather general term allowing, not only 
for damper windings, but also for prime-mover damping and 
variations in load torque with changes in speed. In general, D 
is not a constant and varies with speed and power flow. How- 
ever, for any particular speed and power when only small changes 
about a mean value arise, D can be assumed to remain constant. 
Thus for the determination of the dynamic stability limit the 
magnitude of D can be established beforehand for any particular 
condition. 

Saturation is another factor that may have to be considered. 
It can be allowed for by using equivalent values for the machine 
reactances.!! 

Eqn. (1) can be used for the determination of the steady-state 
stability limit, ice. for discontinuous regulation. The field 
voltage is then to be considered as constant, ie. Avy, = 0, and 
the mechanical torque variations are zero as well. Thus eqn. (1) 
reduces to 


[71.M3 + (77,D + M)p? + (73,4, + D)p + (A; — A2)JASd = 0 


(3) 
For stability, all coefficients of eqn. (3) must be greater than 


zero, since otherwise unstable roots would be present. This and 
Routh’s criterion lead to the stability condition 


Ai — As S08 2 ee) 
By using the steady-state vector diagram (Fig. 16) eqn. (4) can 
be reduced to 
03, sin? 5o(X, — X,) 


ae () 


Vy9Uq0 COS Oo + 


Thus the limit is independent of field time-constant, damping 
coefficient and transient reactance, and it corresponds to the 
limit that can be obtained directly from the steady-state vector 
diagram.! 


(3) REGULATORS 
A regulator compares some machine quantity, such as the 
output voltage, with a reference quantity, and the difference of 
the two is used to adjust field voltage and flux. One of its main 


purposes is to minimize any steady-state and transient variati: 
in the controlled quantity. Since this involves negative feedba 
it means that the dynamic stability of the machine can also 
improved in many cases. The dynamic limit is defined here 
the steady-state limit of an alternator which is operating togetl 
with a continuously acting regulator and/or a governor. 

Various quantities may be controlled, such as the out; 
voltage, the power angle or the output current. In general, 
output voltage can be controlled more readily than the oth« 
It is also possible to achieve by voltage regulation at least 
same, if not higher, stability than by regulating the ot! 
quantities, as will be shown later.> 

The last statement does not apply to transient stability 
large power swings. In any case, the effect of a regulator on 
transient stability is small in general, because of the relativ 
long delays involved in the regulator action owing to the m 
field time-constant. 

The stability under steady-state and dynamic conditions is 
concern in the paper. Usually transient stability limits are 1 
considered when determining the operating characteristics of 
alternator. However, the transient stability limit can beco 
critical when operating the alternator in the unity-power-fac 
region® if the external system has a high reactance, 
X, > 0°5 per unit. 


(3.1) Voltage Regulation 


When analysing an alternator with continuous regulatior 
can be considered as a large-scale servo-mechanism and can 
broken down into a block schematic as shown in Fig. 2. 17 
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Fig. 2.—Voltage regulation. 


alternator is shown with its load, and the output voltag« 
given as 
VU, = Vo + Av, 


This voltage is compared with the reference 
V9 = V9 + Arig 

where Av’, is the variation in the reference. 

The difference 

Av, = 0, —% = Av, AU ss | 

passes through the controlling amplifier to the exciter anc 


controls the field voltage. 
To determine whether the system is stable for any partic( 


Additional information can be obtained and the computati) 
work can be speeded up if the open-loop transfer function oll 
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Fig. 3.—A typical regulator circuit. 
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| Fig. 4.—Steady-state stability limit of a 30 MW alternator. 
} (a) With discontinuous regulation. 
(6) With continuous regulation. 
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740 = 5:8 sec, t, = ts = 1:6 sec, uw = 10, us = 3 


stmation is applied. The transfer-function approach has one 
articular advantage in that each component can be treated 


sparately and the effect of each on the stability limit can be 
2en directly.2 Thus the parameters for any particular com- 
Qnent may be chosen so that its effect on the whole system is an 


The open-loop transfer function is 
Po Fax FE, Mot (7) 


here Fp = Regulator transfer function 
 Fygy, = Machine transfer function for voltage regulation. 
3.1.1) Machine Transfer Function. 

The machine transfer function Fy,,, can be derived from the 
aachine equations (1) and (2). Thus by eliminating A6, 
1ese equations lead to 


a iad Av, the 
ia Avg ie 
— Ag( Mp? + Dp-+ A ey 
: ne eee 
Mr‘,,p3 + (M + Drz,)p* + (D + Ayrij,)p + (Ay — Ad) 


(8) 


fence the machine transfer function depends on the parameters 
1, D and r’,,, and also on the initial steady-state load condition 
s determined by the A,’s. 

As an example, a typical transfer function plot is given in 
‘ig. 5 for a 30 MW alternator operating at unity power factor 


0°4j 


“-O-2j 


Fig. 5.—Transfer functions for voltage regulation 0 <f <0. 


(a) Fyyt for 1-0 power factor and 2-1 per-unit current. 
(b) Fr for te = ts = 500, uw = 1, us = 1, tT2 = wo = O. 
(c) Fr for te = ts = 500, u = 1, ps = 3, ta = Ue = 0. 
(d) Fr for te = ts = 500, w = 1, ws = 5, Ta = We = 0. 
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with 2-1 times the rated or 2-1 per unit current at rated or 

1-0 per unit voltage. The machine, which is used as a typical 

example throughout this paper, has the following constants: 
H=6-0perunit X, = X, = 1-39 per unit } 

X, = 0-22 per unit | 

X, = 0:4 per unit 


Ty = OO ONSE ° 
D = 3-0 per unit ) 


V9 = 1:0 per unit 


The transfer function for 2:1 per unit current is given here, 
since it will be needed later on when the alternator performance 
at the dynamic stability limit is considered. 


(3.1.2) Regulater Transfer Function. 
The function Fp for the regulator can be split up into three 
components: 
Lire BN SATE, SOU de (10) 
where F, = Exciter transfer function 
F, = Amplifier transfer function 


F.. = Controller transfer function. 


A general regulating system is shown in Fig. 3, which includes 
a stabilizing transformer. An amplifier, usually of the rotating 
type such as the amplidyne, is used, but magnetic amplifiers are 
now coming into use in many modern regulators. The time 
delay in the amplifier is usually relatively small when compared 
with that of the other components in the regulating loop of big 
machines. Thus the amplifier can be represented approximately 
by a simple transfer function with a single time-constant 7,. 
The controller is used to correct the error signal if necessary. 
The most common method is derivative error control, which is 
provided here by means of a derivative transformer with gain 
/4, and time-constant 7,. 

The transfer function for this regulator as derived in 
Appendix 9.2 is 


Fr | Se 7 gp) (i + 7,p) 


{ th Seana) H (11) 
co ee set CERES | ER 


This equation is plotted in Fig. 5 for0O << pp =jw <j and 
assuming thatr, = uw, = 0. The effect of changing the stabilizer 
gain, 44,, is shown in the same Figure. As will be seen more 
clearly later, the curves indicate that an increase in pu, should 
make the whole system more stable for high amplifier gains p, 
but not for low gains. 


(3.1.3) Overall Open-Loop Transfer Function. 

The overall transfer function is the product of the machine 
and regulator functions. If the time delays in the regulator are 
neglected its transfer function becomes simply 


Fr = — 2 (u = |p) 


which implies a rotation of the phase angle of Fy,,, by 180°. 
For ~« = 1 the function has been plotted in Fig. 6(a@), and it 
follows that the system is unstable unless the gain is increased 
to about ~ = 2-2. This can be deduced directly from the graph, 
since 4 is a constant multiplier of the overall transfer function, 
and for stability the zero-frequency point on the curve should lie 
to the left of the (—1, 0) point on the real axis. When the gain 
p- is increased to 5-7 the system becomes unstable again, which 
leads to a stability range 


2 pha" 
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Fig. 6.—Overall transfer function for w = 1, ws = 3, 
uw, = Oand 0 <f <oo. 


(@)-zs = ae a 0 = Ta (ideal voltage regulator). 


When the time delays in the regulator are allowed for, the 
result depends on the actual values of the time-constants 7, for 
the exciter and 7, for’ the stabilizer. For typical values of 
these constants, i.e. 7, = 500 per unit (= 1:59sec) and7, = 500 
per unit, «4 =1 and p, = 3, the transfer function is plotted 
in Fig. 6 [curve (5)]. It follows that the gain has to be increased 
considerably more than before to obtain stability, and the stability 
range becomes 


10-7<p<50 


For one and the same load condition, which has been 2:1 per- 
unit power at unity power factor so far, different values of p, 
lead to different stability ranges, as can be shown in a stability 
contour diagram (Fig. 7). There the area inside the curve for 
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Fig. 7.—Voltage-regulator stability contour diagram for unity power 
factor, ts = Te = 500, t2 = We = 0 


2°1 per-unit current represents the stable region for different 
values of 4 and yu, when the machine operates at 2-1 per-unit 
power at unity power factor. Similar curves arise for different 
currents as shown in the same Figure, and it follows that the 
operating range for an alternator with a high gain in its regulator 
can be improved by using higher values for py, in the stabilizer. 
For low values of jz the machine tends to become more oscillatory 
or even unstable with an increase in 4,. 

Optimum values for jz and jz, can be chosen from the contours, 
and p = 20, p, = 4 is a typical set of suitable values. It is 
seen also that the stability limit can be extended even beyond 
2-3 per-unit power by increasing x and choosing a proper value 
of 1,; but the values of yz, then become too large for practical 
purposes. “ue 

In general, a regulator should provide, for normal loads, a 


fast non-oscillatory response with small steady-state deviatior 
from the reference value. This requires a high gain mw and @ 
suitable value of jx,. The contour diagram shows the limitation: 
in gain as regards stability, and a faster response usually means 
a lower stability limit. The difficulty is to obtain a good per. 
formance not only at unity-power-factor loads as considered sc 
far, but also at different power factors. However, condition: 
satisfying unity power factor in general apply to other power 
factors as well. This can be seen when comparing Fig. 8 with 


Fig. 8.—Voltage-regulator a contour diagram for 0:7 powel1 
factor; tT; = Te = 500, Ta = fe = O 


Fig. 7. In Fig. 8 the stability contours are plotted for 0-7 powe 
factor, and the most suitable sets of values of u and ju, corresponc 
to those obtained for unity power factor. 


(3.2) Regulating Amplifier 


So far the time-constant 7, of the regulating amplifier has beer 
assumed to be zero. In general, the time delay involved i: 
small compared with that in other parts of the circuit, sinc 
reliable amplifiers with fast response times are available. Usually 
a rotating amplifier such as an amplidyne can have a time-con 
stant of about 0-lsec, and magnetic and electronic amplifier. 
can provide even faster responses. 

As shown in Fig. 6(a), the 30 MW alternator when operatins 
near the dynamic limit can be affected seriously if the time 
constant 7, is about 0-Ssec (157 per unit). The machine i: 
unstable, and it is impossible to stabilize it by changing pm 
However, for a somewhat smaller time-constant, e.g. 0-1se 
(31-4 per unit), the effect on the transfer function is negligibl 
and only the upper limit in the stability range is reduced some 
what, as shown in curve (c). Thus for values of 7, of abou 
0-1sec the effect of the time delay in the amplifier can be neglectec 
in practice. 

In general, it is not possible to describe the amplifier perfor 
mance exactly with a single time delay. However, since it: 
effect is negligible in modern fast continuously acting regulators 
there is no need to go into greater detail. 


(3.3) Controller 


By operating on the error the performance of the machine cai 
be improved. For improving the dynamic stability it is usuall 
necessary to introduce some phase-advancing device, e.g 
derivative control. | 

First-derivative error control can be approximated with 
derivative transformer giving the following transfer functio 


(see Appendix 9.2): 
FF; = (1 + KeT c res) 


Len 


[4, = Transformer ratio 


(12 


7. = Time-constant. 


This is the most common control function used for regulatoi 
and is taken as a typical example to show the general effect ¢ 
actual derivative control. 

The effect of a derivative controller, with several values of 4 


-O'lj 


—0-2j 
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g. 9.—Effect of derivative control on the overall transfer function F 
fOr Te = Tt. — 900) w =-1, us = 3, t2 = 0 
» = 0(F without additional control). 
(b) ue = 1,,7¢ = 00. 
= 250. 
= 2 000. 


id 7,., on the 30MW machine can be seen in Fig. 9. The 
ibility improves for low values of the amplifier gain jz, whereas 
€ upper gain limit of the stability range is reduced. The 
ibility ranges are given in Table 1 with the maximum and 


Table 1 


VARIATION IN CONTROLLER CONSTANTS 


Stability range 


inimum gain specifying this range, and it can be seen that the 
tio of maximum to minimum gain remains practically unaffected 
changes in“, or7,. Thus this particular derivative controller 
es not effectively improve the stability, although it is possible 
select values of , and 7, for the most suitable gain obtainable 
ym the amplifier. 


(3.4) Power-Angle Regulation 


Regulators may be used to control the power angle, in which 
se the field voltage becomes a function of the power-angle 
riation Ad. The machine transfer function follows from 
ns. (1) and (2) by eliminating Av, and putting AT, = 0: 


AS As 4 
Avg (t4-P + 1)(Mp? + Dp + A\) — Az 


The regulator transfer function remains the same as for 
ltage control unless special features are introduced. The gain 
the amplifier is denoted by a for angle regulation. 

With the same regulator as for voltage regulation a stability 
ntour diagram for variations in a and p, is given in Fig. 10 
“the 30MW alternator, if it is assumed that 7, =7, = 500, 
=p,=0. The diagram is similar to those obtained for 
ltage control. Although the magnitude of the stability ranges 
a (for any particular value of ,) is smaller than that for pu, 
- actual ratio of the upper to the lower stability limits a,,,,,./@nin 
‘oughly the same numerically as for . In the example given, 
: machine with angle regulation is somewhat less stable for 
same values of jz, than the voltage-regulated machine, and 
is generally possible to achieve higher stability with voltage 
ulation under similar conditions. 


+ C13) 
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Fig. 10.—Power-angle-regulator stability contour diagram for unity 
power factor; te = ts = 500, Ta = Me 


Control proportional to the time derivative of the angle varia- 
tions can be applied. The results are the same as those obtained 
for voltage regulation, in that they improve the stability for low 
feedback gain, but not for high gains. 


(4) TRANSIENT ANALYSIS OF SYSTEM EQUATIONS 


The transfer-function approach is very useful when deter- 
mining the stability limits of an alternator. However, when 
carrying out a detailed investigation a faster method is required. 
In addition, the transient behaviour of the alternator after a 
small disturbance has to be determined by solving the complete 
set of system equations. A complete analysis must therefore be 
carried out on an automatic computer, and the most suitable is 
a differential analyser. 

As shown in Figs. 144 and 148, the machine and regulator 
equations can be set up separately on a differential analyser, 
and the variations in all the variables can be recorded as required. 
It is a simple matter to vary the magnitudes of the system para- 
meters such as inertia constants or time-constants and then 
determine the effects of such alterations. Different kinds of 
regulators can be tested by changing the regulator set-up without 
altering the machine set-up. The system may be changed over 
from voltage to angle regulation by connecting the input of the 
regulator to the busbar representing the power angle, with a 
suitable scale-factor modification if necessary. 

‘The set-up for the machine remains unaltered whatever 
machine is to be simulated. Variations in alternator size are 
introduced by changes in M, 7), and D, and different load con- 
ditions and reactances are introduced by variations in the A,’s, 
which are all represented by adjustable ratio units. 

The machine is set up according to eqns. (1) and (2), which are 
in a linearized form, and any transients resulting from a dis- 
turbance will show how the machine would respond if this dis- 
turbance were infinitesimally small. The equations can be 
assumed as linear only in the close neighbourhood of the steady- 
state conditions for which the particular A,’s apply. Thus for 
the response to actual finite disturbances a different alternator 
set-up would be required, although in general the equations given 
above can be used to provide approximate results for small finite 
variations. 


(4.1) Alternator Response to Change of Reference Voltage 


As a typical example, the 30 MW machine with voltage 
regulator has been loaded up to 0-8 per-unit current at 
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0:97 power factor. A sudden change in the reference quantity 
Avio = + 0-1 per unit takes place initially, and the subsequent 
variations in Ad, Av, and Av,, are recorded for various values 
of the feedback gain p and the stabilizing transformer ratio py,. 
The results given in Fig. 11 show the improvement in response 


PER-UNIT VALUES 


t, SEC 


Fig. 11.—Response at normal lead. 


Current = 0:8 per unit. Power factor = 0:97 (lagging). 


u = 40, te = ts = 125 rad. 
a (Ui 8) 
— us = 0 


for 4 = 10 when yp, is increased from 0 to 3. For p, =0 
marked oscillations persist for a period of more than 15sec, 
whereas jz, = 3 leads to a state which is close to critical damping. 


(4.2) Stability Limit 


For determining the stability limit at a particular power factor 
the load is increased in steps, and for each load the transient 
response is recorded. The machine is unstable when the magni- 
tude of any one of the oscillations in the system does not decrease 
with time; thus the limit can be found if a sufficient number of 
solutions is carried out. This has to be done for several power 
factors if the complete operating characteristic is required. 

Typical machine transients are given in Fig. 12, where the 
response to a sudden change in Avg is recorded for several 
values of the feedback gain p for the voltage-regulated 30 MW 
alternator. An increase in the gain ps reduces the period of the 
transients, and for low and high values of p the system is 
obviously unstable, whereas there is a stable range for medium 
‘gains as expected from the stability contour diagrams (see 
Figs. 7, 8, and 10). 

The oscillations arising with a sudden change in Av‘) are due 
to the hunting effect of the regulator and may be called the feed- 
back oscillations. Their period ranges in general from '1sec for 
high feedback gains to 10sec or more for low gains. The long 
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Fig. 12.—-Change in response due to different values of py. 
Current = 2:2 per unit. Power factor = 1:0; us = 2 

period is possible because of the long time-constant in the fiel< 

circuit. 

Another mode of vibration with a relatively short period of thi 
order of 1-S5sec is superimposed on the feedback oscillations o 
the power angle Ad in Fig. 11. These oscillations correspon 
to the natural frequency of the machine without a regulator a 
determined by the inertia and the steady-state restoring torques 
Actually, by the use of an error in Avo, the amplitude of thes 
natural vibrations has been minimized intentionally, since the 
would obscure the effects of the regulator. | 

From Fig. 12 the general conclusion follows that instabilit 
for low feedback gains is due to the slow response of the regulatoi 
Thus the stability could be improved by reducing the time dela 
in the feedback path. However, this would mean a reduction i 
field time-constant, which is generally fixed for a particule 
machine size. i 

When increasing the gain the period of the feedback oscill: 
tions decreases, as shown in Fig. 12, until it approaches that ¢ 
the natural frequency, and the resulting resonance leads t 
instability. Thus the high gain stability limit is determined t 
an interaction between the feedback oscillation and the naturi 
vibrations of the machine considered. Following from this, tt 
high gain stability limit could be extended by increasing tl 
period of hunting. This can be achieved by increasing tl 
alternator-field time-constant. A reduction in the period of tt 
natural frequency would have the same effect and could t 
obtained by reducing the rotational inertia of the machine. | 


(5) CONTROL OF PRIME-MOVER TORQUE 


The torque of a prime mover changes with speed and so affec 
the performance of the alternator. In addition, when allowan 
is made for governor action, the variations in the mechanic 
torque AT,, can be expected to modify the stability limits. 

The prime-mover output-torque variation is given as 


aT, 


AT, a 


m 


me ee | 
ow 


here w = Instantaneous angular speed = wy + Aw 
@ = Synchronous speed = 277f5 
~ Aw = Small change in w 


fe 
ple = About —1 (see Reference 12). 


i 

This effect is allowed for in the general machine equation (1) 
1 the damping factor D. In eqn. (14) the value of D, which 
fas taken as 3, had little effect on the solutions, and it follows 
iat the damping effect of the prime mover itself is negligible. 


(5.1) Speed Governor 
By introducing a speed governor and neglecting the time delays 
the governing system, the mechanical torque variation 
ecomes 


Agee AS Om As (15) 
r ow 


[2 


1 

= (- + 1) pA8 
= 

yhere r = Regulation of governor. 


Thus the torque relation for the machine as expressed by 
qn. (1) changes into 


(vp +1) Ez a (D +—+ 1)p es 4, | s 4y\ 


ith an effective increase in the damping factor D to 
1 
=(D+o+1). (17) 


This change will cause a more effective damping of any oscilla- 
ions of the machine. However, it does not affect the stability 
iondition [eqn. (4)] as obtained for a machine with discon- 
inuous regulation. 

For a regulated machine, an increase in D can cause a con- 
derable change in the dynamic stability limit. In Fig. 13 the 
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ig. 13.—Effect of speed governor on the stability for unity power 
factor and 2:2 per-unit current considering several values of 
ae rts Cooma oe = fe = 0,11 = 12 = 0, R=5%). 


(a) ae regulator only. 
(b) Voltage regulator and governor. 


ffect of a governor with 5% regulation is shown for the voltage- 
>gulated 30MW alternator. As can be seen, the stability 
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Fig. 144.—Differential analyser schematic for the alternator. 
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Fig. 148.—Differential analyser schematic for the regulator. 


decreases for the normal values of the stabilizer constant p,, 
whereas it improves for large values of j4,. 


(5.2) Tie-Line Power Control 


When the prime-mover torque is controlled with the tie-line 
power, and time delays in the controller are neglected, it is 
possible to improve the damping of system oscillations. 

The electrical torque appears in eqn. (1) as 


pia | 4: - Aes eo) | 


Neglecting time delays the mechanical torque becomes 


yA | 1 
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Thus the torque equation follows as 


{Crier te | Mo? a Dp = A (1 me | 
= A(1 + I) bas A(14 "Ady = 0 . (19) 


This means that A, and A, change into the effective constants 


A= A(t +2) Sate a) 


From egn. (1) it can be seen that this is leading to the same 
stability condition as for the machine alone [see eqn. (4)], since 
the regulation r is positive. Thus the steady-state stability limit 
remains unaffected by tie-line power control if the time delays are 
neglected. 


(5.3) Time Delay in Governing System 


The time-constants in governing systems are comparable with 
those in the regulator.) They are not negligible in general and 
lie within the range !2.!13 0-5-10sec. The simplest description of 
a governor requires at least a second-order delay!? and is of 
the form 


=i pAS  G 
AT, = ( = ) 21 
md Eayp)G-t rap) \ r 
where 7,, 72 = Governor time-constants 
G ae Fr, x AT; (22) 


F;,, = Delay function for tie-line power controller. 


It follows that the characteristic equations for the machine 
system will increase by an order of two in the simplest case. This 
makes computations rather complex,.and the problem must be 
handled on an automatic computer. 

In general, the time delay reduces the damping effect. How- 
ever, it also delays the damping, and as the delay time-constant 
approaches the period of natural vibrations in the system the 
damping due to the controller becomes positive and makes the 
system more unstable. 

The natural period of the 30 MW alternator used as an example 
so far was about Isec. Thus a delay time-constant of about 
lsec in the governor introduces positive damping, and even for 
small values of r the alternator can become unstable under normal 
operating conditions. A regulation of the order of 5% can be 
critical. 


(6) CONCLUSIONS 


The overall steady-state or dynamic stability range is to some 
extent inversely proportional to the synchronous reactance of the 
alternator, as can be deduced from eqn. (5) and Fig. 4. This 
applies particularly to the condition when the external reactance 
X,is small. Thus greater stability without continuous regulation 
can be achieved only by reducing the synchrous reactance, which 
involves an increase in frame size of the machine, with a con- 
siderable increase in cost. 

When using a continuously-acting regulator, expensive alter- 

‘nators with large frames can be avoided, which reduces the 
overall cost. In general, the stability range of a machine can be 
increased by 50-100°%% with continuous voltage regulation, even 
for power factors as low as 0°3. ; 

The actual change in the dynamic limit depends on the various 
components in the controlling circuits, and the choice of the 


circuit parameters is important. The gain in the feedback loo 
is the most critical factor, with an optimum value for any set « 
parameters. Thus, once the gain is increased beyond a defini 
value, the dynamic stability limit will drop, although the stead: 
state error continues to decrease. The dynamic limit for hig 
feedback gains can be improved by an increase in the time dela 
in the feedback loop or by a decrease in the alternator inertia. 

In general it has been found also that the choice of the par: 
meters in the feedback loop is practically independent of pow 
factor. ° 

Speed governing increases the effective damping of an alternat« 
if time delay is neglected. In that case it will not affect tl 
steady-state stability limit, although it does modify the dynam 
limit. 
Tie-line power control also increases the effective damping an 
reduces the period of natural vibrations of an alternator. If tin 
delays are neglected the controller affects only the dynamic limi 

When allowance is made for time delay in the governing systen 
a detailed investigation into the modification of the dynam 
stability limit becomes rather tedious. For a speed govern¢ 
the time delays are usually of such a magnitude as to introduc 
positive damping and reduce the stability limit. Tie-line pow 
controllers can be used for stabilizing, but a detailed analys 
is always necessary to determine their actual performance. 
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(9) APPENDICES 
(9.1) Derivation of Machine Equations 


The general voltage equations for the machine without damper 
windings as shown in Fig. 15 (see also References 3 and 6) are: 


ei Xx, afdP 


XafaP | 


neglecting armature resistance, 


DIRECT AXIS 


Js 


es 


Fig. 15.—Direct and quadrature representation of a synchronous 
machine. 


QUADRATURE AXIS 


G 
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and 


It is usually more convenient to express the field voltage v in 
terms of the per-unit field voltage v,, required to produce a 
per-unit flux linking the field and the armature. 


Xo ek, 
Thus Ms Biase fs ge Xafaly a “Reem 


: ‘ X apd 
= Xyalp + Ta0P (On) 


= ig + TyoP Oya 
‘VoL. 103, PART C. 


(25) 
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where i;; is the field current referred to the armature and 
Xx, 


Oy a x, Pv 
From eqn. (24) 
C40) X; 1 “afd \ ; LSE 

gd = xX OD, 1 (% Via = Xyig (Xy Xie 

afd “fi afd 
: XG 
where Xp = Xy— a5 
X oy . Nie 

Thus Dig => x, a = lg (Xy X dig (26) 


If only small variations in the variables are considered, the 
following equations arise: 


Thus approximately, by neglecting the variations in the 
derivatives, 
(28) 
Also 
(29) 
For the terminal voltage v, with 
v7 = v3 + 
we get, using Fig. 16, 
v v 
Ad, = Av, + 8 Av, (30) 
10 V10 


For the torque the following expression arises 


[Mp + (Dp 1)]@ =n Ty a Tn 


m e 


or in terms of small variations 


(Mp? + Dp)A8 = AT,, 
~ @,yAi, + igpA®, — © 


q 


tg, = 1g ADD. 11) 
2 
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Fig. 16.—Steady-state vector diagram for synchronous machine. 


For an external reactance X, directly connected to an infinite 
busbar, two more equations are given when assuming Av, = 0: 


Avg = — X,Aiz + (a9 cos 89) AS } 
Av, = X,Ai; — (ey sin 8)A8 { 
Thus there are ten equations [eqns. (28)-(32)] with 12 un- 
knowns, two of which (i.e. AT, and Av,;) are independent. The 
equations can be solved, therefore, if the boundary conditions 
are known. For convenience, all variables except Av,, Ad, Avg, 


and AT,, are eliminated by means of the steady-state vector 
diagram (Fig. 16), and this leads to the following two equations: 


[(7-p + 1)(Mp? + Dp + A,) — A,]JAS 


(32) 


ag A; Avy ar (T7:P ae 1I)AT,, . (33) 
(Agr? + As)A6 + AgAvyg => (TP -+- 1)Av, 
with 
A 3 V29Ug0 Cos 8o V29Vdo sin BG =) 
ene. Ce ae X, + Xj a 
aed U}q Sin? 5o(Xy — Xy) 
“ (X ae XX, AP Xa) 
V9 Sin 5o 
A; SS 
(X, + Xq) 
Va0 A, 
Ag (COST) 
4 Hy 2 "(X +X) L (34) 
— 240, (sin 8 BEL 
Y%0 20 ( OC, a: x.) 
VooV xX 
A pies 3/2209 (sin ye eee 
: V0 : Cx, +X) 


V29%a0 Xx, 
a 20 8. (Cos0n) 
tae VCC 
Or XxX, 


9 (xX, a X4) 


JY 


‘a 


(9.2) Derivation of Regulator Equations ig 


d ." 
The open-loop transfer function Fp of the regulator as shown 
in Fig. 3 is made up of three components: 


STABILITY OF SYNCHRONOUS GENERATORS 


Fp = F.F,F, 


The transfer function of the controller, F., depends on the 
method of control employed. In Fig. 3 a derivative control is 
applied by means of a derivative transformer for which the 
following two equations apply for the primary and secondary 
voltages: : 


Av, = (Rp + LpP)ip + Mpi, on 


NO = Mpi, + (R, + M.p)i. 


Solving for Av, and putting 


M*?=L,L, 
M =e iy pe p Ee 
R, L, REG 


where N, = Number of primary turns, N, = Number of! 
secondary turns, and 


N. IE 
— =p; —? — Ts 
P ‘p 
If i, is small 
EcT cP 7 ' 
Av, = te? Ao, (36) 
The controller transfer function then becomes 
McT cP 
FF = | ge a 
: | + As a 


For the amplifier a single delay is assumed with a time- 
constant 7,, giving 


FE i 


oC +77) | 


For the exciter circuit the following two equations apply: 


EsTsP 
Ad, = ripe roe 
ay ; 
Avg = ise ate + Avy) (39) 
his wh Avjy = mae) . (40) 
Av, {1 + [t, ee Tp? 
and 
3 TH McTcP 
eae F st aS +7 .p 
1 + [7 +7; eee 5 


[A discussion on the above paper will be found on page 231.] 


621.315.615.2 : 621.3.015.5 


Monograph No. 1358S 
June 1955 


THE ELECTRIC STRENGTH OF TRANSFORMER OIL 
By M. E. ZEIN EL-DINE, Ph.D., and H. TROPPER, Ph.D., Associate Member. 


(The paper was first received 30th June, 1954, and in revised form 4th February, 1955. 


It was published as an INSTITUTION MONOGRAPH 


in June, 1955.) 


SUMMARY 
The paper gives results of electric breakdown tests on transformer 
oil, made with direct and alternating voltages and with impulses of 
different durations. The dried oil used in these tests was filtered and 
carefully degassed in a closed test apparatus which incorporated the 
test cell. The oil treated in this way was tested with uniform and 
non-uniform electrode configurations, and a number of factors which 
influence the electric strength of the treated oil were examined. 
_ With the electric strength of the treated oil as a reference, the effect 
on its value was examined when a number of different impurities were 
added to the treated oil. 
Finally, a theory of the electric breakdown of this type of liquid is 
suggested which conforms to the experimental observations reasonably 
well. 


) (1) INTRODUCTION 

The liquid dielectrics used for insulating purposes in industry, 
such as transformer oil, are of a composite nature and always 
contain impurities in various amounts. They readily absorb 
moisture and gases, and the impurities, although normally small 
in amount, nevertheless lower the electric strength and cause 
considerable scatter of the breakdown measurements. This 
makes it difficult to correlate the experimental results of different 
“investigators. 

Such a correlation would be greatly facilitated if the impurity 
content of the liquid that is being tested could be determined. 
This, however, is difficult and, in the absence of any practicable 

) method, was obviated by adopting a particular test procedure in 
‘the experiments. This consisted in subjecting the oil to a number 
of cleaning operations in order to obtain as high an electric 
strength as possible; the electric strength of this ‘‘treated”’ oil! 
was then used as a criterion for the state of purity, and in this 
‘way the effect of adding impurities could be conveniently studied. 
The standard purification technique used throughout the experi- 
‘ments consisted in a prolonged drying of the oil in the presence 
of metallic sodium wire and silica gel. The oil was then degassed 
and filtered in a closed all-glass system of which the test cell 
formed an integral part. It was found that the oil treated in this 
way had a high electric strength which was very sensitive to 
changes in the impurity content: the addition of even small 
amounts of impurities resulted in an appreciable lowering of the 
breakdown values. 
__ The tests on the treated oil were made with direct and alter- 
nating voltages and, to eliminate time-dependent breakdown 
“mechanisms, voltage impulses with durations of the order of 
‘microseconds were also used. A number of factors were examined 
which are known to affect the measured electric strength values. 
‘These include the dependence of the electric strength on the 
metal of the test electrodes and on their size both for uniform 
| ‘and non-uniform electric fields. In non-uniform fields the 
polarity effect was examined and it was shown how it was 
influenced by the addition of various kinds of impurities. 
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Several different explanations for the electric breakdown in 
liquid dielectrics have been put forward from time to time. 
Most of these suggest in one way or another that the breakdown 
takes place in gas bubbles which form either from the gas con- 
tained in the liquid or by vaporization of the liquid itself. These 
explanations assume that the breakdown is of the gaseous type 
and therefore should depend on the external pressure. To 
discriminate between these “‘bubble’’ mechanisms and others 
which involve breakdown in the liquid phase, the pressure- 
dependence of the breakdown voltage was also examined. The 
experiments were made with both uniform and non-uniform 
electrode gaps. 


(2) APPARATUS AND EXPERIMENTAL PROCEDURE 
(2.1) Supplies and Measurement of High Voltages 


A description of the voltage sources used for the tests with 
direct and alternating voltages and the measurement of these 
voltages has been given in a previous publication!? and will be 
omitted here. Reference to that publication should also be made 
for a description of the precautions taken during the tests to 
limit the discharge current which passed through the test liquid 
during breakdown. 

For the tests with impulse voltages a single-stage generator 
was used. The generator capacitance was 0-017 F and a load 
capacitance of 300 ,44F was connected in parallel with the test 
cell to swamp the effect of any capacitance changes in the test 
load. With this capacitance a constant wavefront of approxi- 
mately 1 microsec was obtained. The tail of the impulses was 
varied by changing the value of the tail resistance of the circuit. 
Impulses having tails of 3, 5, 10, 25, 75 and 100 microsec were 
used during the experiments. The waveshapes were recorded by 
a cathode-ray oscillograph, and this instrument was also used 
to determine the crest value of the impulses. To simplify the 
test procedure the voltage across the generator capacitance was 
calibrated in terms of the crest value of the impulses. The 
difference between these two voltages was small; even in the 
worst case, for 1/3 microsec impulses, it was only 7%. 


(2.2) Test Apparatus 


An all-glass test apparatus was constructed for carrying out 
the following operations on the oil before subjecting it to the 
breakdown tests: 


(a) Degassing of the oil. 

(b) Filtering of the oil. 

(c) Filling of the test cell under vacuum in order to avoid con- 
tamination of the treated oil. 


Fig. 1 shows the general layout of the apparatus. It consists of 
three parts, namely a circulating degassing system, a filtration 
system and the test cell.” 

In the course of the work a number of sintered glass filters of 
different porosities were used; the porosities of these filters and 
the corresponding grades were as follows: 


Grade. . ke ite 1 pe 3 4 
Porosity, microns 90-100 40-90 15-40 5-15 


[35] 
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Fig. 1.—Layout of test apparatus. 


(2.2.1) Degassing System. 

For degassing, the pre-heated oil was introduced under vacuum 
into the degassing chamber of the apparatus through a sintered 
glass filter of grade No. 2 and a nozzle of 1mm diameter. After 
leaving the nozzle the oil hit a glass baffle which produced an 
effect similar to that of mechanically shaking the oil. From the 
baffie plate the oil fell to the bottom of the degassing chamber 
in a number of fine jets. It could be transferred from there to a 
collecting flask and reintroduced into the degassing chamber 
through a heating jacket and another nozzle, and this degassing 
cycle could be repeated any number of times. 


(2.2.2) Filtration System. 


For the filtration, the degassed oil was collected at the bottom 
of the degassing chamber, and the vacuum was then applied to 
the filter and the remaining parts of the apparatus. A small 
amount of dried and filtered air was admitted to the degassing 
chamber, sufficient to provide the pressure necessary to force the 
oil through the filter. Since the amount of gas absorbed by the 
liquid depends on its partial pressure, it may be assumed that 
only very little was re-absorbed at this stage. Moreover, some 
of this was probably removed again during the filtration. 

To facilitate filtration when very fine filters were used, the oil 
was first heated by passing it through a glass spiral arranged in 
a heating jacket. 

After filtration, the oil was usually left to cool under vacuum 
in the collecting flask. The test cell was evacuated before filling 
and the oil was passed into it through a glass spiral, where it 
could be further cooled if necessary. 

The heating of the oil during the various stages of its treat- 
ment was by hot water, which was circulated through the heating 
jackets by means of a small motor-driven pump. 

The vacuum-pump connections to the apparatus were through 
vapour traps which were cooled with solid carbon dioxide, and 
the pressure was measured by a vacuosiat. All ground-glass 
joints were sealed with a high-vacuum C.A. grease as recom- 
mended by Polley.! For organic liquids Polley has demonstrated 
the superiority of this type of grease over the silicone grease 
- available commercially. As a precaution, the grease was applied 
only to the outer half of the ground surface. 

All connections of the apparatus to atmosphere were made 
through sintered glass filters of grade No. 4 and drying tubes 
containing phosphorous pentoxide and glass wool. 


(2.2.3) Test Cell. 

The test cell consisted essentially of a cylindrical glass con- 
tainer having an inside diameter of 50mm and a length of 120mm, 
in which the electrodes were arranged vertically. The lower 
electrode was carried by a stainless-steel shank of -3;in diameter 
which was screwed into a chromium-plated steel plate. ' This 
formed the upper part of the base. The lower part was of conical 
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shape and tapered so that it fitted accurately into the tapered — 
bottom of the glass container. There was a clearance between 
the two parts, and by means of three screws it was possible to 


. 


y 


adjust their relative positions so that the lower electrode could 


be accurately aligned with the top electrode. 


The top electrode shank was not directly connected to the 


micrometer, but fixed to stainless-steel bellows. In this way the 


electrode gap could be adjusted with the cell completely sealed © 


off from the atmosphere. 

For the evacuation of the cell a glass tube was connected to 
the top of the glass container. Another glass tube with a 3-way 
tap and ground sockets was joined to the bottom of it. One 
of the sockets was used to connect the test cell to the remainder 
of the test apparatus for filling purposes and the other served 
as an outlet for the cell. Finally, provision was made to connect 
the inside of the cell to the atmosphere through a sintered glass 
filter of grade No. 4 and a drying tube containing phosphorous 
pentoxide and glass wool. 

The cell was always used completely filled with fest liquid so 
that the liquid was visible in the glass tube at the top of the cell. 
Into this tube, which was normally connected to the vacuum 
pump, a few drops of re-distilled mercury were introduced when 
carrying out high-pressure tests. 
liquid from the gas of the pressure vessel. 

Normally, the electrode gap was adjusted after the cell was 
filled with oil. The zero reading of the gap was determined by 
connecting the electrodes in series with a source of negative grid 
voltage in the grid circuit of a triode. When the electrodes 
were brought into contact, the reading of a milliammeter in the 
anode circuit suddenly dropped to zero. This method is very 
sensitive and has the advantage that no current passes through 
the electrodes when they are in contact. 

The usual gap settings, which were of the order of 0:25mm, 
were measured with the micrometer to an accuracy of about 1%. 
For. very small gaps an optical lever system was used. The 
sensitivity of this method was estimated to be approximately 
1-47cm/micron, and it was possible to measure gaps as small as 
15 microns with an estimated accuracy of 5%. For larger gaps 
than this the accuracy improved very quickly. 


(2.3) Cleaning Technique 
Before assembly, all glass parts of the test apparatus were 


This was done to seal the test © 


treated with concentrated sulphochromic acid and scrubbed with — 


hot water and a detergent. They were then given a rinse with tap 
water followed by a rinse with distilled water which had been 
filtered through a sintered glass filter of grade No. 4. Finally 
they were dried for three hours in the presence of calcium 
chloride in an electric oven at a temperature of 110°C. 

The metal parts of the cell were washed in trichlorethylene, 
rinsed with acetone and finally rinsed with filtered acetone. 
They were then dried for a few minutes in the electric oven. 

After assembling the whole test apparatus, including the test 
cell, the usual procedure was to apply a vacuum of 0-5-1-0mm 
Hg for about three hours, during which time the different parts 
of the system were warmed by blowing hot air on the outer walls. 
This was done to remove the moisture which was adsorbed 
during the assembly. As a further precaution the first filling 
was used for rinsing the test cell and was then discarded. A 
source of strong light placed behind the cell made it possible to 
verify that there were no fine fibres in the electrode gap. 

Throughout the experiments. the electrode surfaces were 
periodically examined. To obtain smooth surfaces the electrodes 
were buffed with a soft mop using a suitable grease. To remove 
the grease they were washed first with trichlorethylene and then 
in a boiling mixture of ether and acetone. After a careful rinse 
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1 filtered distilled water they were put in the oven for drying, 
2ft there to cool and then immediately assembled. 


(2.4) General Test Procedure 


| The oil used throughout the experiments complied with 
3.S. 144: 1951. Several weeks before the oil was tested it was 
lrawn from the barrel and stored in 2-5-litre glass bottles con- 
aining metallic sodium wire. A few days later some self- 
ndicating silica gel, size 20, was added to the oil in each bottle. 
[he bottles were frequently shaken during storage and if the 
urface of the sodium appeared to be oxidized, or if the colour 
yf the silica gel had changed, further quantities of one or both 
of these substances were added. 

As to the subsequent treatment of the oil in the test apparatus, 
*xtensive preliminary tests were made in order to examine the 
lependence of the electric strength on such factors as the tem- 
yerature and pressure used in the degassing and filtration pro- 
esses and the number of degassing cycles. This work showed 
hat the effectiveness of the degassing depended very much on 
he temperature of the oil and the pressures used. The lower 
he pressure and the higher the oil temperature the more effective 
he degassing. For a given filter grade, on the other hand, the 
iltration process did not depend to the same extent on the oil 
emperature and pressure. It was thought advisable not to use 
or the degassing a vacuum higher than 1 mm Hg and a tempera- 
‘ure higher than 90° C so that the partial evaporation of the lighter 
onstituents and oxidation of the oil would not take place. 
Under these conditions it was found that, even after several 
qundred degassing cycles, the amount of liquid in the cold trap 
of the vacuum system was negligible. 

Experiments in which the number of degassing cycles was 
varied showed that, with the method adopted, the increase in 
slectric strength was most marked during the first five to ten 
sycles. Further cycles did not produce an appreciable increase 
n strength, and a point was soon reached when the change in 
slectric strength was comparable to the variation of the indi- 
yidual measurements. These tests also revealed an important 
elation between the gas content of the oil and the conditioning 
ffect, i.e. the tendency of the electric strength to increase with 
ncreasing numbers of breakdowns. Whereas, after only a few 
legassing cycles the electric strength of the oil increased con- 
inually with subsequent breakdowns, such an increase was 
ound only during a small number of initial breakdowns when 
he oil was well degassed. 

Accordingly, in all the experiments the standard treatment of 
he oil before the breakdown tests consisted of ten degassing 
ycles at a pressure of approximately 0:5mm Hg, with the oil 
it a temperature of 85-90°C. These temperatures and pressures 
were chosen also for the filtration, for which a sintered glass 
ilter of grade No. 4 was used. The oil obtained in this way 
will be referred to as treated oil. Although it contained a certain 
umount of moisture and gas, as well as other impurities, its 
urity was fairly high. Throughout the work the state of purity 
of this treated oil was regarded as a convenient reference by 
Which the effect of adding impurities could be judged. It is 
selieved that only by adopting such a procedure is it possible to 
ascertain the extent to which various factors influence the 
oreakdown mechanism of a complex dielectric liquid such as 
‘ransformer oil. 

The electric strengths which were obtained with treated oil 
were very high, and as far as the authors are aware similar high 
values have hitherto been reported only by Race.? In all the 
rests several a.c. conditioning discharges were passed through 
he test samples before the breakdown voltages were recorded. 
For spherical electrodes the electric strengths stated were deter- 
nined by means of the Russel‘ coefficient. 


For impulse tests the experimental procedure was to apply 
first a voltage of about 60% of the estimated breakdown voltage 
and to increase it in steps of about 0:5kV. At every stage in 
this procedure 3 to 5 applications were made. After breakdown, 
the test was repeated at least five times at suitable intervals, in 
order to establish the true breakdown value. The measurements 
with this type of voltage were very consistent, and reliable results 
could be obtained from few individual measurements. 


(3) EXPERIMENTAL WORK 
(3.1) Effect of Duration of Voltage Application 


The effect of the duration of voltage application on the break- 
down voltage of treated oil was examined with direct, alternating 
and impulse voltages. For alternating and direct voltages three 
tests were made in which the rate of voltage application was 
varied so that breakdown occurred 10, 30 and 60sec, respectively, 
after voltage application. In each case twenty breakdown voltages 
were determined after a number of conditioning discharges had 
been passed through the gap. Chromium-plated spheres of 
13mm diameter at a spacing of 1-25 mm were used and the results 
are givenin Table 1. It may be concluded from these results that, 


Table 1 


EFFECT OF DURATION OF VOLTAGE APPLICATION 


Electric strength 


Duration 


for the times considered, the electric strength for both direct and 
alternating voltages is independent of the duration of the voltage 
application and, moreover, that the electric strengths are almost 
the same for the two types of voltage. This is evidence of the 
purity of the test sample and indicates the absence of certain 
impurities which often give rise to thermal breakdown in 
insulating oils. 

For the impulse tests on treated oil, impulses having shapes 
of 1/3, 1/5, 1/10 and 1/25 microsec were first used and tests with 
impulses of 1/50, 1/75 and 1/100microsec were made subse- 
guently. The electrodes were chromium-plated spheres of 13 mm 
diameter and the gap setting was 0:!mm. The results of these 
tests are shown in Fig. 2, which, for the sake of comparison, also 
contains the results of untreated oil. The oil in this case was 
merely filtered at atmospheric pressure and room temperature 
through a sintered glass filter of grade No. 2. It may be assumed 
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Fig. 2.—Effect of impulse duration. 


38 ZEIN EL-DINE AND TROPPER: THE ELECTRIC STRENGTH OF TRANSFORMER OIL 


that the filtration did not appreciably change the gas content of 
the oil. Each point on the curve in the figure represents the mean 
of from 5 to 10 individual measurements. It was observed during 
the tests that breakdown of the oil always occurred on the tail 
of the impulse wave. 

It can be seen from Fig. 2 that for the treated oil the electric 
strength is almost independent of the duration of the impulse 
voltage, except for impulses having tails of less than 15 microsec, 
which produce a marked increase. For untreated oil, on the 
other hand, the electric strength is not only much smaller but it 
steadily increases as the duration of the impulse is reduced, this 
increase becoming more rapid for impulses having tails of less 
than 20microsec. This would suggest that the breakdown of 
the untreated oil involves a mechanism which is time-dependent. 


(3.2) Effect of Gap Setting 


For these tests chromium-plated spheres of 13mm diameter 
were used. The breakdown values were determined for spacings 
of 25, 50, 100, 200 and 500 x 10-3mm. After conditioning, 
ten measurements with direct voltages of positive polarity were 
made for each of these spacings. The breakdown voltages for the 
first three spacings were measured with an electrostatic voltmeter 
connected directly across the test cell. The results are given in 
Table 2, which shows that the electric strength is constant in the 
range of 0:5—O-1 mm, but for shorter gaps there is a tendency 
for the electric strength to increase with decreasing spacing. 


Table 2 


EFFECT OF GAP SETTING 


Electric strength 


Gap setting 


Direct voltage Impulse voltage 


mm x 10-3 kV/cm 
25 780 
50 775 
100 770 
200 770 


7710 


The results for impulse voltages of positive polarity having a 
waveshape of 1/3 microsec, and using the same electrodes, are also 
shown in Table 2, where each value represents the average of 
five measurements. As can be seen, the electric strength remains 
constant for spacings down to 0-1 mm and increases for smaller 
spacings. 

For impulses of this short duration, and for small gaps, the 
electric strengths were very high. For example, for a gap setting 
of 15 x 10-3mm the electric strength obtained was about 
6000kV/cm. Moreover, since breakdown was observed to 
occur approximately 1 microsec after the impulse attained its 
peak value, it is to be expected that even higher values would be 
obtained for this gap setting with impulses of shorter duration. 


(3.3) Effect of Electrode Shape 
(3.3.1) Uniform Field Configuration. 


The tests in uniform fields were made with spherical brass 
electrodes having diameters of 0-25 and 0-5 in, respectively, and 
with hemispherical electrodes of iin diameter. In addition, two 
sizes of plate electrodes, having a profile recommended by Bruce,’ 
were used. They were made of brass and had diameters of 1-0 
and 1-Sin respectively. The test voltage was a direct voltage of 
positive polarity; it was raised at such a rate that breakdown 
occurred from 10 to 15sec after the instant of application and 


Me 
the time between successive breakdowns was approximately _ 
five minutes. After conditioning with alternating voltage, 
50 breakdown measurements at a gap setting of 0-25mm were 


made with each type of electrode. The results are given in 
Table 3. > 


Table 3 


EFFECT OF ELECTRODE SHAPE 


Electric strength 


Standard 
deviation 


Coefficient 


Electrodes of variation 


Mean Max. 


Spheres: kV/cm 


0:25in diam. 716 | 667 | 820 

0-50in diam. 694 | 622 | 754 
Hemispheres: 

1-0in diam. 683 | 630 | 809 
Plates: 

1-Oin diam. 668 | 594 | 725 

1-5in diam. 649 


The Table shows that there is a slight tendency for the electric 
strength to increase with decreasing size of the electrodes but 
that this dependence is not very marked. This is in contrast with 
all previously published tests on insulating oils, in which a 
pronounced relation was usually observed, e.g. Bredner> and 
Clark.® 


(3.3.2) Non-Uniform Field Configuration. 


In the tests in non-uniform fields brass point-plane electrodes 
were used. The point electrode consisted of a needle of -¢in 
diameter rod tapering uniformly to a point over a length of in. 
The gap setting was 1 mm and the measurements were made with 
alternating voltages, direct voltages of both polarities and 
impulse voltages. For the conditioning with electrodes of this 
type never more than 5 preliminary discharges were passed 
through the gap, but an increase of the breakdown voltage with 
successive discharges was apparent only when the point electrode 
was positive. 

For direct and alternating voltages the electric strength was 
found to be completely independent both of the duration of the 
applied voltage and of the time interval between successive 
breakdowns. It was possible, for example, to obtain the same 
value for the breakdown merely by slightly reducing the test 
voltage and immediately raising it again. The measurements 
were very consistent, the maximum deviation being never more 
than 5%, and for a spacing of 2mm the breakdown voltage could 
be reproduced to within 1kV. A similar consistency of the 
measurements with non-uniform fields was reported by Dornte7 
and Lewis.® 

With alternating and direct voltages of positive polarity 
breakdown occurred in the form of intermittent discharges which 
quickly quenched themselves and were accompanied by sharp 
clicking noises. It was difficult to assess the breakdown voltage 
in these cases and it was therefore decided to take the voltage 
readings during the occurrence of the intermittent discharges at 
regular intervals of about 1 sec. 

During these tests, the discharge current through the test cell 
was not by-passed after breakdown of the oil. This, however, 
did not produce any noticeable decomposition of the oil, probably 
on account of the very short duration of the discharges. Also, 
changing the current-limiting resistance in the h.v. side of the 
test cell from 18 to 6 megohms had no effect on the measured. 
breakdown values, nor did it affect the time sequence of the 
intermittent discharges. Table 4 gives the average value of 
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Table 4 


BREAKDOWN VOLTAGE FOR NON-UNIFORM FIELD 


Breakdown 
| voltage 


kV 
25°4 
25) 
31-0 


Alternating 
Direct + 
Direct — 


10 measurements which were obtained with alternating and 
irect voltages. The results show, as was to be expected, since 
the breakdown voltage was independent of the time of voltage 
pplication, that the peak value of the alternating breakdown 
voltage was the same as the lower of the two direct voltages, 
As can be seen, there is a pronounced polarity effect, the 
breakdown voltages for the negative point Pome higher than 
those for the positive point. 
Similar results were obtained by Dornte”? when testing de- 
hydrated heptane with non-uniform electrode gaps. With air- 
saturated samples he found higher breakdown values when the 
polarity was positive, whilst carefully degassed samples gave 
higher values when the direct voltage was negative. Dornte also 
noticed intermittent discharges with both samples, and similar 
effects were observed by Sorge,? Schroter!® and Race.? 

For the impulse tests, impulses having a shape of 1/3 microsec 
were used. For each gap five measurements were made with 
each polarity; the average breakdown values are shown in Fig. 3. 
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‘Fig. 3.—Polarity effect for impulse voltages and non-uniform fields. 


From this Figure it can be seen that although the difference in 
he electric strength for the two polarities is small (less than 
5%) it is nevertheless significant. Unlike the results for direct 
voltages, the breakdown values obtained with positive impulses 
we higher than those with negative impulses. This important 
lifference in the polarity effect is discussed in Section 4, and in 
section 3.8 it is shown how this effect is affected by the presence 
of foreign particles in the treated oil. 


(3.4) Effect of Electrode Metal 


The effect of the electrode metal on the breakdown voltage 
vas examined for both uniform and non-uniform field con- 
igurations. For the tests with direct voltages and uniform 
ields, spherical electrodes of 13mm diameter were used. The 
netals examined were chromium, silver, aluminium, stainless 
teel, steel, copper and brass. The electrodes were cleaned as 
lescribed in Section 2.3 and the breakdown voltages were 
neasured after completion of the conditioning process. It was 
ound that conditioning varied according to the metal. For 
xample, for chromium electrodes 13 preliminary discharges 
vere needed, whilst for silver electrodes 30 discharges were 


{ 


necessary to obtain breakdown values which showed no ten- 
dency to increase further. The tests were made with direct 
voltage of positive polarity and the gap setting was 0-25mm. 
For each metal 30 measurements were made; the results are 
shown in Table 5. This Table also contains the photo-electric 


Table 5 


EFFECT OF ELECTRODE METAL (DIRECT VOLTAGE) 


Electric strength : 

Coefficient 
of 

variation 


Standard 
deviation 


Electrode metal 
Max. 


kV/cm 
816 
857 
927 
782 
1044 
1395 
1095 
754 


kV/cm 
29-3 
44-8 
43-2 
30-5 
Sid 
48-6 
32-2 
PHOS 


Chromium 
Silver .. 


Aluminium .. 
Stainless steel 
Steele. 
Steel, degassed 
Copper 
Brass .. 


WWWRBUAUIW | 
oVNnqcrnrwuo™® 


work function of the corresponding non-degassed metals, as 
given by von Engel and Steenbeck. The work function for 
chromium is that given by KOsters.!! 

The Table shows that there is a marked dependence of the 
electric strength on the metal of which the electrodes are made. 
Copper, for example, gave an electric strength about 40% higher 
than that for brass. As is to be expected, there appears to be no 
relation between the electric strengths obtained with different 
metals and the corresponding work functions. These results 
will be discussed in Section 4. 

To show the effect of the treatment of the electrode surface on 
the electric strength, Table 5 also contains the results which were 
obtained with steel electrodes after they had been degassed. The 
degassing was carried out for three hours at a pressure of 
10-3mm Hg, during which time the electrodes were heated by 
means of a high-frequency coil and after which they were left to 
cool for three hours under the same vacuum. For this test, in 
order to avoid the introduction of air, the test cell was not rinsed 
with the test sample. After conditioning with 15 alternating 
voltage discharges, 50 breakdown values were measured and 
from these the values given in the Table were determined. 

For the impulse tests with uniform field configurations, 
spherical electrodes of 13mm diameter were used; the com- 
binations examined were steel-steel, aluminium—aluminium, and 
chromium-steel. 

Electrodes of the same metal were tested with 1/3 microsec 
impulses of positive polarity, whilst impulses of the same shape 
and both polarities were used for the electrodes of different 
metals. Each combination was tested at gap settings of 50, 
100, 200 and 300 x 10~3mm, respectively, and for each gap and 
polarity of the impulse voltage five breakdown values were 
determined. The results are shown in Table 6, which, for com- 
parison, also contains the results for the chromium-plated spheres 
given in Section 3.2. 

As can be seen, the difference in the electric strength values 
obtained with electrodes of different metals is small and of the 
order of magnitude of the experimental error. This is in striking 
contrast to the results with direct voltages, where a pronounced 
dependence was found. It would appear, therefore, that the 
dependence on the electrode metal is a time-dependent effect. 
This seems to be confirmed by the results given by Watson and 
Higham!® in their work on the effect of degassing of the test 
electrodes. Using impulses of 4millisec duration they obtained 
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Table 6 


EFFECT OF ELECTRODE METAL (IMPULSE VOLTAGE) 


Electric strength 


100 x 
10-3mm 


Electrode metal DOO 


10-3 mm 


gap gap 


MV/cm 
1:96 
1:99 
1:88 
1-88 
1:91 


MV/cm 
1-96 
1-99 
1-90 
1-90 
1-91 


Steel-steel 
Aluminium-aluminium 
Chromium (cathode) 
Steel (cathode) 
Chromium—chromium 


electric strength values for electrodes made of phosphor-bronze 
and steel respectively, which showed a percentage difference of 
32%, whereas the percentage difference in the electric strength 
for these electrodes was only 28% when impulses of 0-2 millisec 
duration were used. 

The experiments with non-uniform field configurations were 
made with point-plane electrodes. The metals examined were 
chromium, aluminium and copper, as well as a combination 
consisting of a steel point and a chromium plate. The gap 
setting throughout these experiments was 1mm and direct 
voltages were used. For every combination ten measurements 
were made with positive polarity followed by ten measurements 
with negative polarity. The by-passing switch across the test 
cell was disconnected during these tests. 

The breakdown voltages obtained were almost identical with 
those given in Section 3.3.2 for brass point electrodes. With the 
point positive, the maximum difference recorded was less than 
5%, and identical results were obtained when the point was 
negative. 


(3.5) Effect of Irradiation 


In this Section the results are given of the effect of irradiation 
on the breakdown voltage of treated oil. Cobalt-60 y-ray 
sources of 0-6, 0-8 and 15 millicurie were used. The 15mc 
source was in a thick-walled container which had a window 2in 
deep. The two other sources were in thin-walled aluminium tins. 
For irradiation, the 15mc source was placed with its window 
facing the electrode gap and at a distance of about 1 in from the 
wall of the test cell and the other sources were placed in contact 
with it. All sources were used at the same level as the electrode 
gap. 

In all experiments with direct voltages in which irradiation 
was used, the flow of an appreciable conduction current through 
the oil was observed. Since the test cell was not provided with 
guard rings it is not possible to say whether the conduction 
current caused by the irradiation was due to charges in the bulk 
of the liquid or to charges on the glass walls of the test cell. It 
should be mentioned, however, that in the course of a previous 
investigation!? irradiation tests on pure simple organic liquids 
were made in the laboratory under similar conditions. These 
tests did not show an increase of conduction current, and it 
would therefore appear that for treated oil irradiation does give 
rise to charge carriers in the liquid. 

Chromium-plated spherical electrodes of 13mm diameter at 
a gap setting of 0-5mm were used. After the conditioning 
process, the gap was irradiated with the 0-8mc source and 
50 breakdown voltages were determined with direct voltage of 
positive polarity. The rate of voltage rise was such that break- 
down occurred 15-20sec after application of voltage. ; 

The results of these tests are given in Table 7. A comparison 
of the electric strength values shows that although the difference 


Table 7 ( 
\ 
EFFECT OF IRRADIATION 


Electric strength 


Coefficient 
of | 
variation | 


Standard 
deviation 


Mean | Min. Max. 


kV/cm | kV/cm | kV/cm 
709 674 778 
742 | 662 816 


kV/cm 
23°8 
29-3 


With irradiation 
Without irradiation .. 


is small it is of a magnitude which cannot be accounted for by 
the scatter of individual measurements. 

For the impulse voltages the same electrodes were’ used. 
After conditioning with alternating voltages at a spacing of 
0-25mm, the breakdown values were determined with 1/3 micro- 
sec impulses of positive polarity for spacings of 100, 200 and 
300 <x 10-3mm. For each spacing ten measurements were made 
without irradiation followed by ten measurements with the gap 
irradiated by all three cobalt sources simultaneously. No 
difference in the electric strengths could be detected in the two 
cases and it was therefore concluded that irradiation of the gap 
with y-rays had no effect on the impulse breakdown voltage of 
the treated oil. 


(3.6) Effect of Temperature 


The test cell was immersed in an oil bath heated by a small 
immersion heater with means for regulating the temperature to 
within +1-5°C. The temperature was measured by a mercury 
thermometer placed in the oil bath. 

After the conditioning process, ten measurements were made 
at each of the following temperatures: 18 (room temperature), 
50, 70, 80, 90 and 100°C. At each temperature a period of 
twenty minutes was allowed before the measurements were 
begun in order to ensure equalization of the temperature of 
the oil-bath and test liquid and the stabilization of the sample at 
that temperature. The tests were made with direct voltages of 
positive polarity and with a gap setting of 0-25mm. Correction 
was made for the variation of the gap setting with temperature, 
which amounted to 0-347micron/°C. This correction was 
previously determined experimentally by finding the temperature 
required to reduce to zero a gap setting which at room tem- 
perature was 25 microns. 

The results are given in Table 8, and it can be seen that there 
is no tendency for the electric strength to increase with increasing 


Table 8 


EFFECT OF TEMPERATURE 


Temperature Electric strength 


ce kV/cm 
18 740 
50 730 


70 135) 
80 725 
90 710 
100 675 


temperature in the range from 18 to 50°C. This is in contrast 
to the findings of most previous investigators, e.g. Clark,! 12 
Hoover and Hixon!? and Lazarev.!4 

Breakdown measurements on treated oil were also made at 
temperatures below 18°C. Although these measurements were 
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not wholly satisfactory, mainly because of the difficulty of main- 
taining the temperature long enough for equilibrium between 
sample and cooling bath to be established, they nevertheless 
showed that there was no tendency for the electric strength to 
vary at temperatures down to —35°C. Below this temperature 
a steep rise in the electric strength could be observed. 


(3.7) Effect of Pressure 


The effect of external pressure on the electric strength of 
treated oil was examined for uniform and non-uniform field 
configurations. In these tests the test cell was completely filled 
and sealed off by means of mercury in the side tube (see Section 
2.2.3) before placing it in the pressure vessel. Both direct and 
alternating voltages were used and the test voltage was raised at 
such a rate that breakdown occurred between 15 and 20sec after 
application of the voltage; intervals of 10min were allowed 
between successive breakdowns. 

_ For uniform fields, chromium-plated spherical electrodes of 
13mm diameter at a spacing of 0-25mm were used. The con- 
ditioning process was carried out at atmospheric pressure and 
the subsequent measurements were made at pressures of 25, 50, 
75, 100 and 2001b/in?. The results are given in Table 9, in which 
each electric strength represents the mean of ten measurements. 


Table 9 


EFFECT OF PRESSURE 


Alternating 


voltage Direct voltage 


Gauge pressure 


kV/cm 
IPS) 
770 
750 
750 
765 
760 


kV/cm 
732 
776 
780 
766 
770 
718 


The table shows that, although the smallest electric strength was 
obtained at atmospheric pressure, the difference in the values for 
ifferent pressures is not very pronounced. For insulating oil 
his result is new and is, no doubt, due to the careful treatment 
which the oil received before the test. 

For the non-uniform field, chromium-plated point-plane 
slectrodes were used. The test procedure was exactly the same 
as for the uniform field. After conditioning, measurements were 
made with direct voltages of both polarities at pressures of 
é (atmospheric), 10, 25, 50, 100, 150 and 200Ib/in?. The gap 
etting was 0:6mm; the results are shown in Fig. 4, where each 
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Fig. 4.—Effect of pressure, non-uniform field. 


(a) Negative polarity, treated oil. 

(6) Negative polarity, oil containing some gas. 
(c) Positive polarity, treated oil. 

(d) Positive polarity, oil containing some gas. 


point represents the mean of five measurements. It can be seen 
from this Figure that a pressure-dependence of the breakdown 
voltage, which was not very marked, was observed only when the 
point was negative. The positive breakdown values, which were 
lower, did not change with external pressure. It was again 
found, with positive polarity, that the breakdown was of the 
intermittent type, as described in Section 3.3.2. For the negative 
polarity this type of discharge was sometimes observed when the 
external pressure exceeded 50 1b/in2. 

Since the treated oil used for these tests was carefully degassed, 
it was considered instructive to repeat them with oil which 
contained some gas. Accordingly, a sample of treated oil was 
exposed for 15min to dry and filtered air before being tested. 
At each pressure and after every breakdown an interval of 
twenty minutes was allowed to elapse before the next voltage 
application. Hoover and Hixon!? also found that intervals of 
similar duration were necessary for the stabilization of the 
measurements with samples containing dissolved gases. 

The results of these measurements are also shown in Fig. 4, 
where each point represents the mean of five measurements. 
During these tests the breakdown voltages for the positive 
polarity were difficult to determine, particularly at pressures 
near 100Ib/in?. The range of voltage over which intermittent 
discharges occurred was much wider than for treated oil, and in 
Fig. 4 the upper and lower limits for the onset of these discharges 
are indicated by dotted lines. It will be noted that the presence 
of the gas in the oil increases the pressure-dependence of the 
breakdown voltage now found for both polarities of the test 
voltage. As the pressure increases, the upper limits of the 
breakdown voltage tend to assume values almost identical with 
those obtained for treated oil. 


(3.8) Treated Oil with Added Impurities 


Some experiments were made on treated oil to which different 
impurities were added. First, the effect of adding water will be 
described. The tests were made with alternating and direct 
voltages of positive polarity on samples having water contents 
of 30, 50, 100, 150, 200 and 500 parts in 10°. 

To prepare the test samples an amount, corresponding to the 
above concentrations, of pure water was placed in a glass flask 
of 500cm? capacity which had previously been carefully cleaned 
and dried. This flask was filled with treated oil from the 
collecting flask of the test apparatus through a glass tube reaching 
almost to the bottom of the flask. During the filling of the flask 
the oil was in contact with the atmosphere for about 2 or 3 min, 
so that it could be assumed that the amount of air absorbed by 
the oil was small and its effect on the electric strength could be 
neglected in comparison with the effect of the added water. 

The flask, with the oil, was then put in an oil heating bath and, 
except for occasional shakings, was left there for two hours at 
a temperature of 73°C. According to Clark!5 the solubility of 
water increases considerably at this temperature and the small 
amounts of water that were added to the treated sample were 
easily dissolved, as could be seen from the clear appearance of 
the oil when examined with suitable illumination. At this stage 
the flask was allowed to cool slowly. Slow and gradual cooling 
is essential in order to obtain a water-in-oil emulsion with the 
smallest possible size of water particles. The sample was left for 
about two hours to ensure stabilization of the equilibrium 
between the emulsion and: molecular phases of the water at the 
prevailing conditions. Before filling the test cell it was rinsed 
with part of the sample. 

The tests were made with a gap setting of 1mm between 
chromium-plated spheres of 13 mm diameter, and for each water- 
content thirty individual measurements were made, with intervals 
of 10min between successive breakdowns. 
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Tn these tests it was observed that there was a strong dependence 
of the breakdown voltage on the time of voltage application, 
especially with samples containing more than 30 parts in 10° of 
water, and the normal procedure of the one-minute test was 
adopted. The results for both alternating and direct voltage 
measurements are shown in Fig. 5, from which it can be seen 


ELECTRIC STRENGTH, kVem 


fo) 100 200 300 400 500 
WATER CONTENT, PARTS IN 10% 
Fig. 5.—Effect of water content. 


(a) Direct voltage. 
(6) Alternating voltage. 


that the addition of even small amounts of water to treated oil 
caused a considerable reduction in its electric strength. The 
shape of the curve of variation of electric strength with water 
content is similar to those given by previous investigators. 
There is, however, no quantitative agreement, as is to be expected 
in view of the differences in the oil used and in the treatment 
given to it before it was tested. 

During the experiments with direct voltages, measurements 
were also made with different gap settings between 0:5 and 
2:5mm, and it was found that for this range of spacings the 
breakdown voltage varied linearly with the gap. 

With a gap setting of about 2mm, it was possible after break- 
down to observe two kinds of bubbles in the test cell. A 
small number of one kind, which were distributed throughout 
the liquid, slowly rose to the top of the cell. Those of the other 
kind, which seemed more numerous (their number seemed to 
vary with the water-content of the sample), were observed to 
oscillate between the electrodes along paths which followed the 
lines of force of the electric field; their velocity decreased as the 
voltage across the electrodes was reduced. Occasionally two of 
these bubbles, coming from different electrodes, were seen to 
collide, and this was accompanied by a minute visible spark. 
This second type of bubble probably consisted of water vapour 
formed during breakdown. This observation would suggest, 
therefore, that with undried oil conditioning might be partly due 
to gradual evaporation of its water content. 


(3.9) Effect of Water on Suspended Matter 


It has been known for some time that the effect of water on 
the electric strength is particularly harmful if the liquid dielectric 
contains suspended matter. This is explained by assuming that 
the water is adsorbed by the foreign matter (fibres or other 
particles) so that conducting filaments are formed which may 
bridge the gap. No explanation, however, has been found for 
the effect of water when the liquid contains suspended matter 
of extremely small (e.g. colloidal) size, when the formation of 
bridges seems unlikely. lL 

Accordingly, a number of simple observation tests were made, 
using 100% spherical glass particles of 100-microns diameter. 


Although these particles were not very small, bridge formation 
was considered unlikely on account of their shape. 

A small amount of these glass particles, previously washe¢ 
with acetone and distilled water and dried in an oven for twe 
hours at 110°C, was introduced between 1in-diameter plat 
electrodes in a sample of treated oil. Most of the particles rested 
on the surface of the lower electrode. No effect on the particles 
was observed when a direct voltage of 20kV and positive polarity 
was applied across the gap, which was about 4mm. However 
on reversing the polarity the particles were attracted by the 
negative electrode, as would be expected from Cohen’s law, bui 
no further motion could be seen. 

When the experiment was repeated with an oil sample con: 
taining water to about 80 parts in 10°, most of the particles were 
observed to oscillate between the electrodes. This occurred fot 
both polarities of the applied voltage. | With oil samples o! 
commercial purity, some only of the spheres oscillated whilst 
the rest remained attached to the negative electrode. 

It remains now to describe experiments showing how the 
polarity effect for point-plane electrodes was affected by the 
presence of impurities in the oil. For this work the following 
samples were prepared: 


(a) Treated oil to which was added a certain number of 100% 
spherical glass particles of 100 microns diameter. 

(b) Untreated oil containing damp spherical polystyrene 
particles of 10 microns diameter. 

(c) Dried oil saturated with gas. 


In the experiments with the glass particles five breakdown 
values of the treated oil were first determined at a gap setting of 
1mm and with direct voltage of both polarities. Next, a small 
quantity of cleaned and carefully dried glass particles was 
introduced into the test cell and a further five measurements were 
made with each polarity. From the results, which are given in 
Table 10, it can be seen that the effect of adding the particles was 


Table 10 


POLARITY EFFECT FOR IMPURE OIL 


Breakdown voltage 


Positive point | Negative point 


kV 
25-0 
25:0 
21-0 
18-0 


12-0 


Treated oil 


Treated oil with glass particles 

Untreated oil 

Untreated oil containing 3 cm3 of col- 
loidal solution 

Untreated oil containing 8cm3 of col- 
loidal solution 


appreciable for the negative point but that the breakdow1 
voltage was not affected when the point was positive. 

For the tests with samples containing damp polystyren 
particles, a temporarily stable solution of polystyrene in oil wa) 
prepared by adding about 0:5g of polystyrene particles t 
30cm3 of untreated oil. A measure of 3cm? of this solution wa 
then added to about 200cm? of untreated oil and shaken 
Measurements were made immediately, using a gap setting o 
1mm, and for each polarity three breakdown values were deter 
mined. After the ninth measurement a rise in the breakdow 
voltage was observed, probably due to the removal of polystyren| 
particles from the electrode gap, the gradual evaporation of th 
water-content and the precipitation of the unstable colloidé 
particles. 
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_ The same test was repeated with an untreated sample to which 
8 cm} of the colloidal solution was added. Results of these tests, 
together with the results for the untreated oil, are given in 
Table 10. It can be seen that the addition of some damp solid 
‘particles removes the difference in the breakdown voltages for the 
two polarities. No significance can be attached to the higher 
breakdown value for the positive polarity when 8cm? of the 
colloidal solution was added to the sample, since the values in 
the Table are the averages of a few measurements only. 

For the test on dried oil saturated with gas, the oil sample 

was dried in the presence of sodium wire and self-indicating 
silica gel of mesh size 20, for more than four weeks. It was then 
filtered gently through a sintered glass filter of grade No. 2 at 
room temperature and atmospheric pressure. In this way the 
sample retained its gas content and a gentle shaking was sufficient 
to produce a considerable cloud of gas bubbles, which probably 
consisted of hydrogen. It must be assumed that the dry sample, 
in addition to the gas, contained also a certain amount of sus- 
‘pended matter, but it was considered that the high gas content 
would be the dominant factor in the breakdown process. 
_ Five measurements were made at each polarity of the direct 
voltage and at each of three gap settings—0-5, 1 and 2mm. 
The scatter of the individual breakdown voltages was much 
greater than for treated oil, particularly when the point was 
negative. A possible explanation for this might be the presence 
of suspended particles. According to Cohen’s law, such particles 
will be positively charged and hence will disperse through the 
liquid in the vicinity of the negative point electrode and thus 
cause scatter of the measurements. 

In Fig. 6 the breakdown voltages are plotted against gap 
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Fig. 6.—Change of polarity effect with gas content in non-uniform field. 


(a) Negative polarity, oil saturated with gas. 
(6) Negative polarity, treated oil. 
(c) Positive polarity, treated oil. 
(d) Positive polarity, oil saturated with gas. 


setting. For comparison, the Figure also contains the results for 
treated oil. The effect of the gas in the oil is considerable; it 
brings about an increase in the breakdown voltage when the 
point is negative and a decrease when the point is positive. 


(4) DISCUSSION OF RESULTS 

The high alternating and direct breakdown values which were 
obtained for the treated oil and their independence of the duration 
of the applied voltage are an indication that this oil was fairly 
free from moisture and foreign particles, for the presence of such 
impurities would have caused breakdown at much lower voltages. 
‘With oil of this purity the breakdown is mainly affected by its 
gas content. 


The dependence of the electric strength of mineral oil on its 
gas content was examined by Clark, who showed that, as the 
gas content of highly degassed oil is increased, the electric 
strength falls rapidly at first and, after reaching a minimum, 
rises again as the gas content is further increased. This remark- 
able behaviour of oil was confirmed during the work described 
here. Another result which is important has been reported by 
Walther and Tscheljuskina.!7 These workers found that the 
breakdown strength of toluene was independent of pressure 
when the toluene contained dissolved gas only, while the presence 
of the gas in suspension resulted in a pressure-dependence. 

In the experiments with treated oil a marked reduction of the 
electric strength was noticed when its gas content was increased, 
for example, by exposing the oil for a short time to the atmo- 
sphere. In the light of Clark’s result it would follow, therefore, 
that the treated oil contained very little gas and, in this respect, 
it corresponded to the highly degassed oil of Clark. Moreover, 
as shown in Section 3.7, the pressure-dependence of the electric 
strength of treated oil was small, which, from the results of 
Walther and Tscheljuskina, would indicate that the amount of 
gas in suspension was small. 

The pressure-dependence of the breakdown voltage is usually 
taken to indicate that the breakdown in the liquid is of the 
gaseous type. The main features of the experimental results can 
be described qualitatively by the usual assumption that the 
breakdown takes place in gas bubbles in the oil or in its vapour 
phase. It is assumed, however, that two processes are involved 
in the initiation of the breakdown. The first consists in the 
formation of gas bubbles in the liquid at the cathode by the 
strong breakdown field and the introduction of electrons into 
the liquid by the ionization of these bubbles. The second process 
is an adequate electron multiplication by a gaseous ionization in 
the bulk of the liquid. 

Under suitable experimental conditions the formation of 
bubbles on the electrodes can be observed. It will depend on the 
magnitude of the electric field and on the external pressure and 
will be greatly influenced by the amount of gas available at or 
near the electrodes, their surface condition and the metal of which 
they are made. It will be ofa statistical nature and the probability 
of its occurrence will increase with the size of the electrodes. 

The nature of the second process need not be specified for the 
present purpose, but, whatever it is, this process will be affected 
by the positive space charge which is formed by the ionization. 
It is reasonable to assume that the space-charge formation will 
depend on the gas content of the liquid, for, even if ionization 
occurs in the vapour phase, the vapour formation will take place 
at the boundary between the liquid and the gas bubbles, which 
act as nuclei. Hence, as the gas content increases more space 
charge will form near the cathode and this will result in a change 
in the field distribution in the electrode gap. The field will 
increase near the cathode and it will be weakened in the remainder 
of the gap. The space charge will therefore tend to confine the 
ionization to the cathode region and a higher voltage will be 
required to extend it towards the anode. Thus, whereas the 
conditions for the two processes become more favourable as the 
gas content of the liquid is increased, beyond a certain gas content 
higher voltages will be required for the second process because 
of the retarding effect of the positive space charge. 

This is important, for it explains Clark’s result mentioned 
earlier. With fields that do not depart appreciably from the 
uniform field, experimental evidence seems to show that for 
treated oil the voltages required for the two processes are about 
the same. The first process will trigger the discharge, and a 
marked dependence of the breakdown voltage on the metal and 
the surface condition of the electrode is to be expected; this was 
found in the experiments described in ‘Section 3.4. Moreover, 
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as already mentioned, this process will occur more readily as the 
effective area of the electrode is increased, which may explain the 
slight decrease of electric strength with increasing size of elec- 
trodes, which is shown in the results of Section 3.3. 

With gas contents beyond a certain value the breakdown will 
be determined by the second process, which will require the 
higher voltage of the two. In this case no electrode effect of 
the breakdown voltage should be expected. This may explain 
the conclusions of earlier investigators, who do not report any 
dependence of the electric strength on the electrode metal. Most 
of this work was done with open test cells, and, provided that 
the oil was sufficiently free from moisture and other foreign 
particles which would cause breakdown by a different mechanism 
at low voltages, it is likely that it contained an appreciable 
amount of gas. 

The dependence of the electric strength on the gas content also 
explains the results on the conditioning of treated oil. As stated 
in Section 2.4 the electric strength of dried and filtered oil, 
subjected to a few degassing cycles only, indicated a pronounced 
conditioning, and its breakdown values increased with each 
successive discharge during about 50 discharges, which was the 
number usually observed. With treated oil (i.e. 10 degassing 
cycles) this increase was found only during a relatively small 
number of initial discharges. The reason for this is that every 
discharge in the liquid is accompanied by a small evolution of 
gas, and the resulting reduction of the gas content causes an 
increase in the breakdown strength. With treated oil a gas 
content is ultimately reached at which, to satisfy the conditions 
of equilibrium, the gas liberated at each discharge is reabsorbed 
by the oil and conditioning ceases. This reabsorption of the gas 
by the liquid would explain why, at this stage, gas bubbles 
produced by the discharges do not appear to affect the break- 
down, as has been observed also by other investigators. 

An experimental observation which may have a bearing on this 
conclusion should be mentioned here. As a rule, with oil which 
has not been properly degassed, gas bubbles can be seen to rise 
to the top of the test cell after each discharge, but with degassed 
oil it is sometimes possible, after conditioning, to observe how a 
gas bubble freed by the discharge disappears in the bulk of 
the liquid. 

From Clark’s result it will be appreciated that for liquids of 
sufficiently high gas content the conditioning effect may be 
reversed, i.e. the electric strength may decrease with successive 
discharges, as has been found by a number of other investigators. 
For oil which has not been dried and filtered, conditioning which 
is sometimes observed is very probably due to the gradual 
removal of dust particles and to drying by the discharges. 

When the field distribution departs widely from the uniform 
distribution, as, for example, for point-plane electrodes, the two 
processes will require different voltages according to the polarity 
of the test voltage, and the breakdown voltage will be determined 
by one or the other of them. For the negative point, bubble 
formation will occur at this electrode first as the applied voltage 
is raised, and a higher voltage will be necessary for the second 
process, i.e. the ionization in the liquid. Moreover, the effect 
of the positive space charge in confining the ionization to the 
vicinity of the negative point will be greater for this field distribu- 
tion than for the uniform field and will increase with the gas 
content of the liquid. The second process, modified by the 
presence of the space charge, will therefore determine the break- 
down voltage for this polarity. This voltage should increase with 
gas content, as was found in the experiments (see Section 3.9). 

For the positive polarity the electric field assumes its smallest 
value at the plate cathode. When the field at this,electrode 
reaches a value sufficient for the first process, the second process 
will also take place, since the field in the liquid will be higher. 


For this polarity, therefore, the breakdown voltage will be dete 
mined by the first process and, since the chance of bubb 
formation increases with the gas content of the liquid, a reductic 
in the breakdown voltage with gas content is to be expected; th 
is confirmed by the experiments of Section 3.9. 

The conditions for ionization will also be different wi 
positive polarity. The electrons liberated by the first proce 
will move in an electric field which rapidly increases as tl 
positive point is approached. The ionization will set up positiy 
space charge near this electrode, with the result that the field ; 
the plate will be enhanced and the supply of electrons from tk 
first process will increase rapidly. Thus, whereas for the negati\ 
point the space charge exerts a stabilizing effect on the discharg 
with positive polarity it leads to unstable conditions. The fie! 
at the plate will quickly assume very high values so that a copiou 
stream of electrons will leave the plate, and it is suggested th: 
in moving towards the other electrode they will neutralize tt 
positive space charge. This would lead to the original fie! 
distribution in the gap and a quenching of the discharge. It 
believed that this sudden instability constitutes the intermitte1 
type of discharge observed during the experiments. Since it 
triggered by the first process, the random nature of this proce 
would explain its irregular occurrence, which was very noticeab 
and which increased with the gas content. 

Since for a given applied voltage the electric field at the poi 
electrode is greater than at the plate, a higher voltage will | 
required for bubble formation at this electrode than at the poin 
However, the difference in voltage need not be as great as mig! 
be expected from the field distribution, for, as mentioned alread: 
bubble formation also depends on the effective area of tl 
electrode and the volume of the adjacent liquid. It is very likel 
therefore, that a bubble might form at a propitious point on tl 
plate at a much lower electric field than would be required for tt 
point electrode. But, even if bubble formation at the negati\ 
point occurs at a lower voltage, the breakdown voltage for th 
polarity may exceed that for the positive polarity, as found | 
the experiments, since it is governed by the second process an 
by the retarding effect of the space charge on this process. 

Both processes suggested for the breakdown involve gaseot 
ionization and they should therefore be affected by the extern: 
pressure, so that the breakdown voltage should be pressur 
dependent. This was found in the experiments with the unifor 
and non-uniform electrode configurations. The pressur 
dependence for treated oil was small in both cases, and tests wi 
non-uniform fields showed that it increased with the gas conte 
of the oil. For both field distributions the pressure-dependen 
decreased with increasing pressure, and for sufficiently hi; 
pressures the breakdown voltage approached a constant vali 
In the light of the result of Walther and Tscheljuskina it wou 
seem reasonable to suppose that as the external pressure is | 
creased the gas suspended in the oil is gradually dissolve 
in accordance with Henry’s law, and the breakdown streng 
will become pressure-independent when all the gas is in solutic 

To explain the pressure-independence of the electric strens 
at high pressures it has been suggested that ionization takes pli 
in the liquid phase. This does not seem probable from | 
measured breakdown fields: Moreover, since much _ hig]: 
strengths are obtained for impulse voltages, it follows that ‘ 
process operative for alternating and direct voltage breakdo} 
must be time-dependent. Ionization of the dissolved gas mc} 
cules is even more unlikely, since the ionization potential of th: 
molecules, although lowered by the presence of the oil, 1 
still be greater than that of the oil molecules. Howe‘ 
another process, which would be time-dependent and wt}! 
could operate at lower voltages, might occur. The elec) 
fields which have been observed may be sufficiently high for }i 
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electrons, in moving through the liquid, to overcome the binding 
forces of the dissolved gas molecules (which are probably of the 
Van der Waals type) and, by a process of nucleation, gas bubbles 
may form from the detached gas. The field required for this 
detaching process may be high enough for the ionization of the 
gas suspension, whatever the external pressure. Such a mechanism 
would render the two suggested breakdown processes inde- 
pendent of pressure and it would explain the absence of pressure- 
dependence found in the experiments on treated oil when 
tested with point-plane electrodes and direct voltages of positive 
polarity. 

The two processes assumed for the direct-voltage breakdown 
of treated oil are time-dependent, and experiments using impulse 
voltages of microsecond duration have shown that they are not 
Operative. With these short impulse voltages, treated oil gave 
electric strengths which are comparable with the highest reported 
for simple organic liquids. The results are also similar in several 
other respects; in both cases the metal of the electrode has little 
effect on the breakdown for uniform fields, and the breakdown 

voltage does not appear to be affected when the electrode gap 
is irradiated with y-rays. More important is the agreement in 
the results on the polarity effect for point-plane electrodes. As 
for pure organic liquids, higher breakdown values were obtained 
for treated oil when the polarity was negative. 

| It would therefore appear that for impulse voltages the break- 
‘down process of treated oil is akin to that occurring in pure 
liquids. The breakdown fields are so high that electron emission 
from the cathode and ionization in the liquid phase are possible. 
These two processes would then replace the two processes 
suggested for the direct-voltage breakdown. They were put 
forward by Lewis!® for the breakdown of simple organic liquids 
and are capable of explaining reasonably a number of the results 
observed with these liquids.!? 

_ It may be concluded from the experimental work that break- 
down of the transformer oil may be due to a number of different 
processes, and breakdown voltages may vary from the very low 
values given in Sections 3.8 and 3.9 for oil containing impurities 
‘to the very high values which were obtained with very short 
impulse voltages. For oil which has been carefully dried and 
filtered, the experimental evidence seems to indicate that the 
direct-voltage breakdown is governed by the gas content of the 
oil, and high electric strength values can be obtained for highly 
degassed oil. 

, The mode of breakdown which has been suggested for this 
type of liquid, although capable of explaining a number of the 
experimental observations, is over-simplified and incomplete in 
several important details. The experimental results suggest 
further tests, particularly with non-uniform field configurations, 
which may confirm and clarify the assumptions made. Important 
also in this connection is the study of the equilibrium between 
gas in suspension and in solution in the oil, the formation, at the 
electrodes and in the liquid, of gas bubbles from the dissolved 
gas molecules, and other related problems. In this work, which 
is being pursued, the récent views on nucleation may prove 
helpful. 
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A SHORT TABLE OF THE LAGUERRE POLYNOMIALS 


By LUCY J. SLATER, M.A., Ph.D. 


(The paper was first received 31st December, 1954, and in revised form 1st March, 1955. 
It was published as an INSTITUTION MONOGRAPH in June, 1955.) 


In view of the interest aroused in Laguerre polynomials by a recent paper,° 
there is need for the publication of the short Table of the function L,(x) referred 
to therein. This Table is over the range 


n= 0(1-0)10-°0, x =0(0-1)5:0 


and is correct to six places of decimals. Modified second differences are provided 
for interpolation! with 


62, = 62 — 0:18464 + 0-0380826° 


The Laguerre polynomial is a special case of the confluent hypergeometric 
function, and the Table was calculated by direct summation of the series 


F(—n: 13) = 1,0) = 3(—(_n + Dan £2)... an Yr 2 ee 
r=0 


on the electronic calculator Edsac 1 in the Mathematical Laboratory of Cambridge 
University, as part of the preparatory work for a larger table of F(a; b; x) over 
the same range in x. The calculations were checked by differencing by hand in 
the x-direction and by the recurrence relation 


(+ DL, 4) = Qn + 1 — x)Lx) — nL,_ 1) es | (2) 


in the m-direction. 
The result of eqn. (2) can also be used to extend the Table to other ranges of n, 
and the relation 
L. (=—2) S68 hig di) 6 ow oe 


can be used to provide for an extension of the Table to negative values of x. 
Full details of the properties of the Laguerre polynomials will be found in 
Reference 2, Section 10.12. 


REFERENCES 

(1) British AssociATION: ‘‘Auxiliary Tables No. I, Coefficients of Modified Everett 
Interpolation Formulae’’ (Cambridge University Press, 1946). 

(2) Erpetyr, A.: “Higher Transcendental Functions, Vol. II’? (Bateman Project, 
New York, 1953). 

(3) Lamparpb, D. G.: ““A New Method of Determining Correlation Functions of 
Stationary Time Series,’’ Proceedings I.E.E., Monograph No. 104 R, August, 
1954 (102 C, p. 35). 


Correspondence on Monographs is invited for consideration with a view to publication. 
Dr. Slater is at Newnham College, Cambridge. 


[ 46 ] 


Monograph No. 13: 
June 195. 


47 


SLATER: A SHORT TABLE OF THE LAGUERRE POLYNOMIALS 


62 


0-01 


62 


62 
0-0 


1-000 
0-805 
0-620 
0-445 
0-280 


0:0 


eat Ye)! cal! Oa 


sn i en Be 


0-01 


0-125 
—0-020 
0-155 
—0:280 
—ea05 


ecoooso 


So I 


Sn een ihe he 


0:01 


—0-500 
——02595 
—0-680 
O59 
—0-820 


eocoe 


Se oe Boe 


onmnnant 


SS et et et 


Sn ihe Bien Hh 


0-01 


—Or ois 
—0-920 
O05.) 
—0-980 
905 


ooseo 


Se ceo i oon i en eel 


WO > CO 


bo oo en | 


bn i oes Bh oo Bh 


0-01 


—1-000 
0995 
—0:980 
— 0955 
—0-920 


ecoooo 
| 


oOnmNont 
ANAAN 


5 nh en on hol 


0-01 


= OOH) 
—0-820 
—Oniao 
—0-680 
Orso 


ocooooco 
Soe onli ee I 


MO COO 
ANNAN 


ooooco 
Sa i ne ee 


Si oon Bi oe | 


0-01 


0-125 
0-280 
0:445 
0-620 
0-805 


eeooe 
Se Be ee Be 


omnNnot 
rrwestst 


SSeS ee 
So o 
i=) fo) 
MNoOnonOS 
Norace 
BaBMOANN 
ANANAMNNM 
MOmr- one 
aaa eo ts 
eal 


ecooce 


6 et et et 


NO™m™ONDS 
rryryeson 


48 


| alll alll el oo 
BWNROS 


WWWWWw WWWWw NNNNN NNNNN — eee oo co S'S Sr Grr 
RDIGS SIGN Ou ee Oto O= NOloo Vinh) = hone. WS cola cn ch Wooton mor 


ABAAA 


AbADBAA 
Donmnrninwn 


BRWN oO 


NNR ee 


NNWNNL 


53335) 
22850 
11466 
-00716 
13600 


-27083 
-41066 
55450 
+70133 
85016 


- 33333 
42816 
-$1200 
58383 
64266 


NNNNNN 


SLATER: A SHORT TABLE OF THE LAGUERRE POLYNOMIALS 


—l 

i) 

oo 

S 

So 
WNOW XN 


*51200 
“42816 


nA 
oo 
Ww 
co 
res) 
ONNOW NOW NSO 


YwWONW 


“00090 0 
-14983 3 
“29866 7 
-44550 0 
“58933 3 


-72916 7 
-86400 0 
99283 3 
-11466 7 
*22850 0 


aw On wWw 


| 
peek feck) ek ed fe peek pest eed ted ek Soo Soro" oO 8 
w ~ = Nn 
oO (us) N ~ I wa 
[os) —l ies) ay (es) fon 
w w wW o N o- 
ESOS ee reo SojNwW NO KOnNwWrN Or ONWwW nN OWCOON YINOUWS 


ocoooor 
lon) 
\o 
Ww 
BS 
So 
SS =) 


0:08593 7 
—0-15460 0 
—0-41333 0 
—0-68960 0 
—0-98266 2 
—1-29166 7 


Ofn 
0-05999 
5604 
S219) 
4844 
4479 


0-04124 
3779 
3444 
3119 
2804 


002499 
2204 
1919 
1644 
1379 


0-01124 
879 
644 
419 
0-00204 


—0-00001 
196 
381 
556 
721 


—0-00876 
1021 
1156 
1281 
1396 


—0-01501 
1596 
1681 
1756 
1821 


—0-:01876 
1921 
1956 
1981 
1996 


—0-02001 
1996 
1981 
1956 
1921 


—0:01876 
1821 
1756 
1681 
1596 
—0:01501 


—0 
=V) 
—0 


—0-: 


so90° 


oor 


*44557 3 
53364 8 
-57304 6 
1 
3 


57073 
53323 


46666 


o \o Ww 
g 8 2 8 
j=) axe w ee} 
\O — >) ~ 
& \o fon) ww 
AOnNnn OnNIMNW WQBADUND ONIDWNA 


lon 

Ww 

wn 

~~ 

\o 
ed i BK) 


Onn 
0:09996 
9020 
8094 
7216 
6385 


0-05601 


4860 
4163 
3492 
2899 


002320 
| 1799 
‘1308 
855 
439 


0-00059 
—0-00286 
597 

875 

1121 


—0-01336 
1521 
1678 
1806 
1905 


—0-01982 
2032 
2058 
2061 
2042 


—0-02002 
1942 
1863 
1766 
1652 


—0-01523 
1377, 

1218 

1047 

863 


—0-00668 
462 

249 
—0-00027 
0-00202 


0:+00437 
677 

921 
1168 
1417 
0:01665 


eceso 90000 
CaIKA AWN ® 


_— 
AONE S 


el 


BWNHKO OCHrIQAN 


NNNNNW 


NNNNN 
ODADN 


WNr SO 


WWW WW 


WWW WwW 


PWN OC Nelo oa mo wmest 


SCOMWMAIDN 


SLATER: A SHORT TABLE OF THE LAGUERRE POLYNOMIALS 


n=6 62, mon 62, i 62, 
1-00000 0 0-14984 1-00000 0 0-20307 1-00000 0 0:27929 
0-47172 9 * 13060 0-39931 1 *17638 0:33095 4 + 22676 
0-07431 7 +11278 —0-02438 9 *14641 —0:11014 7 - 18068 

—0-21005 8 9635 —0-30110 6 -11954 —9-36948 1 -14052 
—0:39784 0 8124 —0-45775 3 9556 —0-48728 9 -10582 
—0:50414 5 0:06740 —0:51833 9 0:07430 —0-49836 3 0-07608 
—0-54282 3 5478 —0-50416 0 5557 —0-43251 8 5089 
—0:52651 1 4331 —0:43397 2 3921 —0-31502 8 2980 
—0-46668 7 3294 —0-+32417 0 2504 —0-16705 2 0-01244 
—0-37372 4 2363 —0:18895 1 1291 —0-00601 8 —0-00158 
—0:25694 4 0:01532 —0:04047 6 0-00266 0-15399 3 —0-01259 
—0:12466 9 796 +0:11097 7 —0:00586 0:30190 8 2093 
0-01573 1 0-00150 0-25686 4 1279 0:42932 5 2692 
0:-15778 7 —0-00411 0-39023 2 1826 0-53020 9 3082 
0:29587 9 892 0:50558 7 2241 0-60060 4 3293 
0:42519 5 —0-01296 0:59875 8 —0:02535 0- 63835 9 —0:03348 
0:-54168 O 1630 0-66677 8 Dia 064288 2 3270 
0:-64199 2 1896 0-70775 8 2811 0:61490 6 3083 
0:72345 5 2100 0:72078 3 2815 0:55626 9 2805 
0-78402 1 2246 0:70579 4 2743 0:46971 9 2454 
0-82222 2 —0-02338 0:-66349 2 —0-02606 0:-35873 0 —0-02048 
0-83713 2 2380 0-59523 7 2411 0-22733 0 1603 
0:82832 3 2376 0-50295 7 2169 0:07994 9 1131 
0-79582 9 2330 0-38906 O 1887 —0-:07871 7 646 
0:74010 8 2245 0:25635 2 1593 —0:24384 1 —0-00159 
0-66200 1 —0-02126 0-10795 7 —0:01235 —0:41056 9 +0:00321 
0-56269 5 1975 —0-05275 6 878 —0-57412 7 781 
0:44369 2 1796 —0-22223 4 511 —0-72991 5 1219 
0-30677 4 1593 —0-39681 7 —0-00139 —0-:87357 2 1624 
0:15396 4 1369 —0-57278 8 0-00234 —1-:00105 9 1992 
—0:01250 0 —0:01127 —0:74642 9 0:00601 —1-10870 6 0-02317 
—0-19020 2 869 —0-91408 0 958 —1-+19326 8 2597 
—0:37657 5 600 —1-07217 5 1301 —1-25195 2 2825 
—0-56892 9 321 —1-+21729 3 1626 —1-28247 6 3005 
—0-76448 5 —0-00036 —1-34619 3 1929 —1-28305 3 3129 
—0:96039 5 0-00252 —1:45584 9 0-02206 —1-:25244 0 0-03201 
—1-15378 0 543 —1-°54349 1 2457 —1-18992 0 3216 
—1:34174 1 831 —1-60662 0 2677 —1-09533 3 3182 
—1:52139 6 1116 —1-64303 7 2865 —0-96902 9 3090 
—1-68989 6 1397 —1-:65086 4 3018 —0-81191 7 2950 
—1°84444 6 0:01668 —1-62857 3 0-03137 —0-62539 8 0:02761 
—1-+98233 7 1929 —1-:57497 8 3220 —0-41136 0 2522 
—2-10096 1 2179 —1:48926 0 3261 —0:17217 2 2246 
—2-19782 2 2414 —-1:37099 6 3270 0-08940 0 1919 
—2:27056 8 2636 —-1-22010 7 3235 0-37010 1567 
—2-31699 2 0-02837 —1-03693 1 0:03166 0: 66640 0-01171 
—2-33507 7 3022 —0:82216 8 3058 0-97437 756 
—2-32297 7 3186 —0-57690 1 2908 1-28984 0-00304 
—2:27905 6 3329 —0:30261 5 2729 1-60833 —0-00152 
—2-20188 9 3449 —0-00111 2 2508 1:°92525 639 
—2-09028 1 0:-03544 0-32540 1 0:02248 2°23573 —0-01156 
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SLATER: A SHORT TABLE OF THE LAGUERRE POLYNOMIALS 


n=9 Ou AO 02, 
1:00000 0 0:35869 1:00000 0 0:44788 
0-26651°5 28095 0-20585 4 + 33823 

—0-18392 9 21454 —0:24665 4 -24712 
—0-41794 3 15838 —0-44902 1 +17240 
—0:49188 6 -11140 —0-47634 8 +11200 
—0:45291 9 0-07260 —0-38937 4 0:06407 
—0-34000 1 4110 —0:23633 6 0:02694 
—0-18479 8 0-01601 —0:05465 5 —0-00096 
—0-01254 1 —0-00343 0-12752 1 2099 
0:15719 0 1796 0-28993 1 3441 
0:30974 4 —0-02824 0-41894 6 —0-04235 
0:43472 4 3489 0:50643 9 581 
0:52538 0 3846 0-54878 4 569 
0:57804 7 3947 0-54595 6 4278 
0:59163 6 3837 0-50073 6 3777 
0:56716 6 —0-03559 0-41801 8 —0:03128 
0:50735 1 3150 0-30419 8 2383 
0:41622 0 2643 0:16664 6 1586 
0:29878 0 2070 0:01326 0 —0-00777 
0-16071 2 1456 —0-14793 0 0-00014 
0-00811 3 —0-00825 —0-30906 6 0:00759 
—0-15274 3 —0-00197 —0-46273 3 1439 
—0-31560 2 0:00412 —0-60216 5 2036 
—0-47440 3 985 —0-72140 9 2539 
—0-+62343 4 1514 —0:81544 3 2942 
—0-75743 3 0:01984 ‘“—0-88025 2 0:03236 
S(eRyityil 2 2390 —0-91289 5 3425 
—0-96221 7 2728 —0:91148 6 3503 
—1-02557 9 2989 —0-87522 7 3483 
—1-:05918 4 3177 —0-80432 8 3356 
—1-:06116 0 0:03285 —0-70002 6 0:03145 
—1-03042 2 3320 —0-56443 1 2846 
—0:96662 4 3278 —0-40050 6 2475 
—0:87017 8 3162 —0:21195 0 2037 
—0-74223 0 2983 —0-00312 1 1548 
—0:58457 3 0:02735 0:22110 6 0:01014 
—0-39966 8 2431 0:45542 6 0-00455 
—0-19054 9 2073 0:69425 0 —0:00131 
0-03922 1672 0:93175 724 
0+28563 1230 1:16203 1304 
0:54427 0-00748 1-37927 —0:01885 
0-81036 0:00252 1:57766 2435 
107893 —0-00267 1-75175 2950 
1-34480 797 1:89639 3427 
1:60269 1334 2-00682 3856 
1-84726 —0-0186 2:07878 —0-0423 
2:07329 238 2-10855 453 
2:27558 287 2-09318 476 
2:44918 335 2-03030 493 | 
2+58936 379 191826 501 


2:69173 —0-0418 1:75628 —0-0500 


1.374.4 : 681.142 : 518.5 


SUMMARY 


The use of function generators in electronic analogue computing 
d simulation greatly extends the range of problems which can be 
lved by these methods. This paper presents a technique in which 
ode units are used to approximate to the functions by linear inter- 
ylation. It is shown that the method can be extended to deal with 
wide class of functions, including multi-variate functions. 
| Analogue multiplication and division are discussed as particular cases 
function generators, and formulae for the general function are 
veloped. 
'The results are presented of an experimental generator for sin x in 
le range — 7 <x <7, in which the error is about 14% of the maxi- 
Le output. 


LIST OF SYMBOLS 


v = Instantaneous input voltage to function generator. 
V9 = Instantaneous output voltage of function generator. 
1,» Vy = Voltages proportional to variables x and y. 
Vz = Bias voltage of diode units. 
V = Constant input voltage. 
i = Current through diodes. 
c = Dimensional scale factor. 


(1) INTRODUCTION 


'The role of automatic computing machines—both of the digital 
ad the continuous-variable type—in the analysis and solution of 
wide variety of problems is becoming increasingly important. 
hey are rightly regarded as indispensable aids to analytical 
search, and the growing complexity of the tasks undertaken is 
sulting in a demand for higher standards of accuracy and 
>xibility from these machines. 

The basis of the analogue machine is the provision of a physical 
stem, the internal state of which is at any instant described by 
le set of equations whose solution is required, or which obeys 
le same laws as the system under investigation. Accordingly, 
le accuracy of the solution will depend on the extent to which 
1 exact analogy is obtained, and this in turn depends on the 
curacy of the machine components. The computer will 
ways provide the exact solution of the equations describing 
ie analogue system, but they may not be the desired equations. 
Even with perfect components, the accuracy of the analogue 
ethod is still limited, since the solution must be obtained by 
easuring the magnitudes of physical quantities—the analogue 
iriables. In a digital machine this is not necessary, except in 
© gross sense of distinguishing between orders of magnitude, 
id accuracy is limited only by the amount of equipment required 
vd the time taken to reach a solution. There exists, however, a 
ide range of problems in which the accuracy furnished by an 
jalogue machine (say 1 or 2%) is sufficient, and where an 
‘act computation is neither necessary nor justified; at a later 
age in the analysis it may be desirable to examine a narrow 
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region in more detail, for which the higher resolution of a digital 
machine may be required. 

The electronic type of analogue machine has been used 
extensively, because of its intrinsically high operating speed, its 
ease of construction and its comparatively low cost. The 
analogue variable is usually a voltage, with or without a carrier; 
where integration and similar operations are necessary (as in the 
solution of differential equations) it is more convenient to deal 
with the direct voltage throughout rather than with a carrier 
system. The principal source of inaccuracy in the direct method 
is the zero drift of amplifiers, and such errors'can be almost 
eliminated by automatic stabilization techniques.! 

The scope of the electronic analogue machine can be greatly 
extended by the use of function generators, i.e. units in which the 
output voltage is a specified function of the input voltage or 
voltages;* the function may be known analytically or simply as 
tabulated data. Such generators are essential for the solution 
of non-linear and variable-coefficient equations, for co-ordinate 
transformations, and for introducing coefficients which have been 
derived experimentally. 

Several types of generators have been described, including 
those which use shaped potentiometers and photo-electric 
methods.2 In the latter system the light spot of a cathode-ray 
tube is constrained to follow the profile of a mask placed over 
the face of the tube, the profile corresponding to the function to 
be generated. Other methods are based on linear interpolation, 
and those in which diode circuits are used to provide the linear 
interval offer some advantages: they are inherently fast in 
operation, and do not require special apparatus. The circuits 
which have been described in the literature?»? are restricted to 
monotonically increasing functions whose first derivatives are also 
monotonic and in the same sense, and attention has been focused 
on multiplication. The multiplier is a particular case of a 
function generator, since by the use of some such identity as 


4xy =(x + y)? —@ — y)? 


the operation is reduced to the generation of the monotonic 
function z*, together with adding and subtracting facilities. 

It is the purpose of this paper to show that, by suitable com- 
binations of diode circuits and high-gain feedback amplifiers, it 
is possible to remove the monotonic restriction, so that the 
technique is available for a wider class of functions, including 
multivariate functions. 


(2) GENERATION OF MONOTONICALLY INCREASING 
FUNCTIONS 


(2.1) Linear Interpolation 


The basis of the diode ‘technique is to approximate to the 
given function by means of straight lines, the number of lines 
depending on the accuracy required. There is no restriction on 


* This definition of a function generator includes such devices as summing amplifiers, 
integrators, etc., which are commonly employed in analogue machines. In the paper, 
however, we are concerned with a wider class of functions (e.g. trigonometric functions, 
with time-independent arguments), the generation of which requires additional 
apparatus. 
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the length of each interval, and it is often preferable to use 
unequal intervals. The diode circuits are then so arranged that 
the current flowing is proportional to the input voltage through- 
out a given interval, the current/voltage slope being chosen to 
correspond to the slope of the straight-line approximation for 
that interval. 


(2.2) The Basic Diode Circuit 
A convenient starting-point for the generation of functions is 
the diode circuit of Fig. 1. This arrangement lends itself to the 
formation not only of monotonic functions, but also of the 
wider class of functions described later. 


Ry oe i 
R. 
-Vp 3 
Ra 


Fig. 1.—Basic diode circuit. 


Using the notation of Fig. 1, the current resulting from an 
input voltage, v, is given by 


(0G, —VsG)Gsp_, , VaGr 
| Gy + G+ G3p ” G, 
] feat 0, Ze VG, 


where —Vz is a fixed negative voltage, G, and G, are the con- 
ductances of R; and Ry», and G3p is the combined conductance 
of the forward diode resistance and the resistor R3. 

The graph of the current as a function of applied voltage 
therefore consists of the v-axis for v < V,G,/G,, and of a straight 
line of slope 


di G,G3p 


Qo.) Goek Gait: Gap 


for v > V,G,/G,. 


The intercept and the slope can thus be controlled: indepen- 
dently by adjustment of the bias —Vz and the resistances R,, Rp 
and R3. 

These equations assume that the diode behaves as a perfect 
non-conductor for a negative applied voltage, and as a constant 
resistance for a positive voltage. The actual diode characteristic 
is modified by the effect of contact potential, but it is shown later 
(Section 6.1) that the departure from the ideal curve need not 
greatly affect the accuracy of the unit. 


(2.3) Conversion of Current Output to Voltage Output 


The addition of a feedback amplifier (Fig. 2) to the circuit of 
Fig. 1 provides a voltage output v) proportional to the diode 
current. If the internal gain of the amplifier is very high, 


(VG; — VpG)G3pR 
G, + Gz + G3p 


Vo a he > = V,G,/G, | (1) 
= 


where R is the feedback resistance. 


v < VpG2/G, 


R, R 
Y D 
vi 
fo) 
Pp 
-Vp Bs 
Ay HIGH—GAIN DC. . , 
AMPLIFIER 


Fig. 2.—Conversion to voltage output. 


The high gain ensures that the output voltage vp is avail 
at a low impedance for subsequent stages, and also that 
point P remains very nearly at ground potential—its excur 
can be kept as small as desired by making the internal | 
sufficiently high. 


(2.4) Multiple Diode Units 


In order to build up the straight lines which approximat 
the desired function, one diode unit is required for each : 
line. Since the amplifier input grid is effectively at gro 
potential, it follows that the outputs of the diode units cai 
connected together at this point; the contribution from | 
diode will be unaffected by the currents from the remai 
units, and the output voltage will be proportional to the sui 
the currents. The arrangement is in fact a summing ampl. 
the number of inputs being controlled by the input voltage it 


(2.5) Parabola 
As a simple example of the function generator, consider 
approximation to the parabola f(v) = cv? by linear interpole 
between the points whose abscissae are 0, a,, a, 43, etc. (Fig 


f(v)=cv 


°o a, a5 a3 


Fig. 3.—Linear interpolation for the parabola. 


+Va 


Fig. 4.—Circuit for the parabola. 


The circuit is shown in Fig. 4. The slope of the line j 
the points (a,, ca?) and (a, ,, ca?) is c(a, + a, 4» 80 tt 
first diode unit D, is required to supply a current such tha 


_ Wy 


a = ca, fora, >v>0 


re negative sign arising from the reversing property of the 
mplifier. 


Inserting these values in eqn. (1), 

i G1;G3;R 
= (Ca 
i Gi, + Gy + G3 : 
nd VpG>,/G,, = 0 


‘re the necessary conditions. 
‘For convenience the diode resistance is omitted from these and 
ubsequent equations: it can be regarded as forming part of the 
esistance R3,, etc. 
Jn this case Rp, is infinite, since the diode must start conducting 
en v = 0 and therefore requires no bias. 

The second diode unit D, is required to provide current at the 
oint (a,, cat) (Fig. 3) to accommodate the increased slope 


eyond this come The first diode continues to conduct, so that 
3 must account for the differential slope c(a, ++ a2) — ca, = cay. 


| Thus G12G32R](G,2 = Gy ae G3p) = Caz 
ind VpGo2/Gy2 = ay 


The diode D, must be biased at v = a, and provide a slope 
(a3 + a) — c(ay + a) = C(az; — a), and so on. The condi- 
ions for the rth diode are 


Gi,G3, 
Gi, ah G2, =i G3, 
VpGr,/Gi, =| 


The output of the amplifier A, (Fig. 4) is equal to —cv? for 
) > 0, if the resistances satisfy the conditions of eqns. (2). For 
1< 0, the output is zero, since all the diodes of group 1 will be 
jiased negatively. In order to obtain the correct output for 
legative inputs, a second group of diode units (group 2 in Fig. 4) 
s required, in which the diodes and the biasing voltage are reversed. 
This group functions in the same way as group 1, except that the 
yutput of A, is equal to +cv* when v < 0, and zero when v > 0. 

If now the output of A, is connected via a resistor R to the 
nput of A>, the output of the latter will be cv? for positive and 
1egative values of v, as required. 


= (Ge 


a,_2) . . ° (2) 


ind 


(3) MULTIPLICATION 


’ For a voltage-analogue machine in which a multiplier forms an 
ntermediate element, it is necessary to express as a voltage each 
yf the variables whose product is required, and the output must 
ilso be a voltage. The dimension (volts)? does not occur 
yhysically, so that either the multiplication must be indirect or 
he input voltages must first be transformed into quantities whose 
oduct forms a third physical quantity, as in the relation 
Y= IR. Such conversions inevitably involve a time delay, as 
lo various indirect methods* in which modulation forms the 
asis of the multiplication. The diode method has a much 
aster response, the limiting factor being the effect of diode 
“apacitances and the time-constants of the associated amplifiers. 
' By means of the identity 


4cv,.0, = C1 v= — (0, —0,)?] 
he squaring circuits of Section 2.5 can be used to give the 
unction 

v =4evv, 


where v, , Vy are proportional to x and y, the variables whose 
sroduct i is required, and c is a dimensional scale factor. 

The arrangement is shown in Fig. 5. Each of the four groups 
of diodes, of which only the first diode unit is shown, is similar to 
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Rit R 


Vx 0 


Vy © 


pias : 
& Ox Vy) 


Fig. 5.—Diode multiplier. 


the groups of Fig. 4, except for the additional resistors Ry, to 
which the v, input is connected. Groups 1 and 2 form the 
parabola (v, ae 0 es and groups 3 and 4 provide (v, — v ee 
DS 1 and 3 conde. for positive values of (v,. + vy) and 
(v, — Vy) respectively, while groups 2 and 4 deal with negative 
ee 

The outputs of the diode groups are connected to the amplifiers 
A, and A, in such a way that the output of A, gives the correctly- 
signed product v,v, under all conditions. The action of the 
circuit is best explained as follows: 


Output 
of Ai 


Output 
of A2 


v, +v,>0) 

Ay + Groups | and3 onlyconduct —c(v,. om Acv.v, 
0 Uy c= Oh) ; 
v,+v,>0 

Sun Groups land4onlyconduct —4cv,v,  4cv,v, 
Uz 0 a0 f ei 
v, +v,<0) 

a 3 ’, ois Groups 2and4onlyconduct c(v, —v,)? 4cv,v, 
+v,<0 

Pech ies | Groups 2 and 3 only conduct 0 Acv.v, 

Vey Oil 


Thus the output of A, is the correct product 4cv,v 
unrestricted and unrelated in sign. 

If the switch S (Fig. 5) is thrown to the second position, the 
output of A, is then —4cv,v,. The reversing amplifier Apo is 
an essential part of the system, but it obviates the need for an 
external reversing amplifier for cascading with subsequent stages, 
since either the positive or negative product can be selected. 


Uy, with v, andv, 


(4) GENERAL FUNCTIONS 
(4.1) General Functions with Positive Arguments 


The applications discussed so far have been confined to mono- 
tonically increasing functions whose first derivatives are also 
monotonic. In order to decrease the slope at a given point, it 
is necessary to subtract currents from the input to the amplifier. 
For example, suppose that it is required to produce the simple 
curve of Fig. 6(d) for positive values of v. Since the first straight 
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» "hoo aan 


Fig. 6.—Circuit for decreasing slopes. 


(a) Diode unit. 

(b) Current due to direct input. 
(c) Current due to diode circuit. 
(d) Combined current. 


line starts from zero, it is obtained merely by applying the input 
v to the amplifier [Fig. 6(a)] through an appropriate resistor Rs. 
If a voltage —v is applied to the diode unit, its current contribu- 
tion will be as shown in Fig. 6(c), where a, is given by 


a, = VzG,/G, as before. 


The output v9 will be proportional to the sum of the currents of 
Figs. 6(b) and 6(c), i.e. the desired function of Fig. 6(d). 

A combination of the normal diode unit of Fig. 1 and the 
reversed circuit of Fig. 6(a) provides the means for approximating 
to a general function, provided that the latter is single-valued. 


OUTPUT 
f(v) 


' 
| 
| 
| 
1 
' INPUT 
lary 
\ 
\ 
\ 
! 
i} 
a. 


‘4 


Fig. 7.—Construction of a general function for a positive argument. 


Fig. 7 illustrates the construction of a general function for 
positive values of the argument. The initial interval 1 may or 
may not require a diode, depending on whether the curve starts 
from the v-axis or the f(v) axis. In the case shown, the first 
interval is obtained by providing a constant input proportional 
to f(0) together with a direct v input to give the correct slope. 
If it is desired to alter the slope at a,, a diode unit must be added, 
its mode of connection depending on whether the existing slope 
is to be increased (region A) or decreased (region B). The 
regions A and B are bounded by the slope of the previous interval 
and the verticals at the change-over points. In the example of 
Fig. 7 the second interval is in region B, so that a reversed diode 
with input —v and bias +Vg, is necessary. At a, the slope 

- increases (region A), requiring a normal diode unit with input 
+v and bias —Vz. Theoretically this process can be continued 
for as many stages as desired, all the current contributions being 
added by the same amplifier; in practice, however, the accuracy 
diminishes as the range is extended, since the result thei depends 
on the addition and subtraction of a large number of currents. 


The reversal in sign of the function f(v) (e.g. Fig. 7) causes I 
difficulty; the cross-over points are not significant in the dio 
technique, since no modification of the circuit is called for. 


(4.2) Extension to General Function with Negative Argumen 


For negative values of the argument v, all the diodes in tl 
circuits of Section 4.1 are non-conducting, and there will be 1 
output apart from that due to any direct inputs. If the functic 
f(v) is required for v < 0, further diodes are required with revers: 
connections and reversed bias voltages: the operation of su: 
circuits has already been described for the parabola (Section 2.: 
Thus, for a function having a region of decreasing slope f 
v > 0, and a similar region for v < 0, two groups of revers 
diodes are required—one for each region. 


(4.3) Formulae for General-Function Generator 


The necessary formulae and modes of connection for a gen 
rator representing a general function can now be stated. 

Let the points between which linear interpolation is requir 
be (Gp, Ho), (@;, hy) . .. for 0 SOF andi(Gpkg)y (Oj. kaye 


Fig. 8.—Interpolation for the general function. 


v <0 (Fig. 8). These points are not necessarily on the cur 
f(v). The slope of the line joining the points (a,_;, 4,_,) a 
(a,, h,) is 

h, er. h,_4 

a, — G,_4 


and the slope of the previous interval is 
haa oe eae 
a,_1 — 4_2 


The diode unit which is biased at v = a,_, must provide t 
difference in these slopes, so that 


G,,G3,R a. h, ras. ae a h,_4 ee h,_2 
Gi, oF Gp, a G3, a, — G,_4 a,_1 — 4%_2 
Gy 
and V;\=4— Gee | 
a Gi, r—1 


These equations define the resistances associated with the 1 
diode for r = 1, 2, 3,... (for m=. aay — bp): 

Similarly the rth diode, biased at » = 6,_;, must satisfy t 
equations 


G,,G3,R a, k, ae Rea as k,_4 a k,_2 
Gi, oT Gp, SI G3, b, a oa b,_4 a, b,_ 9! 
Gp, 


and |Ve| G; aah al b,_4 
r 


(For r = 1, b_, = ap.) | 


The interval between bp and ap requires an input v (or —v) : 
a resistance R; [Fig. 6(a)], where 


ind a constant input V via Rg such that 
- ; 

iy = — f(0) if the output is f(v) 

br + £(0) if the output is —f(v) (8) 


| For an output f(v), the input is —v if the slope of the interval 
petween by and Ao is positive, and +v if the slope is negative. If 
he output —f(v) is required, the sign of v is reversed. 

| Eqns. (3)-(8) define the necessary relations between ail the 
“esistances of the complete function generator. Each diode unit 
can be connected in eight different ways, as shown in Fig. 9. 


i i 
a a ee ON i 
-Vv -v 
2 igre << a > 

v v 

3 oma a 7 ENS aaa 

sal \ —e 
\ Fig. 9.—Modes of connection for the basic diode unit. 
The relevant modes for the above equations are modes 1 to 4 
of Fig. 9, and the correct mode for each diode unit can be found 
from Table 1, in which 
Aa, = h, rz) hy Fs [ae AS h,_ 


a, — G,_4 et 


To 
k,_4 a k,_2 k, —k 


rl 
Ot ae b,_2 b, vs Dre 


Table 1 
H MobE oF DiopE UNIT BIASED AT V = @,_1, OR b,_; 


For output For output 
f) (x) 


Mode (as defined in Fig. 9) 


Positive 
Negative 


Negative 
Positive 


WARN 
BRWNe 


Eqns. (3)-(8) and Table 1 specify completely a diode generator 
or the general function f(v). Two high-gain amplifiers are 
‘equired—a reversing amplifier to provide —v and the summing 
amplifier. 

By a suitable switching arrangement it is possible to obtain 
ither f(v) or —f(v) as the output, the modes being switched 
iccording to Table 1. 
| Modes 5-8 of Fig. 9 have not been used in the above discussion, 
ince the first four are sufficient to make up the general function. 
m certain cases it may be advantageous to use these additional 
nodes (see, for example, Section 7.2), but eqns. (3)-(8) are then 
lightly modified. 


(4.4) Generators for Sine and Cosine Functions 


4.4.1) Sine Generator. 


As an example of the general function, the arrangement for 
(v) = Vsin cv is shown in Fig. 10. The switch S is shown in 


osition 1, and the output is then —Vsin cv. For the interval 


ty 
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POSITION |OF S+Vsin cv 
POSITION 20F S++Vsincy 


Fig. 10.—Generator for f@) = + Vsin cv. 


0 to a the slope is decreasing [A(a,) negative], so that, from 
Table 1, the diodes for this region are connected as in mode 2. 
The number of diodes in this group (group 1) depends on the 
number of intervals chosen to interpolate sufficiently accurately 
to sin cv over the interval 0 to 77, but only two diode units of each 
group are shown in the Figure. 

From 7 to 27, A(@,) is positive, so that the appropriate mode 
for group 3 is mode 1. The diodes of group 2 deal with the 
range 0 to —7z, in which A(é,) is positive, so that mode 4 is 
required. Finally, group 4 has mode 3, since in the interval 
—7 to —27, A(,,) is negative. 

The range of v can be extended by adding further groups of 
diodes, their modes of connection being determined in exactly 
the same way. The accuracy however diminishes as the range is 
extended, as noted in Section 4.1. 

In Fig. 10, use is made of the symmetry of the sine function to 
simplify the switching for obtaining +Vsincv. For example, 
if the switch is in position 2 (output V sin cv) the connections of 
group 1 change from mode 2 to 3, which is the correct mode for 
the interval 0 to —7 when the output is +f(v). 


(4.4.2) Cosine Generator. 

Fig. 11 illustrates the arrangement for f(v) = + Vcos cv. 
Here f(0) 0, so that from eqn. (8) a constant input is required 
in addition to the diode stages. The latter are similar to those 
of the sine generator, except that A(a,) and A(d,) change sign 
at +7/2, +37/2, etc., instead of +7, +277, so that the groups 
are 0 to +7/2, +m/2 to +37/2, etc. Again, either plus or 
minus V cos cv can be obtained through the switch S. 


(4.5) Multivariate Functions 


With the aid of the multiplier of Section 3.2 and the general 
function generators of Section 4.3, it is possible to generate a 
multivariate function f(v,,v,, Vz, ...), where V,, Vy, .. . are inde- 
pendent variables, provided that the function is single-valued, 
finite and continuous in the region required. The function can 
also contain tabulated functions provided that each is a function 
of one variable only. 

As a simple example, consider the function 
(3 + all 

v 


fv v,) = arc tan | 


x? Vy, 
z 
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+ 
tor =tVcos cv 


POSITION |OFS-V cos cv 
POSITION 2OF SV cos cv 


+ Vcos cv, 


Fig. 11.—Generator for f(v) = 


This would require two function generators of the type v7, and 
one each of |v3|, 1/v and arc tan v, together with a multiplier. 


(5) DIVISION 
If a multiplier is available, division can be accomplished in 
two ways—by first generating the reciprocal of the divisor and 
then multiplying, or by using the multiplier in a feedback circuit. 
The application of the diode method to each of the systems is 
discussed briefly below. 


(5.1) The Reciprocal Generator 


Since the function f(v) = 1/v has a singularity at the origin, it 
is necessary to limit the curve in this region. If v is not required 
to change sign, it is sufficient to limit 1/y to a constant maximum 
value for small values of v. If the divisor does change sign, it is 
necessary to join the positive and negative limiting values by a 
steep line—the slope depending on the accuracy required in the 
vicinity of vy = 0. The unit can be designed for this curve from 
the formulae of Section 4.3; the function f(v,, v,) = v,/v, is then 
obtained by applying v, and 1/v, to a multiplier—such as that 
of Section 3.2. 

The correct sign of v,/v, will be preserved for either sign of v, 
or v,, but the magnitude of the output will be in error for small 
values of v, within the region of the approximation. 


(5.2). Multiplier used as a Divider 


Fig. 12 indicates how the diode multiplier, with the addition of 
the amplifier A;, may be used to give 


V = 0,/v, 


The inputs to the multiplier are vg and v,, giving the negative 
product. This is added to v, at the input of A3, which has a 
gain «. The output of as is therefore «(v, — U,%), which 
provides the input to the multiplier. 


Yo & (vy -% YQ) a 


Fig. 12.—Diode multiplier used as a divider. 


Thus 
av, — V.Up) = Uo x 
so that for a — oo 
% = 2/2, 


provided that the usual stability conditions are satisfied. 

Both +v9 and —vp are required as inputs to the multiplier, 
so that the unit provides plus and minus v,/v, simultaneously. 
In this type of divider the divisor v, must not be allowed to 
change sign, since the feedback would then become regenerative 
instead of degenerative. 

Although restricted in the sign of the divisor, the circuit 
requires only one amplifier in addition to the multiplier, whereas 
for the reciprocal divider an additional function generator is 
necessary. Also, the range of the reciprocal generator is rather 
limited, so that the feedback multiplier is to be preferred where 
the divisor is not required to change sign. 


(6) PRACTICAL CONSIDERATIONS 
(6.1) Diode Characteristics 


It has been assumed so far that the diode unit behaves as a 
perfect resistance for positive voltages, and passes no current for 
negative voltages. Account must be taken of the actual diode 
characteristic—the tail current due to contact potential, the 
effect of heater voltage, and variations from diode to diode—so 
far as they affect the operation and stability of the function 
generator. 

It is clearly desirable to be able to calculate the resistances for 
a function generator from the equations developed in Section 4, 
so that the unit can be constructed without reference to particular 
diodes and without experimental adjustment for each unit. This 
requirement imposes the necessity of uniformity in the diodes 
themselves, particularly with regard to contact potential. 

Some work has been carried out in this connection,> mainly.on 
the CV140 double diode, with the object of achieving an accuracy 
of within 1% for a generator based on calculated values rather 
than on experimental curve fitting. To this end it was found 
necessary to reject about 25% of these valves as having contact 
potentials outside the admissible range; if the remainder were 
aged for 200-300 hours at about their full rating, their current/vol- 
tage relations remained stable for long periods. 

The constancy of the heater voltage was also found to be 
important, and the variation from diode to diode appeared to be 
less for heater voltages rather lower than the normal 6-3 volts. 

It was found that for a series resistance R in the range of 
kilohms to megohms, the current/voltage relationship could be 
represented fairly accurately as 


i=(v + A)/1-005R 


i.e. the effective diode resistance is 0:5% of the series resistance, 
and the effect of contact potential is such that current begins to 
flow for a voltage of —A. 

This simple relation is useful in that the generator can be 
designed on the assumption of perfect diodes, if eqns. (4) and (6) 
of Section 4.3 are replaced by 


|Vg|G2,/G,, =a,_1 +A 
|V3|G2,/G,, aa Day oe A | 
and if the practical value of R3, is made 4% less than the cal 
culated value, to allow for the diode resistance. 

For a given heater voltage, the voltage A is a function of the! 


series resistance and the voltage range over which the linea) 
approximation is required; for the CV140, A lies between 0 anc 


and 


0-2 volt. If the accuracy is required near cut-off, the higher 
value of A is used. On the other hand, if the accuracy for 
large inputs is of more importance, the lower value of A is more 
appropriate. 

For more accurate work, the approximation can be improved 
oy taking into account the variation of diode resistance as a 
function of the series resistance for different ranges of current 
dutput. However, this complicates the calculation considerably, 
and is only worth while if the resistors themselves are very stable, 
>.£. wire-wound resistors. 


(6.2) Other Factors 


_ The accuracy of the function generator depends not only on 
he diodes, but also on the stability of the resistors, the bias 
oltages + Vz, and the high-gain amplifiers. The voltage source 
should therefore be stabilized and the amplifiers should be of 
he relay-corrected type! to eliminate drift as a source of error. 
“or very accurate work it is essential to use wire-wound resistors 
hroughout, but for many applications high-stability carbon 
vesistors suffice, particularly if a generous margin is allowed in 
heir power dissipation and if the ambient temperature is kept 
airly constant. 


! 
| 
| 
| 
| 
| 


@) EXPERIMENTAL RESULTS FOR A SINE GENERATOR 
|’ Fig. 13 shows the results obtained for an experimental sine- 
wave generator constructed according to the circuit of Fig. 10. 
seven tangents were chosen to approximate the sine curve over 
the range 0-7, requiring three double diodes (type CV140). 
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Fig. 13.—Experimental results for the sine function. 


© Experimental points with resistors as calculated. 
x Experimental points after adjustment of R35 and R36. 


| The resistances R,,—R,¢ (Fig. 14) were chosen to give reason- 
| ble current levels, and the remaining resistances were calculated 
om the general formulae of Section 4.3, allowing for the diode 
haracteristics as in Section 6.1. The resulting circuit is shown 
Fig. 14, which represents group 1 of Fig. 10. Group 2 has 
he same value of resistances, but a different mode of connection, 
io that for the range of +7 a total of six double diodes were 
ised. 

_ The scale factors used gave a maximum output of +50 volts, 
ind for the v input, 1 volt corresponded to 3°, giving a total input 
ange of +60 volts for +7. 

| It will be seen from Fig. 13 that the tangent approximation 
eviates from the sine curve by about 2° of the maximum output. 
ixcept for the last three points, the experimental points are within 
5% of the tangents, and the maximum error occurs at the 
jorner points. This error is due to the tail of the diode charac- 
sristic; if the interpolation is suitably arranged, the rounding-off 
‘ffect improves the approximation. Thus in Fig. 13 the maxi- 
aum error from the sine curve is 1-5%, compared with the 
‘angent error of 2°%, apart from the last three points. 
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v 191kQ 


Yo=-50 sing, v 


+200 v 


Fig. 14.—Circuit for the sine function. 


Resistors: 0:75 watt, high-stability carbon. 
Diodes: CV140. 


The reason for the latter discrepancy is as follows: for cv = 7 
the total current subtracted by all the diodes should equal that 
provided by the direct input, to give a resultant output of zero. 
Thus a small error in slope, particularly in the early stages, can 
give rise to a relatively large error for large values of v, since the 
output depends on the difference of two large quantities. 

It was found that, by adjusting R3; and R3,, it was possible to 
correct the slope and bring the last three points (Fig. 13) on to 
the curve, giving an overall error of about 0:5% (from the 
tangents) for the range —a to 7. The error from the sine curve 
is about 14%, but this can be improved, within limits, by taking 
more tangents. However, if the range of cv is extended beyond 
+r, the adjustment will affect more stages and become more 
critical. This condition can be mitigated by providing clipping 
diodes,° so that the contribution of a particular stage reaches a 
constant maximum value instead of rising indefinitely. 

Alternatively, it is possible to make use of modes 5-8 (Fig. 9) 
to obtain the same effect; for example, if the resistor R; (Fig. 14) 
is replaced by a mode-5 diode unit, the latter makes no further 
contribution beyond its biasing point (in this case it is also 
necessary to add a constant voltage via a resistor, in order to 
obtain zero output when v=0). Other combinations are 
possible, and the choice between them rests on the requirements 
in a particular case. 


(8) CONCLUSIONS 

The techniques discussed in the paper appear to offer a 
convenient means of extending the possibilities of analogue 
computing and simulation. The diode function generator has 
a number of advantages, i.e. accuracy, simplicity, flexibility, 
negligible time delay, and a low output impedance combined 
with a wide output range. 

The results presented for the sine generator show that an 
accuracy of 1-2°% of the maximum output can be achieved with- 
out difficulty. Further work is required to establish by how much 
this figure can be improved. 


(9) ACKNOWLEDGMENTS 
Acknowledgments are made to the Chief Scientist, Ministry of 
Supply, and to the Controller of Her Majesty’s Stationery Office 
for permission to publish the paper. The authors are indebted 
to Mr. K. V. Diprose, with whom the preliminary discussions 
on the use of diodes took place. 


BURT AND LANGE: FUNCTION GENERATORS BASED ON LINEAR INTERPOLATION a 


(10) REFERENCES (3) MarRSHALL, B. O., Jr: “An Analogue Multiplier,” Nature, 


(1) Lance, O. H., Burt, E. G. C., and HOLBOURN, CyARe: 1951, 167, p. 29. ; 
“A Drift-Compensated D.C. High-gain Amplifier for (4) THomas, W. R., and Souirzs, M.: “Electronic Analogue 
Summation and Integration,” R.A.E. Technical Note Methods of Multiplication,” R.A.E. Technical Note 

No. G.W.53, Aeronautical Research Council, 13, p. 170. 


58 


No. G.W.T75. 
(2) Haroer, E. L., and CARLETON, J. T.: “‘New Techniques on (5) Lance, O. H., and Herrinc, G. J.: “Some Electronic 
the Anacom Electric Analogue Computer,” Transactions Multipliers based on Diode Function Shapers,” R.A.E 


of the American I.E.E., 1950, 69, p. 547. Technical Note No. G.W.245. 


21.317.784.029.6 : 621.372.413 


Monograph No. 138 R 
June 1955 


A RESONANT-CAVITY TORQUE-OPERATED WATTMETER FOR 
MICROWAVE POWER 


By R. A. BAILEY, Ph.D., B.Sc., Graduate. 


(The paper was first received 19th October, 1954, and in revised form 21st March, 1955. It was published as an INSTITUTION MONOGRAPH 
in June, 1955.) 


SUMMARY 


A sensitive method of microwave power measurement is described 
hich makes use of the mechanical force exerted by the electro- 
agnetic field on a small vane in a resonant cavity. It is shown that 
e force on the vane is a simple function of the Q-factor of the cavity, 
© power absorbed in it and the perturbation of its resonant frequency 
used by the vane. The results of a comparison between an experi- 
ental wattmeter based on this principle and a water calorimeter are 
ven, and the requirements of a practical instrument are discussed. 


(1) INTRODUCTION 


‘Most of the devices commonly used for accurate power 
leasurement at microwave frequencies absorb the power in a 
yssy material and measure the resultant temperature rise. 
‘alibration is carried out by the application of power from d.c. 
urces, and the assumption is made that the temperature rise is 
e same for equal d.c. and microwave powers. The thermistor, 
lometer, thermocouple, and water calorimeter are all used in 
lis way; none of them gives an absolute measurement of power, 
though the calorimeter is generally regarded as a standard. 
‘More recently the effect of radiation pressure at microwave 
equencies has been demonstrated by Carrara and Lombardini,! 
ad used by Cullen2»3-4 to measure the power in a waveguide. 
1 its later form Cullen’s instrument consists of a rectangular 
Jide containing a flat metal vane suspended so that it can 
ytate about an axis parallel to the broad dimension of the 
tide. The electric field of the Hp; mode exerts a force on the 
ane which tends to rotate it to the transverse position. The 
yrque on the vane is proportional to the power, and the constant 
f proportionality may be found from a subsidiary experiment 
sing a movable piston and standing-wave indicator. The 
uibration is effected by means of measurements of mass, length 
ad time only, and hence the instrument makes an absolute 
‘easurement of power. It is used as a transmission wattmeter 
id absorbs negligible power from the guide. With this type of 
spension the vane acts, roughly, as a voltmeter across the 
lide and hence for accurate power measurement the standing- 
ave ratio of the load must be nearly unity. The magnitude of 
\e torque is‘a function of the electric field strength and the vane 
ze. In Cullen’s instrument it is of the order of 10~4 dyne- 
in/watt which is rather small for measurements other than 
boratory ones at powers less than 10 watts. 

Evidently, if the power to be measured is fed into a cavity 
sonator of high Q-factor containing a vane, the field at the 
ie (and hence the deflection sensitivity) may be made large. 
her, it can be shown that the power absorbed in the cavity 
ay be calculated from the force acting on the vane without any 
rect knowledge of the field distribution in its vicinity. 

_An instrument based on this principle has been made and its 
‘sign is described. 
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(2) THEORY 

The basis of the calculation for the force acting on the vane 
is a theorem of adiabatic invariance expressed by Maclean,> 
which states that in a lossless electromagnetic resonator the action 
of each mode, i.e. the product of total energy and period, is 
invariant against an adiabatic deformation. 

Consider a lossless system consisting of a cavity, resonant in 
one mode with period 7, containing a small vane and having 
stored energy W. In general, a force will be exerted on the vane. 
Let it move slowly a small distance ds. This movement will 
alter the resonant period of the cavity, but, by the theorem, 
we have 

W7 = a constant 


from which Wdr + 7tdW =0 


and dw= — Wie 

Ti 
Since the system is lossless, the change in energy stored by the 
field must be equal to the work done by the moving vane. 
Therefore 


where F is the force acting in the direction ds. 

In a practical system the resonator will not be lossless, but the 
field distribution in a resonator of high Q-factor will be neg- 
ligibly different from that in a lossless one, and for a given stored 
energy the force on the vane will be the same. 

Tn a lossy resonator 


__ 2m X energy stored 
Energy lost per cycle 


3 2a 
Pr 
where P is the power fed into the cavity. Therefore 
ORs 
ln 
OP dr 
[ies 
ce 27 ds 


A better form for this expression is obtained if Q is replaced by 
mfto, where to is the time-constant of decay of oscillation 
amplitude in the cavity, and fis the frequency. Then 
af toP dt 
2n ds 
to 1 dt 
= iP —_ — 
Daas 


R= 


(1) 


[59 ] 
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d 
Pp oa 
De aks 
to 1 df 
2 fdo 
where 7 is the torque on the vane. 

For microwave cavities of similar shape and mode, Q/A is 
inversely proportional to the skin depth 6. Now 


. (la) 


For a rotating vane IB eh bl a 


Sen a) ae 
Tp 
where p is the resistivity of the cavity wall. Therefore 
O i 
== CC ees 
oof ae 


Therefore the sensitivity of the device as a power meter is 
inversely proportional to (frequency)3/2 for a constant fractional 


ldf 
fd 
(3) SOME PRACTICAL CONSIDERATIONS 


Slater® has shown that if a cavity is perturbed, by pushing in 
its boundary, the change of resonant frequency is dependent on 
the integral { (H? — E*)dv over the volume which is removed 
from the cavity by the perturbation of the wall. The resonant 
frequency decreases if the perturbation is made at a point of 
predominant electric field, and increases if the perturbation is 
made at a point of predominant magnetic field. At some inter- 
mediate point it is possible for the effects to cancel. Similarly, 
for a simple small vane, dfo/ds, and hence the force, is greatest 
if the vane is placed in a region where one field is predominant 
and if the vane is of such a shape that it couples more strongly 
to that field than to the other. 

A cylindrical Ho,;; resonator was used to test the theory 
expressed above. At the mid-section along its length the E field 
in this cavity is circumferential, with’a maximum at 0-487, where 
r is the radius of the cavity. The H field is axial, having maxima 
at the axis and the wall and a zero at0-62r. Vanes were mounted 
on radial polystyrene rods and the resonant frequency and 
Q-factor of the cavity were measured as the rods were rotated. 

A short, straight copper rod mounted parallel to the axis and 
placed in the strong E field at about half the radius caused a 
decrease of resonant frequency as it was rotated from the axial 
to the transverse position. The change of frequency with 
rotation roughly followed a sin? @ law. The Q-factor of the 
cavity decreased as the vane was rotated; hence the force on the 
vane, which is proportional to the product of Q and df/d0, 
reached a maximum when the vane made an angle of about 38° 
with the axis. In Fig. 1, typical curves of Q, Afo, and Qdfo/d6 
are shown. 

A wire loop or a disc, suspended so that its centre was on the 
cavity axis, caused an increase of resonant frequency as its plane 
was rotated from an axial to a transverse position. By displacing 
the centre of a vane of this type off the axis it was possible to 
find a point where its coupling to the magnetic and electric 
fields was such that its rotation caused very little change in the 
resonant frequency. 

For a given value of dfo/d0, a straight rod caused less depression 
of Q than a loop; it was therefore decided to use a rod in the 
experimental instrument built. The instrument was checked 
against a water calorimeter. 


rate of detuning, 


(4) CONSTRUCTION i) 


A drawing of the cavity and vane system is given in Fig. 2. 
The cavity used was an S-band echo box, 6in in diameter and 
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Fig. 1.—Typical curves of to, Afo, and sensitivity 


in an Ho1, cavity. 
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Fig. 2.—Experimental wattmeter. 


about 4in long, containing a raised ring round the circumfere 
of the base to remove the Hp,—E,, degeneracy. The van 
silver-plated rod 0:095in in diameter and 1-275in long, ' 
suspended 1-5in from the axis of the box by a 0-06 in-diam 
polystyrene rod. This rod was attached, outside the cavity v 
to a stiff wire shaft carrying a small mirror and a metal 
spider which dipped into an annular pool of liquid for dam}| 
the motion of the vane. The suspension was a 6in lengtl 
No. 49 s.w.g. phosphor-bronze wire attached to a torsion I} 
at its upper end. 


(5) CALIBRATION 

The torsional constant of the suspension was found 

observing the period of rotational oscillation of a +in steel 
attached to its lower end. 

In order to find the value of dfo/d@ for the vane and c. 

over the working range of deflection, the vane was ro 

manually by the torsion head and the resonant frequency c 
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Table 1 
POWER ABSORBED; OBSERVED AND CALCULATED 


vity for a series of deflections was measured, using a sufficiently 
all input to cause negligible force on the vane. 

The Q-factor of the cavity was measured by the R.R.D.E. 
ho-box Q-factor meter,’ which equates the rate of decay of 
e oscillation in the cavity with the decay of voltage across a 
own parallel RC circuit. This part of the calibration is 
srefore not absolute. However, the Q-factor could have been 
und in terms of the change of cavity impedance with applied 
quency and hence measured by a piston and standing-wave- 
licator experiment involving measurement of length and time 
ly. It would have been difficult to equal the accuracy of the 
meter by this method because of the high Q-factor of the 
;onator. 


(6) OPERATION 


When making a measurement, power is fed to the cavity 
rough a slot coupling whose length is adjusted so that the 
sonant cavity appears as a matched load to the guide. The 
ston is then used to tune the cavity to resonance. When the 
Id inside builds up, the vane moves, thereby lowering the 
onant frequency of the cavity. In this condition the vane is 
a stable state. If it returns towards its zero position, the 
rce acting on it increases as it brings the box nearer to resonance; 
‘motion in the other direction is restrained by the suspension. 
ther tuning is required to obtain a greater deflection. 

In the final position the torque in the suspension is equal to 
> maximum torque that can be exerted by the field with the 
vity fully at resonance. At this point the vane becomes 
stable; movement of the vane towards its zero position 
tunes the cavity, thus reducing the deflecting torque, and the 
ne swings back to zero. 

A measurement therefore consists in tuning the cavity slowly 
obtain the maximum vane deflection and calculating the 
wer from the values of torque, Q and dfo/d@ at that vane 
sition. 


4 (7) EXPERIMENTAL RESULT 

| (7.1) Measurements 

A sketch of the arrangement used to check the experimental 
curacy of the cavity wattmeter is given in Fig. 3. 


WAVEMETER 


OSCILLATOR 


MILLI — 


WAT TMETER 


Be de paratus used for testing the experimental cavity wattmeter. 
he power absorbed in the cavity was measured by means of 
irectional coupler of known power division and a thermistor 
liwattmeter which had been calibrated against a water 
orimeter. Simultaneous measurements of the power indi- 
ed by the milliwattmeter and by the cavity wattmeter were 
de at various power levels. 
n Table 1 the results of eleven such measurements are 
en, 


T 
dyne-cm | 
mW cm « 10-3 | Us mW 
24:2 5-4 8-84 3°52 22-04 
9. tap Desh IES a MR 23°13 
256 Cota Gr arte tO O0L.. te 352 24-85 
28-35 7:4 PAN PAGO lair) 30-4 
34-59 8-2 ESEG ot Be 50 33-6 
42-4 10-5 17-2 3-48 43-4 
48-4 11-4 18-7 3-48 47-1 
49-7 11-4 18-7 3-48 47-1 
54-6 | 12-34 20:2 3-46 51-25 
6356 Ft iy AARB NA 24e25 B42 eit ts 6223 
Cy ii eed SoA 25-22 3-42 64-7 


Where P,, = Power absorbed in the cavity as indicated by the 
milliwattmeter and coupler. 
D = Deflection at 67cm radius. 
T = Torque. 
ty = Unloaded time-constant of the cavity. 
P.. = Power absorbed in the cavity, calculated from 
the formula 


A 2h ah 


Sern eo ey PLU HGSS, suieet cea 
i ae (2) 


The denominator df/d was assumed constant over the range of 
deflections used and was equal to 63-8 Mc/s per radian. 


The sensitivity of the instrument in this experiment was about 


oO 20 40 60 80 
Pym 


Fig. 4.—Power indication of the cavity wattmeter (P-) plotted against 


power indicated by the calibrated milliwattmeter (Py). 


0:4 dyne-cm/watt. The values of P,, and P, are plotted in Fig. 4, 
where it may be seen that the cavity wattmeter reads true power 
within a few per cent. 


(7.2) Errors 
The possible systematic errors amounted to about 75%. 


The sum of the errors in the calibration of the milliwattmeter 
and the directional coupler was about 34%, while the measure- 
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ment of the constants of the cavity wattmeter, fo, df/d0.and the 
specific torque of the suspension, added about 4%. 

The large random errors were chiefly due to the difficulty of 
tuning the cavity without upsetting the delicate equilibrium of 
the vane. 


(8) FUTURE DEVELOPMENT 


Although the power meter has been tested at 3000 Mc/s only, 
the principle may be applied at any other frequency, and in 
practice its main use may be at Q-band or at frequencies of the 
order of a few hundred megacycles per second where convenient 
power standards are lacking. 

There are a number of difficulties in constructing a practical 
instrument on the resonant-circuit principle. In the form 
described in the paper, for instance, the instability in the vane 
deflection makes the tuning of the cavity, to obtain maximum 
deflection, very tedious. Furthermore, the bandwidth of the 
cavity is small because of the high Q-factor, and the device has 
the undesirable property of presenting a rapidly varying reactive 
load to the power source. 

The cause of the instability of the vane is analysed in Section 
11.2, where it is shown that the instability exists only if the vane 
deflection exceeds certain limits. It is proposed to increase the 
effective suspension stiffness and to measure the deflecting torque 
electrically by means of a servo mechanism attached to the vane. 
The necessary increase in stiffness is of the order of 100 times. 
With this refinement the cavity could be tuned rapidly to obtain 
the maximum torque on the vane, and, because of the very small 
vane movement, changes in Q and dfy/d0 with vane rotation 
would be insignificant. 

The sensitivity of the instrument is proportional to the product 
of Q and df,/d0, and in a practical wattmeter it would be pre- 
ferable to work with a low Q-factor and a high value of dfy/d0 
to obtain a larger operating bandwidth. For a loaded Q-factor 
of 1000 at 3000 Mc/s, the force on the vane is within 1% of its 
maximum value over a 300kc/s band, which is adequate for 
most applications. 

This reduction in Q-factor will also reduce the rate at which the 
cavity reactance changes with frequency, but to measure the 
power output of any source requiring a matched load an 
attenuating pad between the generator and cavity would be 
necessary. 


(9) CONCLUSION 

A sensitive method of power measurement at microwave 
frequencies has been demonstrated in which calibration does not 
involve comparison with a d.c. measurement but is derived from 
simple measurements of 

(a) The Q-factor of a cavity. 

(6) The torque on a vane in the cavity. 

(c) The rate of change of resonant frequency of the cavity 
with rotation of the vane. 
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(12) APPENDICES 


(12.1) Derivation of Eqn. (1a), in a Simple Case 


Eqn. (1a) for the force on a variable reactive element ir 
resonant system can be derived easily for a simple LCR circt 


Fig. 5.—Simple LCR circuit. 


In Fig. 5, let C be an idealized capacitor, so that 


(3 0A 
x 


C= 


where A is the plate area and x is the plate spacing. 


Then fo x Se 
= K'’s/x where K’ is a constant. 
Hence o = ee 
_fo 
2x 
Also iy = £ = aca 
from which BY =CR. 


The power absorbed in the circuit is 
ia 
(ga, 
R 
Again assuming an idealized capacitor with no fringing f 
the force on the plate is 


on OR? 
F ZEA 


where E is the electric field strength. 


The mean force on the plates is therefore 


~ 
I 
BN 


nw 


I 
NIQ NS 
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CR, 


ol: pte k fo 
= Py Vode from eqns. (3), (4), and (5). 


fo. 
2x 


in the direction of decreasing x, 


(12.2) Limits of Vane Deflection for Stability 


it has been mentioned in Section 6 that the vane deflection 
sses through a region of instability as the cavity is tuned 
‘ough resonance. Since this would be undesirable in a practical 
wer meter, it is desirable to find the limits of vane deflection 
thin which no instability occurs. 


ENERGY STORED 


RELATIVE 


FREQUENCY 


fo 
4 6.—Normal and distorted frequency responses of a cavity 
containing a movable element. 


n Fig. 6, curve (a) is the normal resonance curve of the cavity, 
h the vane fixed at its zero position, showing stored energy W 
tted against frequency f. If the vane is free to move, however, 
vill be deflected by an angle proportional to W, and since, 
x a small range, the change of resonant frequency is pro- 
tional to the angle of deflection, each point on curve (a) will 
displaced along the frequency axis by an amount proportional 
W. The resultant effective resonance curve of the cavity and 
e is then given by curve (5). 

ver the region P—Q on this curve the vane is in stable equi- 
ium, since movement towards its zero increases the deflecting 
by bringing the cavity nearer to resonance, and movement 
he other direction increases the restoring force of the sus- 
ion.. Over the region R-Q, however, it is unstable because 
deflecting torque increases with vane rotation at a greater 
than the suspension torque, and if an attempt is made to trace 
curve from S towards R, the vane becomes unstable in the 
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vicinity of R and jumps to a point such as T. Similarly, near Q 
the vane will swing suddenly to point S. 

At all stable points on the curve the torque in the suspension, 
T,, is equal to the torque exerted by the field, T;. Instability 
will occur if the angular rate of change of T; is greater than the 
angular rate of change of T,. For vane stability we require 


Gece 

pag 
a a 
WwW 9 

1 dW dfy 

W ay do ; 


dfy 1 
ow 1 dw 
W df 


1.e. 


or 


The frequency-dependence of stored energy, W, is of the form 


w= 


1 

1 + x2 
1 dw _ 
W dfy 


2 
where x = aC + i) 
—2x dx 
LE x2 dfo 
Five PAG) ape: 
IS ere fe 
” D132 PAO) 
wile x2 fo 


over the region in which we are interested. The expression on 
the right is easily shown to have a maximum value when x = 1. 


IdW 20 
Then iy eee 
Wadfyp fo 
The requirement for a stable system is 
dfy — fh 
GaeGee 20 
dp ~ 20 


i.e. the maximum frequency deviation from fy due to vane move- 
ment must be less than half the bandwidth of the resonant circuit. 

When the cavity is fed from a finite source-impedance, the 
relative bandwidth is the loaded bandwidth of the cavity, and 
in the particular case of a matched cavity it is 2f>/Q. 

In the Ho; cavity, O (unloaded) ~ 30000, and therefore the 
loaded bandwidth was about 200kc/s. The maximum deflection 
of the vane for a power input of 50mW was 0-085 rad. 

Therefore 


dfo 
OB dg 


= 5420kc/s. 


= 0:085 x 63:8 Mc/s 


An increase of over 50 times in the vane suspension stiffness 
would have been required to make the vane stable. 

In the case of the variable capacitor in the lumped circuit of 
Section 11.1, the stability condition may be shown to be 
Ax < (1/Q)x, where Ax is the maximum plate movement, 
and x is the plate spacing. 
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SUMMARY 


The object of the present work is to investigate the correlation 
existing between the decay time and the delay time of the indicial 
response on the one hand, and the bandwidth and peak values of the 
steady-state amplitude response and the slope of the phase response 
on the other. 

The analysis is applied to five types of electrical networks and to 
some general classes of circuits, distinguished by the location of their 
poles in the p-plane. From these investigations the following results 
are obtained: (a) By interpolation of all numerical results obtained for 
the five types of networks, the statistical formulae embracing all of 
them are found. (6) Formulae giving the functional relationship 
between the decay time and the ratio f3/f¢ are derived for each class of 
circuit considered. (c) The formula for the delay time, t7 = [d6/do] a =0, 
is checked for all five networks considered and is found to be valid 
for multi-stage, but not for single-stage, circuits. 


LIST OF PRINCIPAL SYMBOLS 


fo = Resonant frequency of the circuit. 
/; = Bandwidth of amplitude response at 3 dB level below 
that at centre frequency. 
fs = Bandwidth of amplitude response at 6 dB level below 
that at centre frequency. 
J; = Bandwidth of amplitude response of one stage at 
3 dB level below centre frequency. 
H(f) = Normalized frequency response. 
H(f) = Normalized amplitude response. 
H, = Maximum value of normalized amplitude response. 
n = Number of stages. 
Q = 2nfoLl|R 
t4(1%) = Decay time. 
t, %) = Total decay time. 
t, = Delay time. 
t; = Slope of phase response at centre frequency. 
v(t) = Indicial response of filter. 
a = Real co-ordinate of pole in p-plane. 
B = Imaginary co-ordinate of pole in p-plane. 
y(1%) = feta(l %). 
Ne) = felis(l oA). 


te 
¢(f) = Phase response. 


(1) INTRODUCTION 


The aim of the present work is to investigate the correlation 
existing between decay time and delay time of the indicial 
response of certain types of four-terminal. networks on the one 
hand, and, on the other, certain easily measurable parameters of 
their normalized amplitude response, namely the ratio f;/f, and 
the peak value H; (see Fig. 1). 

The amplitude response is the modulus of the frequency 
response, which is defined as the complex ratio of the output 
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and input voltages. It represents the performance of the sy 
under steady-state conditions, when its behaviour can be desc 
by functions which are constant or periodic in time at con 


Fig. 1.—Steady-state amplitude characteristic. 


frequency, and may be normalized by taking its value a 
centre frequency as unity. 

The transient period may be considered as the time in v 
the system passes from one steady state of energy conditio 
the other. In order to obtain more uniform results and a t 
basis for comparison of various networks, the transients 
sidered in the present work are all responses to the unit vo 
step. Such transients are called “‘indicial responses.” 


Fig. 2.—Indicial response. 


The decay time (see Fig. 2) is defined as the time taken 
the mid-point amplitude of the indicial response to the in 
when the envelope of the indicial response deviates fron 
steady state by a prescribed proportion of the amplitude 
t,(1%) or t,(0-1%). The delay time is defined as the time 1 
by the indicial response curve to reach the half-amplitude f 

The circuits considered are all minimum-phase passive 
works consisting of lumped parameters and comprising 
low-pass and band-pass filters. The band-pass filter havii 
amplitude response very nearly identical with a particular 
of a low-pass filter, but shifted by fo on the frequency a 
called a band-pass analogue of that low-pass filter. The res 
of the low-pass filter to the unit voltage step is identical wi 
envelope of the response of its band-pass analogue to thi 
step of carrier voltage at frequency fo. 

It is known from general circuit theory that any p 
minimum-phase network can be unambiguously described 
by its amplitude response or its indicial response. It is 
easy to measure or calculate the steady-state response of ai 
filter, and the influence of particular parameters on the sh) 
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1¢ amplitude responses can usually be readily discovered. The 
wious methods of synthesis of electrical filters for specified 
nplitude responses employ the wealth of analytical and 
npirical research begun last century. 

The techniques for designing a system for a required transient 
srformance are much less developed. In order to find the 
dicial response of a network, it is necessary to solve the funda- 
ental differential equations describing its behaviour, or obtain 
ie inverse Fourier or Laplace transform of the steady-state 
equency characteristic. Either method is very laborious, and 
e particular parameters on the shape of the indicial response is 
sually extremely difficult to assess. 

The transient performance is probably of most importance in 
tvo mechanisms, and with the spectacular development of this 
ranch of technology in the last decade, various formulae, mostly 
npirical, have been presented giving the relations between the 
arameters of frequency response on the one hand and the over- 
100t and rise time of the indicial response on the other. 

Similar formulae referring to the other parameters of the 
dicial response are presented here. Some are deduced in 
ection 2.3 by comparing directly the expressions representing 
e amplitude response and indicial response of the given type 
f network. Others are found in Section 2.2 by interpolation of 
le results obtained for many types of circuit. The former 
resent the existing relations more exactly, while the latter are 
lore approximate but at the same time simpler and more suitable 
yr the designer to use. 


(2) THE DECAY TIME 


(2.1) The General Approach 


Apart from obvious importance in some servo mechanisms, 
le decay time may also be of interest in certain amplitude- 
iodulated multi-channel pulse communication systems. 
Increasing the slope of the amplitude response results in an 
crease of the overshoot, which may be considered as the initial 
mplitude of a quasi-sinusoidal exponentially-damped oscillation 
n the “top” of the indicial response. It also reduces the attenua- 
on of this oscillation. Both effects increase the decay time. 
[owever, when there is no oscillation as in the case of n RC stages, 
1e decay time, as defined here, is reduced with increasing slope. 
he apparent connection between the decay time and the slope 
f the amplitude response suggests the possibility of finding a 
eneral functional relationship between these two quantities. 


(2.2) The Statistical Approach 


To find the relationship just mentioned five different types of 
etworks are selected and the decay times for various values of 
) and n are calculated. At the same time the corresponding 
alues of o are found. The results are presented in Figs. 3 and 4 
the form 1,0 %)f, = y = F(c). By interpolating all the curves 
y a single straight line, on the principle of least total relative 
quare error, the following statistical formulae, valid for all 
reuits considered, are found: 


yl %) = 6-730 — 2°76 (1) 
yO-1%) = 9-250 — 3-26 (2) 


Because of the variety of circuits taken into consideration, the 
proximate formulae (1) and (2) can be expected to be valid for 
any other passive networks and may well serve as a first rough 
ication for the designer. It can be seen that, in order to 
decay time, the slope of the amplitude response must be 
For the same slope, the circuit having an amplitude 
sponse with peaks will have a longer decay time than one with 
flat response. The main formulae necessary to obtain 
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Fig. 3.—Graph of (1%) against o. 


(a) Series peaking coil. 

b) Shunt peaking coil. 

c) Staggered circuits. 

d) Critically coupled LRC circuits. 
(e) Over-coupled circuits. 


Fig. 4.—Graph of »(0-1%) against o. 


(a) Series peaking coil. 

(6) Shunt peaking coil. 

(c) Staggered circuits. 

(d) Critically coupled LRC circuits. 
(e) Over-coupled circuits. 
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eqns. (1) and (2) are given in Section 6. Many may be of 
interest for their own sake, since it is believed that they have not 
been presented elsewhere. 


(2.3) Analytical Approach 


(2.3.1) General Discussion. 

Another approach to the problem is based on the fact that 
any passive minimum-phase network is completely defined by 
the location of its poles and zeros in the p-plane, except for a 
possible constant multiplier. Hence certain classes of circuits 
can be distinguished, e.g. filters having frequency response with 
one, two or more single or multiple poles. An attempt is made 
here to derive the general formulae, valid for all circuits belonging 
to a given class, which give the functional dependence in the form 


Ae = YA %) = FMS) > ae) 


where 1,(1%) is the total decay time, defined as the time taken 
from the moment of application of input unit voltage step to the 
moment when the envelope of the transient response deviates 
from the steady state by a prescribed proportion of the amplitude, 
e.g. 1(1%). The reason for introducing this total decay time 
into the present Section, instead of using the definition of 
Section 1, is to make analytical formulae like eqn. (3) more simple. 
On the other hand, it is felt that the decay time as defined in 
Section 1 may be of more immediate interest to the designer. It 
should be observed that, although a resonant circuit has two 
conjugate poles in the p-plane, it is well known that, if the value 
of the Q-factor is high, only the pole having a positive imaginary 
co-ordinate contributes effectively to the amplitude response at 
real frequencies. Ifa carrier be taken at the resonant frequency 
of this circuit and modulated by a unit step, the frequency 
spectrum obtained is concentrated about the frequency corre- 
sponding to this pole. 

Hence when calculating either the indicial response or ampli- 
tude response of the resonant circuit, the pole with negative 
imaginary co-ordinate may be neglected. Therefore, when 
referring to poles of single-tuned coupled or staggered circuits 
in the present Section, only those poles with positive imaginary 
co-ordinates in the p-plane are considered. 


(2.3.2) Circuits with One Single Pole. 
The normalized amplitude response is of the form 


Oo 
and the indicial response is of the form 
CCR al Ger pecan 6 5 (5) 
Hence yay = a = 154)) ee. 
¥ (0-194) = 35822 sy nn) 


(2.3.3) Circuits with Two Single Poles. 


To the class of circuit with two single poles belong, among 
others, the single-stage series peaking coil and a pair of coupled 
resonant circuits. 


The final formulae are as follows: 
(a? + 6?) 
[a2 +o — Bla? + @ + BPP 


H(f) = i (8) 


wt)= 1-2 lew (a2 + pre-aenor+0 . (9) 


, 


igh it pad =e 2y 1/2 
Vins Fa =a 73) log. 100( 554 5 | a 

(1 

joven ins op acti ine ae 2y 1 
YO1%) == a log, 1000(5.4—-s5) 

( 

where x= flier een; “oa 

y =2x/[01 — 29Gx* =D). « «2a 


Eqns. (10) and (11), when applied to coupled circuits, < 
valid for any degree of coupling, whether the amplitude respot 
has peaks or not. Hence, so far as decay time is concerns 
the passage from undercoupled to overcoupled circuits is cc 
tinuous, and the appearance of the peaks does not introdv 
anything essentially different. 


(2.3.4) Circuits haying Three Single Poles. 

The investigations carried out on circuits having three sin; 
poles lead to. the conclusion that, in order to obtain formul 
analogous to eqns. (10) and (11), a set of three cubic equatio 
with three unknowns must be solved. The solution leads 
extremely complicated formulae, unsuitable for practical u 


(2.3.5) Staggered Circuits. 

Staggered circuits have frequency responses with n poles a 
no zeros. However, the location of the poles is not arbitrar 
they are all the 27th roots of (—1)"*! and lie to the left of t 
imaginary p-axis on the unit semi-circle. Therefore n determin 


Fig. 5.—Graph of y’(1%) against number of stages n. 


(a) Staggered circuits. ‘ 
(b) Circuits with one multiple pole. 
(c) Critically coupled circuits. 


unequivocally the frequency and indicial response, and hen 
also the total decay time. 
Approximate formulae are as follows: 


en 31/20 1 

ya%) = = log 100 Z rant 7 @) 
mais n= ro 

Ss JH, S10 5 

ees OAM 


y/(0-1% = —log, 1.000 (15) 


7 
Tes ee ine 
asin — on 2 HH, sin ape 
© facilitate their use, the above formulae are presented in 
ical form as curves (a) in Figs. 5 and 6. 


~y"(0-1%) 
4 : 


| Fig. 6.—Graph of y’(0-1°%) against number of stages zn. 


(a) Staggered circuits. 

(b) Circuits with one multiple pole. 
ht (c) Critically coupled circuits. 

I 


i 
2.3.6) Circuit with One Multiple Pole. 


_ The circuit with one multiple pole is represented by n RC 
fircuits or by its band-pass analogue, n LRC identical tuned 
ircuits. For this circuit y’(1%) and y’(0-1%) are functions of 
he number of stages only, and these relationships may be put 
ato the form 


pete ee en (hi) Po! 
evi ZF) = 100 ou (Sea ae (16) 
; ze yO SOy 
ev@1%F0) = 1000 > Gears! (17) 
Me 7 
there f@ = (Qe —1)in ° ee 


\ 
There is no dominant term in either of the expressions, and 
onsequently it seems impossible to approximate the value of 
3 ‘any reasonably simple formula. Hence the values of y’ were 
sund by approximate A ae solution of the eee 


2.3.7) Circuits with Two Multiple Poles. 

To the class of circuits with two multiple poles belong, among 

\Mthers, networks consisting of n stages of coupled circuits with 

ny degree of coupling. If all terms of the indicia! response are 

faken into account, it appears readily that the derivation of any 
actically useful formula can hardly be expected. 
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However, if only over-coupled circuits are considered, with 
critically coupled circuits as the limit, it can be shown that the 
indicial response is approximated fairly accurately by its dominant 
term, and the following formulae can be derived: 


yd%) = 


at i exgeteg Wee 


1 
b — ax* + y/) fe 


x21 — x2] 0/4 2y i} 
=I E= at?) 
ax? —b 12 10007”~! 
O-1° eae oyO1 oy 
¥01%9=—(; 5) lotr es 
x(1 — 2 (n—1)/4 2y n[2 
[ ax? —} | E Se | } 1) 
where 
x =Alfe (21) 
y = 2xV/[1 — x*\(ax? — »). (22) 
a = 22/7 — |} (23) 
pene (24) 


Eqns. (19) and (20) are presented in graphical form in Figs. 7 
and 8 for various values of the parameter n. For nm = 1, these 
formulae reduce to eqns. (10) and (11) respectively. 


Fig. 7.—Graph of y’(1%) against f3/f¢ for circuits with two multiple 
poles. 


For critically coupled circuits, eqris. (19) and (20) reduce 
respectively to 


4a)1I4 100m"—t m2 
yd %) = ek toe gsi 1%0 (25) 
2n 
y'(0-:1%) = fal log. ES ary, WDE AVS qa (an (26) 


68 DEMCZYNSKI: THE CORRELATION BETWEEN DECAY TIME AND AMPLITUDE RESPONSE 


OF 0-8 O-9 1:0 
f/f, 


Fig. 8.—Graph of y’(0-1%) aaa F3/ fe for circuits with two multiple 
poles. 


which give in implicit form the total decay time as a function of 
the number of stages only. Eqns. (25) and (26) are represented 
by curves (c) in Figs. 5 and 6. 

The error introduced by eqns. (14), (15), (16), (17), (19), (20), 
(25) and (26) is a few per cent only, and hence they can be safely 
used for practical purposes. 

In egns. (19) and (20) the parameter n and the slope /3//¢ 
appear. The parameter 1 cannot be eliminated by means of 
h3lf6. because the same slope of amplitude response can be 
obtained for different numbers of stages, if for each value of n 
suitable values of « and f are found. 


This is obvious from the easily derivable formula 
he Bz — «2 + /[(B? — a2) + (@? + eal 
Al fe ae {es 2 oe v/[(B? ee a2) a (x2 ie Ba] (27) 


where a and b are defined by eqns. (23) and (24) respectively. 
The above formula is valid for n stages of coupled circuits. 


(3) DELAY TIME 
If to a filter having a frequency characteristic 


H(f) = A(fyeo (28) 


an input voltage pulse having spectrum G(/) is applied, the output 
voltage is given by 


v(t) = i GP)H(f)eierf+ Mf (29) 


—% 


Hence every frequency component of the output voltage is 
‘delayed by 


Ar 


2Qrf 


with respect to the corresponding component of input pulse. 
Thus, in contrast to the decay time, which is more obviously 


(30) 


connected with the amplitude response, the delay time seems | 
be more readily correlated with the phase response. 

From the character of the spectrum of the unit voltage a 
it is evident that the bulk of the energy is transmitted by tl 
components near to the zero frequency. This effect is increase 
by the discrimination introduced by the filter itself. In tl 
frequency range occupied by these components, the pha 
response of the filter is usually almost linear; and hence the 
delay time, which may be regarded approximately as the delé 
time of the whole pulse, is given by 


i= Go fc 


Eqn. (31) has been checked for all circuits previously co: 
sidered by comparing in Table 1 the results given by eqn. (3 
with the exact values of ¢, obtained by {the means indicated 
Section 6. 


Table 1 
COMPARISON OF ¢, AND 1; 
Series peaking coil | Shunt peaking coil 
Q 
wef att ref att mf ati what; 
0:6 1-54 5-4 0-98 4°8 
0-707 1:43 2°89 0:78 ZAD 
0:8 1-38 2-05 0-67 ihho.225) 
1 iLo78) 138 0-55 0:39 
ten 1-26 lei lys 0:5 0:07 
s72 1-25 1 0:43 0-05 


Critically-staggered Critically-coupled Over-coupled 
circuits circuits circuits 
n 

tf 3tt Tefaty mf 3tt mh3h Tf sty mf 5tt 

1 1-47 1-41 1:3] 1-044 

1-41 3-02 2-82 2:63 2-088 

2 4-4 4-23 3°92 37182. 

6:0 5:64 S02 4-176 


It can be seen from Table 1 that eqn. (31) gives an adequa 
approximation for multiple-stage circuits, but it seems to | 
quite wrong for the single-stage circuits here considered. TI 
reason for this may be that in the single-stage circuit the ha 
monics lying outside the linear range of phase response a 
rather poorly attenuated, and the previously explained idea | 
delay time has no meaning, so that eqn. (31) has no justificatic 
in this case. 

The degree of approximation given by eqn. (31) in the case | 
over-coupled circuits is lower than in the case of critical 
coupled circuits; this may be because, in the first case, tl 
frequency-spectrum components corresponding to the peaks | 
the amplitude response are magnified by the filter. Because the 
components are delayed more than those near the middle fr 
quency, the whole output pulse is delayed more than wou 
appear from eqn. (31). 
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(6) APPENDICES 


(6.1) Series Peaking Coil 


The series peaking coil is a low-pass filter which has the pair of 
| oupled circuits for its band-pass analogue. The study of the 
behaviour of either is equivalent to the study of the other. 
ence the influence of the Q-factor of the circuit on the decay 
time is studied for the series peaking coil, whereas the effect of 
multiple states is dealt with for coupled circuits. 

\ The general expression® for the indicial response is as follows: 


: ox [So Jews (gp) ] - 0 

wa W{(t-29)+[o-+3]"} 

| {oan l2+5 logo 7 “|- rion} (33) 

io-; ((- aah ale. a) + ja 
{oa [s+ 510 ag | — treo} (4) 


{ The quantity wot, is found by trial and error for each value of Q 
tom the equation 
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(35) 
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and 
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(6.2) Shunt Peaking Coil 


With the shunt peaking coil the voltage on the capacitor 
Starts to rise immediately, because it is not delayed by a coil as 
in the previous circuits. The rise time decreases with i increasing 
Q-factor. The formulae of interest are as follows: 
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(The values for wot, are taken from Reference 8.) The values of 
H, are taken from Reference 9. 


(6.3) Staggered Circuits 


It is possible to stagger the n single tuned circuits in such a way 
that the resultant normalized amplitude response is maximally 
flat. 

For n staggered circuits it follows that 


a= (43) 
sl 
Ut) = 1 = s-rsst (44) 
a 
u(t) = 1 — 1-41e—9-707/rt sin (0-707mfst ~7) . (45) 
n=3 ; 


v(t) = 1 — e-7Sst — 1-154¢e—9 Sahat cos (0-8667f3t + 6;) (46) 
n=4 
v(t) = 1 — 1:001e—9 3827 fst cos (0-924 mf3t + 85) 


— 2:412¢—9 924r-fat_ x cos (0-3827f3t + 85) (47) 
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n=5 
v(t) = 1 — 1:37e-*/s — 0-896 — 9307/3! cos (0-951 7f3t + 4) 
— 2-768 -9 8097f3t cos (0:5877f3t + 45) 


(48) 
n=6 
u(t) = 1 — 0-816¢-9°258zf3t cos (0-9667f3t + O6) 
— 3-054e—9°7077fst cos (0-707 mf3t + 87) 
— §-279¢-0:965-fst cos (0:258mrf;t — Os) . (49) 


n=7 
W(t) = 1 — 0-766¢ —9:2225xfst cos (0-9757f3t + Oo) 
— 3-312e—0-623n/3t cos (0-782mf3t + O40) 
— 0-678e-0'97/st cos (0-436mf yt + 04) + 4-312e-*ht 
(50) 


In these equations, the 6; are phase angles which arise in the 
calculations. Their values have not actually been calculated, 
since they do not affect the final results. In every case for the 
values of ¢ in question, the dominant term is of two orders 
greater than the next one. Hence only the dominant terms are 
taken for the calculation of the decay time, e.g. n = 7. 


Sa log 75-6 31/2n 
V1 = (Gases ols 
The values of 7f3t, are taken from Reference (3). 
(6.4) Critically-Coupled Tuned Circuits 
For n pairs of critically coupled resonant circuits 
4 Qijn al 
os sf a (52) 
n=1 
v(t) = 1 — 1-41e—9 207%rft cos 0-070 T7fyt (53) 
n=2 
of) = 1+ e-em af cos (0:707f30 4: “) 
— 1/5 cos (0:707nf;t — arc tan 2 (54) 
n=3 
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W) =145¢ 4 | va 0 (0 107 mf st 4) 
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n=4 

43 
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ae (af30)? x 5-407 cos (0: 707nf5t — 56° 15’) 
— nfjt x 22-83 cos (0-707mfjt + 201° 47’) 


cos (0-707mf;¢ a 4) 


+ 49-29 cos (0:7077f;t — 70° 25) 3A) 3) i 


All these formulae can be put into the form 
ot) = 1 + e907 Ft A(arf;t) cos [0-707fzt + P(af3t)] 
(5 
The decay time is obtained by finding a value of t for whic 


0-01 
—0-107rf$t A(ar fit) = fs 
‘8 3 (af; ) 0-001 i ( 


and subtracting subsequently the corresponding value of ft, take 
from Reference 3. 


(6.5) Over-Coupled Circuits 

If n identical pairs of tuned circuits are considered coupled i 
such a way that the peaks of the amplitude response for eac 
pair are 1 dB above the amplitudes at the centre frequencies, the 
f3 _ 0:9076 + »/(0-8237 + b) 

fg 09-9076 + +/(0:8237 + a) 


where a and b are defined by eqns. (23) and (24) respectively. 
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(eal 
u(t) = 1 — 1-173¢e—9°522nfst cos 0-085 27fzt . (OL 
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u(t) = 1 + 6-9 52st [aft x 0-688 cos (0-8527f;t + 58° 30’) 
+ 1-439 cos (0:852af;t + 1°39] . (1 
n=3 ; 
ot) = 1 + e—9°522f5[( aft)? x 0-202 1 cos (0-852mf;t — 31°15’) 
+ 1-077nf3t cos (0-852mf;t + 47° 6) 
+ 1-779 cos (0:852uf3t + 124°12)] . (62 
n=4 
w(t) = 1 + 6-0°522xf3 — (f52)3 x 0-039 6 cos (0:852mf;t+-58°30 
+ (afi)? x 0-3843 cos (0-852mf;t — 41° 12’) 
+ mfit X 1-48 cos (0-8527f;t + 38° 42’) 
— 2-22 cos (0-852u/f;t — 63°76) sae. eG 


From the above formulae the decay time is found by a pr¢ 
cedure analogous to that used in Section 6.4. 


SUMMARY 


It is well known that the time-constant of a self-saturating trans- 
or is determined mainly by the control winding, increase in the 
{ esistance of which will have the effect of reducing the time-constant, 
"but that the time-constant is also influenced by the main winding, 
so/that it is not strictly proportional to the conductivity of the control 
j the 


| The paper deals with a theory for the effect of the main winding on 
the time-constant, and describes laboratory tests which confirm the 
heory; its consequences in cases where there is negative feedback from 
the output voltage are particularly discussed. 
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LIST OF SYMBOLS 


f = Frequency of a.c. supply. 
‘| i4 = Instantaneous current in main winding of element A. 
| ig = Instantaneous current in main winding of element B. 
| In = Average direct output current from the transductor. 
| Is = Signal current. 
J, = Primary current. 
| I, = Secondary current. 
| k; = Current gain. 
i k, = Voltage gain. 
| L = Inductance. 
| L, = Inductance of control winding. 
a Inductance of a primary winding. 
’ Ly = Inductance of a secondary winding. 
m = Relative addition to time-constant from main winding. 
| M = Mutual inductance. 
) | N, = Number of turns of a primary winding. 
= Number of turns of a secondary winding. 
\ p = Differential operator. 
| Ry = Load resistance. 
_ Ry = Resistance of main winding. 
__ R; = Equivalent resistance of signal circuit. 
| R, = Resistance of signal circuit. 


i 


Ss 


_ v = Instantaneous supply voltage. 
_V,, = Average supply voltage. 

Vy = Average direct output voltage. 

V, = Signal voltage. 

 & = Firing angle. 

3, B>, B3, 84 = Angles of commutation. 
|B = Angle at which one self-saturation rectifier is conducting. 
|| 7, = Time-constant of control circuit (unsaturated). 

/ tT = Time-constant of secondary control winding. 

Ty = Time-constant of feedback circuit. 

4 T, = Time-constant of transductor. 

; 7, = Time-constant of transductor disregarding main- 
winding influence. 

@ = Signal angular frequency. 
ay = Actual control range of signal voltage. 
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AI, = Actual control range of signal current. 
d® 


Deak ANS: : 
ND Slope of curve of flux/ampere-turns on unsaturated 


part of magnetization curve. 


(1) DEFINITION OF TIME-CONSTANT 

Several different definitions of time-constant are commonly 
found, and it is therefore necessary to state clearly which one is 
to be used. In practice, this means defining how the time- 
constant shall be measured. 

For a rotating machine, especially a d.c. shunt generator, the 
following general expression gives the relation between input 
signal voltage, V,, output voltage, V;,, and time: 


V, 
eee 


where p is the differential operator, 7 is the time-constant of the 
field (equal to L/R), and k, is the static voltage gain. 

A similar relation holds for a self-saturating transductor. In 
this case, however, the output consists of a number of pulses 
with a frequency equal to twice the supply frequency (for a single- 
phase transductor), and it is the average d.c. value of these which 
is of importance. 

When the signal voltage (and therefore the control current) is 
changed, the output changes, as shown in Fig. 1. The most 


Deh DP 


Fig. 1.—Output from a transductor when the control current 
is changed. 


Vy ak (1) 


accurate means of measuring the average d.c. output in such a 
case is that obtained by plotting the average value of each pulse 
and joining the points with straight lines, but in this process 
there will be uncertainty as to the exact instant for which each 
point should be plotted. This means that the time-constant 
cannot be defined to an accuracy greater than a quarter of a 
cycle. 

In some cases a time-constant is found by means of an oscillo- 
graph, but, again, since the instrument normally shows pulse 
peaks rather than averages, measurements of this kind are not 
very accurate. 

Other difficulties in the measurement of the time-constant of 
a transductor are due, first, to the influence of size and direction 
of the input signal, both of which affect the blocking periods of 
the rectifiers unless the signal is very small, and secondly, to the 
non-linearity of the static characteristic, which means that the 
time-constant is different for different working ranges. 

For all these reasons the frequency-response method of time- 
constant measurement, using very small input signals, has been 
greatly favoured. With this method it is possible to get much 
more accurate results than with, e.g. transient-response methods. 
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(2) THE FREQUENCY-RESPONSE METHOD APPLIED TO A 
SINGLE-STAGE AMPLIFIER 

If a sinusoidal input is applied to an amplifier having the 
dynamic characteristic of eqn. (1), and the phase displacement 
between signal voltage and output voltage is plotted as a function 
of the logarithm of signal angular frequency w, an arc-tangent 
curve of the form shown in Fig. 2 is obtained; when w = 1/T 
there will be a 45° phase displacement. 


0:25 o5 ie) 2 4 w 


Fig. 2.—Phase-angle between output and input voltages plotted against 


signal angular frequency for a single-stage amplifier, e.g. an ideal 
self-saturating transductor or an ideal d.c. shunt generator. 


Measurements with self-saturating transductors, when small 
inputs have been used and the phase displacement between the 
signal voltage and the component of the frequency w in the output 
has been measured, have given actual curves very similar to Fig. 2. 
It is therefore reasonable to define the time-constant of such a 
transductor as follows: 


The time-constant of a self-saturating transductor is the 
reciprocal of that signal angular frequency which gives 45° 
phase displacement between a small sinusoidal signal voltage 
and the corresponding frequency in the output voltage, pro- 
vided that the phase displacement follows an arc-tangent 
curve as a function of logarithm to signal frequency. 


A time-constant is thereby defined for each operating point on ° 


the static characteristic. 

During the experimental measurements leading to this defini- 
tion, in order both to eliminate errors and to check the shape of 
the curve, the phase displacement for each determination of the 
time-constant was measured at different angular frequencies 
within a range of 0-5-64rad/s, and a curve was drawn to deter- 
mine the frequency which gave 45° displacement. The inverse 
of this frequency was regarded as the time-constant. 

It should be noted that this method yields a value for the 
time-constant which has relatively little practical application 
when the speed of response to very large input signals is con- 
sidered. It is nevertheless the only method whereby the theoretical 
relations between the time properties of the transductor and its 
other characteristics may be discovered. 


(3) THEORY OF THE TIME-CONSTANT 


The theory now generally accepted for the static and dynamic 
operation of a self-saturating transductor can be found in 
available literature,!;2 and will not be repeated in detail here. 
A short review may, however, be useful. 

It may be shown that eqn. (1) applies to a transductor with 
self-saturation, and further, that in cases where the influence of 
the main winding on t7 may be disregarded, the time-constant is 
given by 


at I 


where k,, is the static voltage gain and fis the supply frequency; 
the prime (’) in 77 indicates that the influence of the main winding 
is neglected. This equation assumes the same number of turns 
on main and control windings, and in considering the output 


voltage neglects the internal voltage drop in the rectifiers and tf 

main winding. 

It is also known from elementary theoretical considera 
that 

me , 

Ty 75 ne Reus, I ¢ 


where 7, = —, R, being the resistance of the control circui 
1, being equal to 27 ang 
vicheseaaaied PGND **4 aN) 


curve) being the slope of the unsaturated part of the dynam: 


(for an ideal saturatio 


characteristic. In practice, the saturation curve is not ideal, an 
d® , pale 
the slope AND is affected by eddy currents and hysteresis in 


complex manner; it can, however, be determined from the stat 
characteristic of the transductor. 

If there is more than one closed circuit, e.g. a second signal ¢ 
bias winding with N, turns and resistance R>, then 


ofp a 1S GER RE 26 ee 
where in) == L,/R>. i 
The main point, when considering the influence on the tim 
constant of the main winding, is that even when this winding 
short-circuited its influence is limited by the self-saturatio 
rectifiers, which are blocked for some parts of each cycle. 
In some cases this influence is further reduced by the resistanc 
of the load on the winding, but in what follows the circuit « 
Fig. 3 only is considered, since it is known from theory an 


i 


Fig. 3.—The self-saturating transductor discussed in the paper. | 


practice that the influence is largest in such a circuit and | 
independent on the load resistance. 

An expression for the influence of the main winding has bal 
given in Reference 1, but a more easily deduced relation is th 
given in Section 12.1. This relation is 


. =? (oe : Wiser em ie, 
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where (zr — f) is the portion of each cycle during which there | 
a blocking voltage across one of the self-saturation rectifie 
(e.g. A, Fig. 3), and 7, is the time-constant of the main windit! 
calculated in the same way as 7,. 

The correctness of this expression may be checked for B = 18 
because 7, is then added to the control-winding time-cons 


I) 


4), and it can also be seen that when B = 0 there can be 
> influence because one of the rectifiers will then always be 
ocked so that the main-winding circuit may be regarded 


“is open. 


‘In the elementary theory of the static operation of the trans- 
fuctor, where small excitation currents in the main windings are 


neglected, it is found that the rectifiers are blocked during each 


between the firing angle ~), where the one element saturates, 
a. With this elementary theory we should thus find that 
= Xo. 
| Experiments show, however, that the addition to the time- 
constant from the main winding is less than that given by sub- 
ituting «) for B in eqn. (5). The reason for this is that the 


_ self-saturation rectifiers are blocked for a longer period than 
‘that determined by the firing angle «. 


The increase is due to 
hanges i in small excitation currents flowing in the main winding 


‘of an element when it is not saturated, as will be explained in 
L 


tion 4. 


) BLOCKING PERIODS OF SELF-SATURATION RECTIFIERS 
The following analysis relates to a transductor of the type 
‘shown in Fig. 3, with a core characteristic as shown in Fig. 4. 
ij purely resistive load and an alternating input waveform of 
rectangular shape are assumed. 


\f 8 


Fig. 4.—Idealized saturation curve for the transductor cores. 
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4. 1) Case in which the Control-Circuit Resistance is Infinite or 
Completely Smoothed by a Reactor 


Fig. 5(a) shows the alternating voltage and corresponding 
current in the two transductor elements, and Fig. 5(b) shows 
how the voltage is divided between induced voltage in the 
element, voltage drop in the load and winding resistance, and 
blocking voltage in the rectifiers. 

Consider element A when « = 0 and the magnetic induction 
just beginning to-rise. The instantaneous voltage across the 
| element i is 


where v is the alternating voltage and i, and i, are the small 
“urrents in the elements. This voltage is divided between 
induced voltage and voltage drop i,Ry. 

_ At « =a, the element becomes saturated, and i, increases 
suddenly to a value limited only by Ry + Ry; then when « = 7 
he alternating voltage changes direction and the induced voltage 


by Ry + Ry) and it therefore regains its original state very 
(shortly before % +7. Between this point and a + 7 there 

vill be, as can be seen from the diagram, a very high blocking 
voltage across the self-saturation rectifier; this will begin to 
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Vv 


BLOCKING VOLTAGE INDUCED VOLTAGE 
VALVE A ELEMENT A 
(8) 


5.—Action of a transductor with a saturation curve as shown 
in Fig: 4, having fully smoothed control current (or no control 
current). 


Fig. 


It is clear that the high blocking voltage is a consequence of 
the change, due to voltage drop in R,, of the small excitation 
current in the main winding. In practice, the peak will be 
reduced because of the actual shape of the saturation curves of the 
iron cores, which differ from the ideal. 


(4.2) Case in which the Control-Circuit Resistance is Zero 


Even though the condition of zero resistance cannot be 
realized in practice, it is of great interest. If the control-circuit 
resistance were zero, the induced voltage in the two elements at 
every instant would be exactly equal but opposite in direction. 
Thus, if a current i, were flowing in element A this would give 
a voltage drop i,R,, and a corresponding blocking voltage 
would appear across rectifier B. 

Hence, only one element could be carrying current at any one 
time and each rectifier would be blocked for exactly one half of 
every cycle. This would be possible because there would be 
alternating current in the control winding. 

The mode of operation.is shown in Fig. 6, in which (a) shows 
the alternating voltage and the two element currents; (6) shows 
how the voltage is divided between induced voltage, resistive 
voltage drop, and blocking voltage; and (c) shows the current in 
the control winding. 

At « = 0 the magnetic induction in element A is starting to 
rise. This cannot be due to current in the main winding, but is 
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(c) 


Fig. 6.—Action of a transductor corresponding to Fig. 5 but with fully 
short-circuited control windings. 


caused by an increasing current flowing in the short-circuited 
control winding. At « = a /2 the main winding begins to carry 
current, with twice the change corresponding to the flux change. 
However, at the same time, the current in the control winding is 
decreasing, so that the difference gives the necessary excitation 
current. The diagrams show that the induced voltages in the two 
elements are thus equal. 


(4.3) Comparison of Cases in Sections 4.1 and 4.2 


It is interesting to compare the two cases of infinite and zero 
control-circuit resistance. Jn the first case the blocking angle 
is 7 — « and in the second it is 7, and for all practical values of 
control-circuit resistance the angle must therefore lie between 
these limits. It is possible to confirm this by direct calculation, 
but the values so obtained are unlikely to be accurate because of 
various unavoidable approximations. 

With sinusoidal alternating voltages the results are almost the 
same as with rectangular waveforms. 


(5) EXPERIMENTAL MEASUREMENT OF BLOCKING ANGLES 
The transductor used for experimental measurements had the 

characteristics given in Section 12.2. It will be seen that these 

characteristics were made as nearly ideal as possible. 


° 
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To determine the blocking voltages across the rectifiers it wat 
found necessary to make a special battery-driven d.c. electronic 
amplifier, since the measurements would otherwise have beer 
upset by earthing difficulties in connection with the capacitance: 
of rectifiers and cores. 

Figs. 7 and 8 show oscillograms of the blocking voltage across 
the self-saturation rectifiers. Fig. 7 relates to an open control 


Fig. 7.—Voltage waveform across the self-saturation rectifier described 


in Section 12,2 with an open control winding. 
The waveform corresponds to the theoretical relations represented in Fig. 5. 


| 
Fig. 8.—Waveform as for Fig. 7 but with short-circuited control 
winding, corresponding to the theoretical relations in Fig. 6. 

The scale for Fig. 7 has been reduced to a little less than half that of Fig. 8. { 
circuit and Fig. 8 to a short-circuited control winding. Compared 
with the diagrams of Figs. 5 and 6, there is good agreement even 
if the peak of the blocking voltage for Fig. 7 is reduced by the 
non-ideal properties of the core material. 

Measurement of the blocking angles (i.e. the intervals in each 
cycle during which the rectifiers were blocked) was made as 
follows. 

A cathode-ray oscillograph was used, with the output from the 
electronic amplifier providing X-deflection and a sinusoid of 
controllable phase the Y-deflection. The phase regulator was 
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Fig. 9.—Measured blocking angles for the transductor as a function ol 
output voltage (current) for different values of resistance in the 
control circuit. 


first set so that the start of the blocking interval was at a certain 
‘point on the screen and then turned until the end of the interval 
| was at the same point, the difference between the two readings 
| regulator thus being the angle of the blocking interval. 

eadings could be made to an accuracy of 1 or 2°. 
\% Fig. 9 shows blocking angle as a function of output current 
‘(or output voltage) for different values of resistance in the control 
circuit. It can be seen from this Figure that the angle is nearly 
“equal to 7 even when the control-circuit resistance is high. The 
calculated value is 7 — a, from the relation between alternating 
voltage and output voltage. The experiments showed that there 
was no relation between blocking angle and firing angle. 

The experimental results for the open-control-circuit con- 

‘dition is close to the calculated value of 7 — a, (see Fig. 5). 
‘It is apparent that angles greater than 7 can occur. No 
| theoretical explanation for this has yet been found, although it 
‘cannot be due to errors in measurement. 
__ It is worth mentioning that at both ends of the blocking 
interval the blocking voltage on the rectifiers was extremely 
‘small, so that the blocking angle could easily be changed by 
even a small transient signal. This effect would probably be less 
Pronounced with other self-saturating circuits without separate 
‘Tectifiers for self-saturation. 


) (6) THE CONSEQUENCES OF EQN. (5) 
’ A common requirement is to reduce the time-constant of a 
|transductor without too great a reduction in amplification. 
| When the resistance of the control winding is increased, the time- 
constant will be reduced, but, according to eqn. (5), not as much 
as the amplification. 

| If m denotes the relative addition contributed by the main 
winding to the time-constant as determined by the control 
winding only, we have 
* Se. 


ne 


m= 


and eqns. (6) and (5) will give 


! 
1 9 


(7) 


m= 


Fig. 10.—Percentage addition to the calculated time-constant t7 from 
_ the main winding as a function of ts/ty for different values of B 
(blocking angle = a — f). 
\ 
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This relation shows that, theoretically, the value of 7, can 
always be made as small as desired; it is shown graphically in 
Fig. 10. Even if 8 is a function of Rg, the addition m will never 
exceed a certain value (corresponding to 8 = x). This means 
that the addition to the time-constant 77 is dependent on 77, 
itself. It also varies with Rg, partly as a result of the simple 
relation between 7, and Ry, [which may be incorporated in 
eqn. (7)], and partly because of the more complicated relation 
between R, and the blocking angle, shown as measured in Fig. 9. 

It should be noted in passing that the expression “residual 
time-constant”’ normally refers only to the half-cycle delay 
resulting from the nature of the output, while the addition m 
just discussed has no relation to the supply frequency. 


(7) MEASUREMENT OF TIME-CONSTANTS 
Experimental measurements of the time-constant of the 
transductor described in Section 12.2 were made with the 
circuit shown in Fig. 11. The variable-frequency generator, 


SIGNAL GENERATOR 


lea]alaye 


Fig. 11.—Arrangement for the measurement of the phase-shift between 
input voltage Vs and output voltage Vy of a transductor. 


which had a frequency range of 0-5-64rad/s, consisted of a 
rotating potentiometer with sinusoidally-distributed resistance 
connected to a commutator with 100 segments. The winding 
was fed with direct current from slip rings as shown. One 
alternating voltage was taken from two fixed brushes, and a 
second voltage was tapped from a movable brush on the com- 
mutator and a slip ring connected to the centre of the potentio- 
meter. The phase displacement between the two voltages, which 
could thus be varied, was read on a scale showing the position 
of the movable brush. 

The phase-shift between input voltage and output voltage was 
determined by using a wattmeter as a zero-reading instrument, 
the movable brush being adjusted until the wattmeter gave no 
reading. The d.c. output from the transductor was compensated 
by a battery, as shown in the Figure, to reduce the movement of 
the wattmeter pointer. This method enabled readings to be 
made to an accuracy of 1 or 2°. 

At low values of the frequency w, the wattmeter had too little 
damping and it was necessary to use instead an oscillograph in 
conjunction with a quick-acting filter for the pulses in the output 
voltage. This method of measurement was rather less accurate 
than the wattmeter method and larger signals had to be used. 
With the wattmeter the output varied about 5 volts; with the 
oscillograph the variation was about 15 volts. 
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To avoid influence from bias windings, all measurements were 
made at the point in the static transductor characteristic where 
I; was zero. 


(7.1) Direct Determination of the Time-Constant 


The direct. process, which was used to check the results of the 
previous determination, consisted in measuring 77 and Tr with 
Rs as a parameter. 77 was determined from the slope of the 
static characteristic at the point where V,; =0, and since this 
characteristic changes its shape slightly when Rg, is changed, 
Tp was measured independently for each value of Rs. tT; was 
measured as already described by means of the phase-shift 
between V, and V,. 

Figs. 12 and 13 show the results of the measurements, the 
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Fig. 12.—Comparison between measured values of tr — tr (full-line 


curve) and calculated value (dotted curve) as a function of the 
measured time-constant tr. 


Ol6O:2'5 (O47 Or6S ) OP 6. 25 


fo) | 
0:025 00630) 


Mi et SENG 
Fig. 13.—Measured and calculated values of cea 
i 


full line and circle points in Fig. 12 giving 77; — 77 and those 


she Tr —T, 
in Fig. 13 giving m = = oe 


7 
The dotted curves were calculated in the following way: The 
values from Fig. 9 were inserted in eqn. (5) to determine f, 


and 7; was determined as 27; from the measurement aboyy 
Cy oe ae Ci ee 5) Ry 

The agreement between the measured and calculated value 
(on the basis of measured blocking angles) is seen to be quit 
satisfactory. The measured addition is a little higher than th 
calculated value, but the difference in the range with the be: 
time-constant determination is within 0-5—1-0 cycle and there : 
reason to expect a delay of a little less than half a cycle. This: 
because a signal in the beginning of the half-cycle will first t 
represented in the output in the later part of the same half-cycl 
and a signal in the later part of a half-cycle will first be repre 
sented in the next half-cycle. 

The cross-points on Figs. 12 and 13 show the results of directl 
measuring the addition m from the main winding, as dane i 
Section 7.2. 


(7.2) Measurement of the Addition to the Time-Constant 


Fig. 14 shows a magnetic core on which the primary windin 
corresponds to the control winding and the secondary windin 


Rg tT) M 


Ly 
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Fig. 14.—Diagram of magnetic core with an excitation winding an 
a short-circuited secondary winding, to illustrate measurement o 
additional time-constant. 


corresponds to an additional time-constant. The followin 
relations apply: 
(Rs + pLph + pMI, = Vy . ‘ . : ¢: 
DMI, + (Ry phy ba] 0, Ss eG 
4 1 + pr 
vf s & 08 
7 Rs 1+ prs +372 ‘ 
VON, 
and LN, + LN> = cae . (i 
iM + No Roll pea ( 
I 1 
1 7 ++ pT 2 a F 


LN, + 5N> ae 


This means that the phase-shift between the primary curren 
and the field in the core is dependent on the secondary time 
constant only. For the transductor the output voltage follow 
the mean flux and the equation shows that the phase-displacemen 
between control current, /;, and output voltage Vy shoul 
depend exclusively on the addition from the main winding. 

The additional time-constant was measured in a similar wa’ 
to 7;, but in this case from the phase-shift between J, and V, 
for different values of R,, and with the difference that a therma 
wattmeter coupling was used, to avoid any influence on th 
control current. 

Considering how small in comparison with the supply fre 
quency were the time-constants measured in this way, the agree 
ment between the indirect and direct measurements seems t 
confirm that eqn. (5) is useful. With large time-constants, wher 
the oscillograph method was used to determine phase-shift, th 
agreement was not so good, and one reason for this may b 


i: & 
ta 
iP 
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\that it was necessary to use larger signals, which influenced the 
blocking interval. The oscillograms also showed traces of even 
lharmonics of the signal frequency in the output voltage, and this 
jmight be explained similarly by the signal size. 


(8) EFFECTS OF COUPLINGS WITH NEGATIVE FEEDBACK 
FROM THE OUTPUT VOLTAGE 
| Much consideration has been given in recent years to increasing 
the speed of transductors by the use of couplings with negative 
feedback. from the output voltage. To simplify the analysis of 
[this method it is convenient to assume the same number of turns 
in the control winding as in the main winding. 
It is shown in Reference 1 that the relation 
} 1 dVy 
r= 
2f dV 
holds equally with positive and negative feedback (without delay 
in the feedback circuit), and also that the percentage addition of 
a secondary time-constant to the time-constant from the control 
‘winding is not altered when the total time-constant T; is changed 
‘by means of feedback. In fact, this is a consequence of energy- 
storing in the transductor. 
Consider now a transductor coupling, with equal numbers of 
turns in the two windings, having a current gain k;, a voltage 
gain k,, and a time-constant (neglecting the addition from the 
main winding) 7, = k,/2/f. 
Assume also that the characteristic includes some complex 
non-linearity, and examine the effects of changing the coupling 
circuit in three different ways, as shown in Figs. 15, 16 and 17. 


Fig. 15.—Transductor coupling in which the time-constant is reduced 
by means of a series resistance. 


The arrangement of Fig. 15 is designed to reduce the time- 

constant by means of a resistor in series with the control winding 
so that k, = 1. Fig. 16 has negative feedback from the output 
voltage (by summation of voltage), while Fig. 17 provides 
la feedback from the output voltage by means of a second 
control winding (by summation of magnetomotive forces) and is 
assumed to be so arranged that k, = 1. 
\ The properties of the three couplings are compared in Table 1. 
' It can be seen that the main advantage of the arrangement 
shown in Fig. 16 is increased linearity compared with that of 
Fig. 15. It is obvious that the coupling in Fig. 17 has no practical 
use with so high a degree of feedback. 

Consider now the effects, on the circuit of Figs. 15 and 16, of 
an additional time-constant due to the main winding. 

“i For Fig. 15 it has already been shown that the time-constant 


- 
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Fig. 16.—Transductor coupling in which the time-constant is reduced 
by means of negative feedback. _ 


Fig. 17.—Transductor coupling in which the time-constant is reduced 
by means of negative feedback from a second control winding. 


Table 1 
Power gain | Time-constant Linearity 
Coupling as in Fig. 15 .. k; 1/2f — 
Coupling as in Fig. 16.. k; 1/2f Increased 
Coupling as in Fig. 17 .. | kilky \Q)2f\@s-+ty)/ts| Increased 


ty is the time-constant of the secondary control circuit shown in Fig. 17. 


1/2, f must be multiplied by a certain factor. The arrangement in 
Fig. 16 is affected quite differently. An additional time-constant 
alters the phase relation between control current and output 
voltage, so that when, for example, the addition is due to an 
increase in Vg, its first result will be a control current greater than 
that in the stationary state. It can also be said that the output 
power through the control winding will momentarily come from 
the input power source, because the impedance against a surge 
impulse of the control winding is reduced by the secondary time- 
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constant. The result of this will be not an addition to the time- 
constant from the main winding, but an overshoot of the control 
current during transient conditions. 

Normally, the input power is small, which is the reason for 
the use of the amplifier. The input power source may therefore 
be considered: as an e.m.f. in series with an impedance, and with 
impedance matching this will be of magnitude R,; = AV,/AJ,, 
where AJ, and AV, are the variations in the range over which 
the amplifier is used. 

The overshoot in control current during transient conditions 
will, however, give a voltage drop in the series resistance 
R,, and thus will reduce the signal, so delaying the transductor. 
It is therefore almost as important to keep the additional time- 
constant low for the circuit of Fig. 16 as for that of Fig. 15. 

What has been said about the additional time-constant from 
the power winding applies also for time constants from bias 
windings. 

The circuit for negative feedback where the control winding 
itself is used to produce a voltage equal to the output voltage, 
by Ramey,° differs not in this respect from Fig. 16, except 
that the rectifiers will limit the overshoot (dependent on mag- 
nitude and direction of the signal), so that a time delay will 
occur partly as for Fig. 15. 

It has been suggested* that the negative feedback circuit of 
Fig. 16 should be especially advantageous for transductors using 
magnetic material with a rectangular hysteresis loop. In this 
connection it is worth remembering that so high a degree of 
negative feedback is not normally necessary and that the couplings 
of Figs. 15 and 16, or 15 and 17, can be combined so that just 
sufficient feedback is introduced to give a suitable linearity, 
while the time-constant is reduced by a resistance in series with 
the control winding. 

A great advantage, however, of the coupling in Fig. 16 is that 
a signal in the negative direction will not increase the output, 
a property not possessed by most transductor couplings. 


(9) CONCLUSIONS 

The theoretical and experimental evidence given here shows 
that the main winding of a self-saturating transductor influences 
the time-constant for small signals to an extent dependent on the 
blocking intervals of the self-saturation rectifiers and the resistance 
of the main winding. In addition, however, the blocking interval 
is evidently directly dependent on the amplitude of the output 
signal; this agrees with the normal experience that a transductor 
usually has a faster response when its output is increased, 
this effect being dependent on the me of signal amplitude to 
blocking voltage. 

When making a fast transductor it is therefore important to 
choose a circuit where the blocking voltage across the self- 
saturation rectifiers is large, and this is why the circuits without 
separate self-saturation rectifiers are, as is generally known, better 
than that shown in Fig. 3. An additional reason for this may 
be the greater number of rectifier plates, which at small currents 
will reduce the time-constant of the main winding considerably 
because the resistance is larger. 

When selenium rectifiers are used a further reason is that a 
large signal for increasing output will increase the size of the 
blocking voltage and thus increase the leakage current. This 
phenomenon will be less pronounced for transductors without 
separate self-saturation rectifiers than for that of Fig. 3, given 
the same value of blocking voltage for the rectifiers in the 
two cases. 
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(12) APPENDICES 
(12.1) Deduction of a Formula for the Influence of the Main 
Winding on the Time-Constant of a Transductor 


The formula derived below is given in Reference 1 but with 
different assumptions. 

Consider the circuit of Fig. 3, which, neglecting the leakage 
reactance between the main winding and the control windings, is 
equivalent to a circuit proposed by M. O. Jorgensen of Copen- 
hagen and shown in Fig. 18. The time-constant is found by 


Ry 


rilz 


(a) (6) 


Fig. 18.—(a) Transductor circuit discussed inthe paper. (6) Equivalent 
diagram assuming no leakage field between control winding and 
main winding. 


determining the change of flux in one element in half a cycle 
when a voltage V, is applied to the control winding. 

The resistance of the control winding is R, and the self- 
inductance of each element is L when unsaturated and 0 when 
saturated. 7, for the control circuit is 2L/Ry. 

It is clear that four different cases must be examined: when the 
rectifiers are open (conducting) and blocked, and also when the 
elements are saturated and unsaturated. For each interval the 
law of superposition may be used. 

An expression for the change of output voltage in half a cycle 
may be found from the change of flux in half a cycle for one 
element due to the control voltage Vz. 

Taking first an interval where the flux in A is decreasing and 
that in B is increasing, if at such a time a control voltage Vg is 
applied in the direction giving increased output, this will cause 
the flux in A to drop more slowly and the flux in B to rise faster, 
reaching saturation a short time before the stationary firing 
angle x. Element A will therefore “inherit” flux from element B. 
This phenomenon is described in References 1 and 3. 

The consequence is that the total change of flux for one element 
is equal to the sum of the changes from the stationary state for 
both elements in each part of the half-cycle. — 

Fig. 19 shows the voltage v and the element currents i, and ig, 
representing a general case in which is covered both Fig. 5 and 
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Fig. 19.—General relation between alternating voltage and the two 
| currents in main windings of the transductor, corresponding to 
| | -the two cases in Figs. 5 and 6. 


of the intervals a, «>, «3; and «4. 
' Table 2 shows the conditions of the rectifiers and elements in 
‘the four intervals. 


Fig. 6, no assumption having been made concerning the lengths 
| 
| 


by Table 2 
Element Rectifier 
A B A B 
Unsaturated | Unsaturated | Blocked Open 
Unsaturated | Unsaturated Open Open 
Unsaturated | Unsaturated Open Blocked 
Saturated Unsaturated Open Blocked 


Fig. 


\ 


i 
| 


.—Simplified equivalent diagrams corresponding to Fig. 18 for 


| 
the four intervals «1, «2, «3 and «4. 
. : 


| _ For each of these four cases an equivalent diagram may be 
drawn, as shown in Fig. 20, and the products of voltage and 
‘interval-length for the two transductor cores given in Table 3 
‘may then be found. 

; Table 3 


Product of voltage and interval-length 


Element A Element B 


0 
LOK ae 
2 Ry + Rs/2” 


LO aks Vs 
2 Ry + Rs/2 * 
0- ‘ V503 
0 V504 


The sum of these terms is inversely proportional to the time- 
constant, thus 
rai regs Ry 
Be - Tr Ry 


( ae Rs/2 ue) 
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If the influence from the main winding were neglected, this 
would become 


1 2 
Cai LO ag 1g nee 4 
Tr WANE Ts; (14) 
which gives 
1 bd ps (+ + a3 + a4 a Ry (15) 
wily a Ts at 7 Ry + Rg/2 : 


Now, if the blocking interval for the self-saturation rectifier is 


designated 7 — B, introducing tT, = au gives 
Vv 
ee oy la B 1 ; B 1 
Tr ( 7 Shores) i gee 

This expression is given in Reference 1, except that there the 
firing angle is % instead of 8 as a consequence of too simplified 
assumptions. Similar expressions for other transductor couplings 
given in Reference 1 may therefore be assumed to hold when a 
is replaced by 8, where 7 — f is the real blocking angle for the 
rectifiers. 

It should be noted that the time-constant T, in the expressions 
cannot be accurately deduced from the slope of the saturation 
curve, because the small excitation current in the main winding 
will change the slope of the static characteristic of the trans- 
ductor from that of this curve. When using eqn. (16) it is there- 
fore necessary to determine tT, from the measured voltage-gain 
on the static characteristic for each point, thus 

dVn 1 
Tig = dV ti . (17) 
with the same number of turns in the windings and with the 
internal voltage drop included in V,,. 


(16) 


(12.2) Details of the Transductor used in the Experiments 
(12.2.1) Cores 
The transductor used for the experiments was made from 
interleaved stampings with the dimensions shown in Fig. 21. 


80 mm 


25 ec 


Fig. 21.—Shape and dimensions of the laminations used. 


The stampings were of cold-rolled steel, Armco Trancor XX 
grade, annealed in a protective atmosphere after stamping. 
Fach core consisted of 72 layers with a total stack height of 
30mm. The rolling direction was parallel to the legs and the 
average length of the magnetic path was 23cm. The frequency 
of the supply was 50 c/s. 

Each core had two windings of 0:45mm-diameter double- 
enamelled wire, each winding being of 1250 turns and the 
two being wound as a double wire, one for the control winding 
and the other for the main winding. This method involved some 
risk of insulation breakdown, but ensured equal numbers of 
turns and eliminated leakage reactance between the two windings. 
The capacitance between the windings was found to be 0-04 nF, 
corresponding to 80000 ohms at 50c/s. 
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Fig. 22.—Hysteresis loop for one transductor element, measured 
at 50c/s. 


160hms ms 


© 


VOLTS 


VOLTAGE, 


fo as 
O71 o2 o3 04 O5 0-6 
- CURRENT, amp CURVES (a) AND (6) 
0-1 


0:2 
CURRENT, amp CURVES (¢)AND (d) 


Fig. 23.—Relation between direct voltage-drop and current for the 
rectifier valves (8 anodes in parallel). 


The resistance of each winding was 20:7 ohms at 20°C, The 
copper in each core, when fed with direct current, could dissipate 
14 watts for a rise in temperature of 60°C. 


Fig. 22 shows the B/H curve for the core, measured at 50c¢/s 
given in terms of the mean voltage induced in the main windins 
at the particular value of B, plotted against maximum curren’ 
measured by the method described in Reference 1, using 
synchronous operating contact in connection with a dec 
voltmeter. 
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Fig. 24.—Output voltage [Jy(Ry+ Ry)] as a function of contro! 
current for different values of Ry + Ry. 


(12.2.2) Rectifiers. 


To secure characteristics as linear as possible and to avoic 
leakage currents, hot-cathode vacuum tubes were used (Philips 
type Cy. 2). For each of the two self-saturation rectifiers, fout 
tubes each with two anodes were connected in parallel. The 
characteristic is shown in Fig. 23. The resistance of each rectifie1 
was 16 ohms. The resistance of 16 ohms for the self-saturation 
rectifier was included in Ry, so that Ry was 36 ohms. 

The main rectifier was bridge-connected, with four anodes ir 
parallel for each branch. In all, 16 tubes were used in the 
circuit. 

The resistance of the main rectifier (64 ohms) was included 
in Ry. 

All measurements of time-constants were made with a load 
resistance of 250 ohms, and the static characteristics were cal- 
culated so that Vi = Iy(16 + 20 + 250 + 64) = Jy, X 350 ohms. 
It is obvious that the non-linear characteristic of the rectifier gives 
an almost negligible error in this determination. 

Fig. 24 shows static characteristics at three different load 
resistances with V,, = 220 x 0:9 = 198 volts. On this graph 
the dotted line is the saturation curve from Fig. 22 displaced sc 
that the point at 50mA gives 198 volts. 

There is satisfactory agreement between the measured and 
calculated curves, considering that hysteresis influences the 
characteristic in a complicated manner. 


ala 


a 318.435.3: 621.316.722 


>. = 


z SUMMARY 


An analysis of the behaviour of the single-core, auto-self-excited, 
| transductor element is made for the condition when the control circuit 
has finite resistance. Consideration is given to control by direct- 
voltage signal as an introduction to the performance with an alternating- 
voltage signal of the same frequency as the supply. Factors influencing 
the output characteristic are examined, and methods of improvement, 
‘such as phase shift and special bias arrangements, are discussed. 

k 'The a.c. control of full-wave transductors and some push-pull 
‘circuits with half-wave and full-wave outputs are referred to. The 
| behaviour of a typical push-pull 4-element design is examined experi- 
‘mentally, and its performance when the control is by alternating- 
‘voltage signal is compared with that for direct-voltage control. 
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) LIST OF PRINCIPAL SYMBOLS 


' 7 = Instantaneous current in the main circuit, amp. 
| 4, = Instantaneous current in the control circuit, amp. 
| | I, = Control current (mean), amp. 
L = Inductance of a single-element main winding, H. 
_L, = Inductance of a single-element bias winding, H. 
| L, = Inductance of a single-element control winding, H. 
_. M = Mutual inductance of the control and main circuit, H. 
Wei. M = \/LL,. 
| _N, = Number of turns in the main winding of each transductor 
Ir, element. 
N, = Number of turns of bias winding on each element. 
| N, = Number of control turns on each element. 
Ne= = Number of feedback turns on each element. 
R = Load resistance, ohms. 
_R, = Total resistance of the bias circuit, ohms. 
R, = Total resistance of the control circuit, ohms. 
_| Ry = Total resistance of feedback circuit, ohms. 
R, = Series-summing resistance, ohms. 
‘Vy = Average load voltage, volts. 
_V. = Signal voltage applied to the control circuit, direct or 
peak value, volts. 
= Peak transductor supply voltage, volts. 
= Reverse voltage sustained by the rectifier, volts. 
a = Angle at which the transductor element saturates. 
B = Angle at which the rectifier stops conducting. 
y = Angle at which the rectifier starts conducting. 
= arc tan (wL,/R,). 
= Angular displacement of signal voltage relative to supply 
¥ voltage. 
'®, = Saturation flux per single core, maxwells. 
| w = Angular frequency of supply, rad/sec. 


} 
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(1) INTRODUCTION 

_Transductor theory has been developed fully for d.c. control 
MP iditions with the signal windings arranged on two cores in 
'series opposition so that the voltages induced in the control 
circuit are not of large resultant magnitude.! For these circuit 
||. ..-2= Sa 
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conditions the transductors respond to d.c. and low-frequency 
signals. For signals of the same frequency as that of the trans- 
ductor supply source, series-opposition control windings are not 
used, but instead the control circuit contains a high impedance 
to restrict the effect of voltage induced from the supply circuit. 
This class of circuit with a.c. control has characteristics rather 
different from those of normal d.c.-controlled transductors, but 
very little information on this matter is available in the literature 
of the subject. 

A single-core transductor with a main winding, N,,, in series 
with an auto-self-excitation rectifier and a resistance R repre- 
senting the load, and with a control winding N, connected to a 
source of signal through a large resistance R., is shown in Fig. 1(a). 
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Fig. 1.—Single-element auto-self-excited transductor. 


(a) Circuit with direct-voltage control. 
(5) Typical characteristics with change of control-circuit resistance. 
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To provide a suitable foundation for the subsequent development 
of a.c. control theory, it is desirable first to consider the behaviour 
of this circuit with a direct-voltage signal applied to the control 
circuit. Previous explanations of the action of this circuit have 
been over-simplified or idealized by the assumption that the 
control current is completely smoothed by a large choke in the 
circuit. An exception is the treatment by E. J. Smith, who 
shows that with finite resistance, R,, control characteristics as 
in Fig. 1(6) are obtained. From these, reduction of the control- 
source resistance is seen to decrease the sensitivity of the region 
of the characteristic normally used.2_ Characteristics similar to 
those of Fig. 1(6) are derived analytically in Section 2, and the 
idealized waveforms for the action are presented for a full 
understanding of the circuit behaviour. With this background 
the changes which occur when an alternating signal voltage is 
applied to the control circuit in place of a direct-voltage signal 
are more fully appreciated. 

Special effects observed in the a.c. control of single-element 
transductors are discussed, and consideration is given to 2-element 
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circuits for full-wave output and to various push-pull arrange- 
ments. 

Other possible amplifier arrangements responding to signals 
of the same frequency as the supply may be mentioned. A phase- 
sensitive rectifier may be used to produce a rectified output of 
polarity dependent on the signal phase, and this output may 
then be applied to conventional d.c.-controlled transductor 
arrangements. A second method of handling an alternating- 
voltage signal is to apply one half-cycle to one transductor and 
the other half-cycle to a second transductor by means of routing 
rectifiers and then to combine the two transductor outputs. so 


N R 


Ng +oE + E tig 


> 5 a 
Vsinot  AUTNG Bh S }}i ~ 
D 


4 


r 


MILNES AND LAW: A.C. CONTROLLED TRANSDUCTORS 


4 

Further simplifications made in the treatment are that the 

winding resistances are negligible and that the auto-self-excitation 

rectifier has negligible forward resistance and infinite reverse 
resistance. 


(2.1) Circuit Action 


For the single-element circuit with direct-voltage control 
there are two main modes of action to be considered. One 
relates to the high-slope region of the characteristic used for 
amplification and the other to the low-slope region that occurs 
at large negative control signals. These modes of action are 
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Fig. 2.—Theoretical waveforms for single auto-self-excited element with direct-voltage signal source of finite resistance. 


The waveforms are drawn for the full supply-voltage rating of the element. The 
control turns are equal to the main-winding turns, the control-circuit resistance is equal 
to the control-winding reactance and the load resistance is taken as one-thirtieth of 
the main-winding reactance. Control-voltage conditions are as follows: 


(QAg) VelRe = — 3Vp/oL, 
(Am) Ve/Re = — VyloL, 
(n)-(7) VelRe = + $V p/oL. 


that the required form of resultant output (a.c. or d.c.) is obtained. 
This technique has been applied by Maine to reset transductors 
of the Ramey type to produce a.c. or d.c. push-pull outputs with 
alternating-voltage control signals.? 


(2) SINGLE-ELEMENT BEHAVIOUR WITH DIRECT-VOLTAGE 
CONTROL 

The theoretical treatment which follows for the single-element 
circuit is idealized by the assumption of a core B/H charac- 
teristic that is a straight line, i.e. of constant permeability, up to 
the level of complete flux saturation. No attempt is made to 
take account of hysteresis in the assumed saturation charac- 
teristic since this would add appreciably to the complexity of the 
analysis, and the linear B/H characteristic assumed is quite 
sufficient to yield instructive characteristics and waveforms not 
far removed from those observed in practice. 


(a) Single-element circuit. 

ey Assumed core-magnetization characteristic. 
(c), (A), (n) Supply and voltage across main winding. 
(d),(j), bed Voltage across circuit rectifier. 
(e), (kK), (p) Core flux. 
(f),(), (g) Current in control circuit. 
(g), (m), (7) Current in load. 


illustrated by the theoretical waveforms in Fig. 2, and the 
particular circuit conditions that these represent are stated in the 
captions. 

For a positive control current equal to half the saturation- 
knee current of the assumed core magnetization characteristic 
[Fig. 2(b)], the corresponding waveforms are given in Figs. 2(n) 
to 2(r). Consider, the cycle of events occurring between « and 
27 + «, in sequence, commencing with the period « to @ during 
which the core is saturated in the positive sense. Since the core 
is saturated the whole of the supply voltage appears across the 
load, and the load current is therefore of sinusoidal form 
(V, sin wt)/R between the limits « and @. (In the waveform in 
Fig. 2(r) the amplitude of the load current in this region has 
had to be shown in compressed form for ease of representation.) 
During this period no voltage is induced into the control circuit 
from the main circuit because the core is saturated, and therefore 
the control-circuit current is determined directly by the signa) 


decreases as shown in Fig. 2(r). 


' decay. 
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Be a and the circuit resistance and is constant as shown in 
ig. 2(q). 

| At the angular position 0, shortly before 7, the main circuit 
excitation has fallen to a value which makes the total excitation 
on the core equal to that of the knee of the saturation charac- 
teristic, and the core therefore desaturates. Between 0 and £ 
core sustains negative voltage and the main circuit current 
In the control circuit the 
‘Induced voltage causes the control current to increase, as in 
Fig. 2(q), as may be seen by observing the circuit-winding 
senses and current directions marked in the circuit diagram of 


Fig. 2(a). 


become zero and the voltage across the main winding is just 
equal to the supply voltage as shown in Fig. 2(n). Since the 


| spe is Zero it is then possible for the circuit rectifier to begin 


to sustain reverse voltage, which it does between B and y, as in 
Fig. 2(0). During this period the main circuit current is zero 
but the voltage across the core main winding changes 
exponentially. In the control circuit this induces an exponential 
decay of current, which, because of the change of core excitation, 
corresponds to an exponential decrease of core flux, and on 
differentiation this accounts for the exponential decrease of 


element voltage. 


The interval of rectifier reverse voltage continues until the 


/angular instant y at which the supply voltage has decreased to 


the value of the element voltage in its process of exponential 
Then follows a period y to 27 +a during which 
Magnetizing current again flows in the main circuit and the 
core sustains a positive voltage and the core flux increases. The 
control-circuit current during this period tends to dip as shown 


iy 


At the angular position 8 the current in the main circuit has ° 
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in Fig. 2(q) because the element voltage induced on the circuit 
opposes the signal voltage. The core flux increases until satura- 
tion at 277 + a, which completes the cycle of events. 

Waveforms Figs. 2(h) to 2(m) show the same mode of action 
at a very retarded triggering angle «, corresponding to a low 
transductor output—the mean control current for the condition 
illustrated corresponds to the negative saturation knee condition 
(ie. V.[R, = —V,/wL}. From the waveforms of Figs. 2() 
and 2(m) it is seen that the control and main circuit currents may 
exceed the saturation knee values, but the resultant combined 
excitation at all times corresponds to the flux and must not of 
course exceed the knee excitation if the core is unsaturated. 

The other principal mode of action is that on the low-slope 
region of the characteristic for conditions of large negative 
signal. This is illustrated by the waveforms Figs. 2(c) to 2(g) 
in which it is seen that the core now saturates in the negative 
flux direction during a period B to 27 + €. The supply voltage 
is then sustained as rectifier reverse voltage [see Fig. 2(d)]. The 
control-current and main-current waveforms are as shown in 
Figs. 2(f) and 2(g¢) with a resultant value corresponding to the 
core flux variation shown in Fig. 2(e). It will be seen that the 
core reaches negative saturation at 8, but the main circuit current 
is not zero at that instant and therefore a sharp cut-off of the 
main current must occur at 6 as the rectifier takes up reverse 
voltage. Since the element voltage is zero when saturated, the 
control current at B jumps to the value given by V,/R,. 

Between this mode of action and the one discussed previously 
[Figs. 2(h) to 2(m)] there is a transitional mode of action in 
which the main circuit current reaches zero before the core flux 
saturates. This has been examined, but it is not of sufficient 
importance to justify discussion in detail. 
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Fig. 3.—Characteristics of single auto-self-excited element for various control-source resistances (direct-voltage signal). 


a), (c) Theoretical characteristics. 
{> {9 Practical curves for a core of Mumetal. 
(i) Curves for Re = tLe. 
(ii) Curves for Re = wLe. 
(iii) Curves for Re = 2wL. 
All curves are for a load resistance of one-thirtieth of the main-winding unsaturated reactance. 
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(2.2) Theoretical and Practical Characteristics 


The analytical treatment follows directly from the modes of 
action described. For the action represented by the waveforms 
of Figs. 2(7) to 2(r) the equations for the various circuit con- 
ditions are given in Appendix 10.1. For large negative signals 
the mode of action is represented by the waveforms of Figs. 2(c) 
to 2(g), and the analytical expressions are summarized in 
Appendix 10.2. From the analytical expressions given, 
theoretical characteristics of mean load-voltage/signal-voltage 
or current have been calculated and are presented in Figs. 3(a) 
and 3(c). Decrease of control-circuit resistance is seen- to 
increase the sensitivity with respect to voltage for both limbs of 
the characteristic [see Fig. 3(a)], but to require more signal 
current for a given output change [Fig. 3(0)]. 

To confirm these theoretical characteristics, experiments were 
made with a single-element transductor having a core of Mu- 
metal overlapping-E laminations, at 400c/s supply frequency. 
With the circuit proportions of resistance to reactance chosen 
to be about the same as those assumed in the calculations, 
characteristics as in Figs. 3(b) and 3(d) were obtained. The 
agreement between the theoretical and experimental charac- 
teristics in form is reasonable, except in the region of full output, 
where the practical curves have curvatures corresponding to 
the gradual saturation knee of the Mumetal. 

As further confirmation of the treatment, the circuit wave- 
forms were examined and found to be similar in general form 
to those predicted theoretically. 


(3) ALTERNATING-VOLTAGE CONTROL OF 
SINGLE-ELEMENT TRANSDUCTOR 


(3.1) Introduction 


The treatment of the single-element circuit for direct-voltage 
control lays a foundation from which it is possible to proceed 
to the discussion of alternating-voltage control. Here it is 
necessary to take account of the phase of the signal with respect 
to that of the supply. In Fig. 4(a) the in-phase condition is 
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Fig. 4.—Single-element transductor controlled by alternating signal 
voltage of the same frequency as the main circuit supply. 
(a) Circuit diagram. The instantaneous polarities shown for the supply and control 
voltages are defined as the in-phase condition. 
(b) Typical characteristics for equal main and control windings. 
(i) Practical curve for Mumetal-cored element. olf 


(ii) Theoretical curve for alternating-voltage control. 
(iii) Practical curve for direct-voltage control. 


defined as that for which the polarities on A and E (the start: 
of the two windings, as indicated by the dot symbol) are the 
same. 

A brief indication of the type of characteristic obtained witt 
alternating-voltage control is perhaps useful before a detailec 
discussion of the circuit behaviour is undertaken. A typica 
experimental characteristic with in-phase and reverse-phas« 
signals is therefore given as curve (i) in Fig. 4(5). A particulas 
feature of this curve is the rise in output that occurs for in-phase 
signals of large amplitude. With direct-voltage control [Fig. 4(b 
curve (iii)], the analogous condition of large negative-signal input 
causes much less rise in output. It will be appreciated that in 


‘the a.c.-controlled circuit the appreciable response to large in- 


phase signals is inconvenient in the use of the characteristic for 
phase-sensitive amplification. 

Curve (ii) of Fig. 4(5) represents a theoretical characteristic 
for in-phase and reverse-phase control based on the straight-line 
idealization of the core saturation characteristic, as in the 
previous analytical treatment. The theoretical characteristic 
lies above the practical curve [Fig. 4(b) curve (i)], but this arises 
mainly from the voltage loss across the winding and the rectifier 
forward-resistances in the main circuit of the experimental 
transductor. 


(3.2) Control Action for In-phase and Reverse-phase Signals 


For a single-element transductor circuit with in-phase and 
reverse-phase control signals there are three modes of action to 
be considered. In Fig. 4(b) curve (ii) the regions of the charac- 
teristic corresponding to these modes of action are indicated 
by the symbols M1, M2 and M3. 

The action of the circuit is illustrated in Fig. 5, where the 
waveforms (c)-(g) are for an in-phase signal of three times the 
supply-voltage amplitude (M1 operation), and the waveforms 


(h)-(m) are for an in-phase signal equal in amplitude to that of 


the supply voltage (M2 operation). The remaining waveforms. 
(n)(r), are for a reverse-phase signal of supply-voltage amplitude 
which is still in M2 operation near the point where transition 
from M2 to M3 operation occurs. 

Consider initially waveforms (c)(g) commencing from the 
position « at which the core is just saturated. This saturated 
condition continues practically up to a, and the load current 
[Fig. 5(g)] represents the supply voltage appearing across the 
load resistance. Since the element voltage is zero during the 
period, the control current [Fig. 5(f)] corresponds to the full 
signal voltage applied across the control resistance. Almost at z 
the core desaturates, and the voltage across the main winding 
during the ensuing period 7 to f is just slightly greater than the 
negative half-cycle of the supply voltage. This difference which 
exists because of a small voltage drop across the load produced 
by a small positive current flowing in the main circuit, as in 
Fig. 5(g), is explained below. 

During this period 7 to B the voltage across the control- 
circuit resistance is the difference between the signal and element 
voltages, and a corresponding current flows in the circuit. The 
total excitation on the element must, however, correspond tc 
the flux changes in the core [Fig. 5(e)], and since the control- 
circuit current is too negative for that purpose, the required sum 
is made up by a positive magnetizing current flowing in the mair 
circuit as shown in Fig. 5(g). This current becomes zero at f 
and the circuit rectifier then begins to sustain reverse voltage 
The control of the transductor is then taken over by the signa 
circuit, the equation to be satisfied being as follows: | 
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Drawn for the conditions wL,/R. = 1, oL/R = 30, Nu/Ne = 1 with supply voltage 


Ue equal to the full rated value for the element. 


pmercl voltage penditions are as follows: 

(c)-(g) Vel V, 

(A)-(m) Vel 

(n)-(r) VV, = = i ‘with 180° phase difference between control and supply voltages. 


Since the control signal is large, appreciable voltage is developed 
across the element during the period, and the core flux increases 
‘until the positive saturation level is reached at the instant 27 + «. 
The distribution of voltage and current which results in the 
circuit during the period 8 to 27 + « is shown in the waveforms 
Figs. 5(c) to S(g). 

Consider now the mode of action for an in-phase signal equal 
to the supply voltage, this condition being represented by the 
waveforms Figs. 5(/) to 5(m). Here the action is similar to that 
described above except that during the period following f the 
signal voltage loses sole control of the transductor at an angular 
position y. The rectifier then begins to conduct again, and the 
Main circuit and signal circuits share the control of the trans- 
ductor until the core flux is carried into positive saturation at 
2n + a, 

| For a reverse-phase signal equal to the supply voltage, the 
Peicforms are as in Figs. 5(n)-S(r). The waveshapes differ 
rather from those in Figs. 5(/)—5(m), because the rectifier conducts 
at an angle y which is earlier than 27, but the mode of action is 
basically the same. In Fig. 5(n) it will be seen that the element 
voltage is positive for a portion of the period B to y, and this 
roduces a corresponding rise in the flux waveform, Fig. 5(p). 
r larger signal voltages this rise of flux becomes sufficient to 
a further period of core saturation. This third mode of 
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‘ Fig. 5.—Theoretical waveforms for single auto-self-excited element with alternating-voltage signal source of finite resistance. 


(a) Circuit diagram. 
(b) Assumed flux characteristic, 
(c), (A), (n) Supply and control voltages and voltage across main winding. 
(d),(j), (0) Voltage across rectifier. 
(e), (Kk), (p) Core flux. 
(f), (D, (g) Current in control circuit. 
(g), (m), (vr) Current in load. 


circuit action has been fully examined, but it will not be illus- 
trated and discussed in detail here because, as will be seen from 
Fig. 4(6) curve (ii), it represents a region of the characteristic 
that is not as important as those covered by the other two 
modes of behaviour. 

For the modes of action that have been described, the circuit 
behaviour may be treated analytically and expressions derived 
for the load voltage and the angular parameters in terms of the 
signal voltage. In Appendix 10.3 the derivation of these 
expressions is given for the mode of action represented by the 
waveforms of Figs. 5(h) to 5(m). 

In the use of these expressions for the calculation of theoretical 
output characteristics, the first stage is to determine B from 
eqn. (20) for a given signal voltage. The next step is to solve 
eqns. (22) and (23) in order to determine the corresponding 
value of y, and the mean output voltage is then calculable from 
eqns. (19) and (21). 

The treatment of the mode of transductor action represented 
by the waveforms of Figs. 5(c) to 5(g) was made more rigorous 
by the inclusion in the analysis of terms for voltages appearing 
across the load resistance as a result of magnetizing components 
of main circuit current. This refinement was advisable because 
these magnetizing components are rather larger for this mode of 
action than for the others. 


q 
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(3.3) Action with Phase-Shifted Signals 


General circuit equations for the action when the signal 
voltage is displaced relative to the supply voltage by a phase 
shift, say %, may be written down and developed in the same 
way as for the zero-phase-shift condition. The equations 
connecting the angular parameters are, of course, rather more 
ome because of the terms in % and will not be given 

ere 

One condition which has been fully examined, and solved 
numerically, is that for a 7/4 phase lag (or on phase reversal a 
37/4 lead) with the control resistance equal to the control 
winding reactance. The theoretical waveforms calculated for 
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rectifier cut-off, between 7 and 6, occurs in the circuit action 
with phase lag present. Features of this kind, involving variation 
of the circuit action, make the presentation of a full treatment 
for a perfectly general phase shift 7 rather involved and hardly 
worth while. 


(3.4) Theoretical and Practical Characteristics 


The action of the single-element transductor with alternating- 
voltage control has now been discussed in detail for the zero- 
phase-shift and 7/4 phase-lag conditions. The corresponding 
characteristics are curves (i) and (ii) in Fig. 7(a), and an addition 
to these is curve (iii), which is the theoretical characteristic for 
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Fig. 6.—Theoretical waveforms for single auto-self-excited element with alternating control voltage lagging 7/4 behind the 
supply voltage or leading by 37/4 on phase reversal. 


Drawn for the conditions wL,/R- = 1, wL/R = 30, Nu/Ne = 1. 
Control-voltage conditions are as follows: 

(c)-(g), VelVp = 3, 

(A)-(n), VelVp = 1, 

(n)-(7), Vel Vy = 1 with reversal of phase. 


this particular condition are given in Fig. 6, and should be 
compared with those given in Fig. 5 for zero phase shift. 

For the signal condition V,/ V,=1 it will be seen from 
Figs. 5(m) and 6(m) that the principal effect of the phase shift 
is to increase the range of movement of the triggering angle « 
and so to improve the swing in output voltage. 

Comparison of the waveforms (c)-(g) of Figs. 6 and 5 shows 
that the phase-lag of 7/4 has the effect of reducing the output 
obtained for the signal amplitude V, = 3V,. Since this is in 
the nature of a swamp signal, the reduction - in output response 
is a desirable effect. It will be noticed that a second period of 


a) Circuit diagram. 
6) Assumed flux characteristic. 
(c), (h), (2) Supply and control voltages and voltage across main winding. 
(d),( Ne (0) Voltage across rectifier. 
(e), (kK), (p) Core flux. 
(f), ), (q) Current in control circuit. 
(g), (m), (7) Current in load. 


the 7/4 phase-lead condition. The features of these charac: 
teristics which should be noted are the limited range of load- 
voltage change obtainable in curves (i) and (iii) and the Veber 
form of all three curves. 

Practical characteristics for a Mumetal-cored transductor are 
given in Fig. 7(b), and it will be seen that the curves for in-phase 
and +77/4 phase-shift conditions have forms that agree generally, 
with the shapes predicted by the theoretical treatment. Curve (iv) 
in Fig. 7(6) is for the —7/2 phase shift condition, and the +7/7 
phase-shift curve is of course symmetrical. 

The remaining characteristic [Fig. 7(b) curve (v)] is for direct: 
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Fig. 7.—Characteristics of single auto-self-excited element (resistive 
load) with control-voltage phase shift. 

(a) Theoretical characteristic for wL./R. = 1, wL/R = 30, Na/N- = 1. 

(6) Practical characteristic for wLe/Re = 1, wL/R = 30, Na/Ne = 1. 

(i) No phase shift. 

(ii) 4, 


dy) b = — n/2. 

| (v) Characteristic with direct voltage applied to the control circuit. 
4 
voltage control of the element and is given for purposes of 
comparison. For this curve, the abscissa scale is the ratio of 
the direct-voltage signal to the peak-value of the supply voltage, 
‘whereas for alternating-voltage control the scale is the ratio of 
the peak or r.m.s. values. 

The waveforms of the practical transductor were found to be 
in good agreement with those predicted theoretically for the 
various alternating-voltage-control signal conditions. 

_ An inductance connected in series with the control winding 
was found to produce an alteration in the shape of the output 
characteristic rather similar, though not completely so, to that 
produced by phase lag of the signal voltage. Series capacitance 
in the control circuit (with 1/wC about equal to wL,) reduces the 
standing output at zero signal and increases the sensitivity if the 
signal voltage lags on the supply by 7/2. 


: 


- (4) DISCUSSION OF ALTERNATING-VOLTAGE CONTROL 
(4.1) Influence of Control-Circuit Parameters 


For an understanding of the characteristics of a single-element 
transductor, the effects of changing either the number of control- 
‘winding turns or of the control-circuit resistance need discussion. 

Clearly the signal voltage must be equal to the sum of the 
voltage appearing across the control winding of the element and 
the voltage appearing across the control circuit resistance as a 
result of the current flowing in the circuit. For simplicity con- 
sider a condition of zero output such as occurs in Fig. 7(a) 
curve (ii). The transductor main winding then sustains the 
whole of the supply voltage, and by normal transformer action 
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the voltage across the control winding is (N,/N,)V, sin wt. The 
main circuit current is completely zero for this particular circuit 
condition, and the core excitation corresponding to the voltage 
across the element is supplied entirely by the control circuit. 
From the assumed magnetization characteristic of the core 
[Fig. 6(5)], the necessary control current is therefore 


a Vp sin (wt — 77/2) 


N, 
>= — —Z-£ w 
lo Wea. uo 
Neng 
eS _ 24b 
or WV ot sin (wt — 7/2) (245) 


a Cc 


and when this is multiplied by R, it gives the voltage appearing 
across the control resistance. The required signal voltage is the 
vector sum of the two voltages in the control circuit and is 
therefore given by 


Line RN bee n 
Vo aA [1 +: GE | sin (wt — op). 


where ys = arc tan (R,/wL,) 


(25) 


Thus, for example, if R, = wL, the theoretical signal-voltage 
ratio for minimum output is \/(2)N,/N, and the required signal 
lag is m/4, as in Fig. 7(a) curve (ii). 

Consider now the experimental characteristics shown in 
Fig. 8, which are for a Mumetal-cored transductor with no signal 
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Fig. 8.—Experimental characteristics to show the effect of change of 
control turns with the control resistance constant. 


(i) Ne = Na- 
(ii) Ne = 2Na- 
Gii) Ne = 4Na.- 


phase-shift. The discussion given above for the zero output 
condition is, of course, not fully applicable to these charac- 
teristics, but nevertheless it is a useful guide in interpreting the 
circuit behaviour. Comparison of curves (i) and (ii) of Fig. 8 
shows that doubling the number of control-winding turns has 
the expected effect of almost doubling the signal voltage required 
for minimum output. However, comparison of curves (i) and 
(iii) shows that the signal voltage for minimum output is not 
greatly changed by a reduced control winding. The explanation 
is that the control current required with the reduced winding is 
increased, the voltage across the control resistance increasing 
accordingly, and with certain circuit proportions this may tend 
to mask the reduction in the voltage induced in the control 
circuit by transformer action from the main circuit. 

From the explanation so far given it may be concluded that 
the control-circuit resistance causes a loss of sensitivity by its 
presence. The practical characteristics given in Fig. 9(@) confirm 
this, but from Fig. 9(6) it will be appreciated that the resistance 
R, does serve the useful function of limiting the current drawn 
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Fig. 9.—Experimental characteristics for single-element transductor 
with change of control-circuit resistance. 


G) Re = 500 ohms corresponding to wL,/R,. = 3. 
Gi) Re = 750 ohms corresponding to wL,/R, = 2. 
(ii) Re = 1500 ohms corresponding to wL,/Re = 1. 
(iv) R- = 3000 ohms corresponding to wL,/R- = 0:5. 
(v) Re = 6000 ohms corresponding to wL,/Re = 0-25. 


Transductor details. Supply voltage 10 volts (r.m.s.) 400c/s. 


Na = Ne = 200. 
Mumetal core. Load 47 ohms. 


from the source or resulting from the’ voltage induced in the 
control circuit from the main circuit. 

In design work, the minimum value of R, is determined by the 
maximum permissible current loading for the control-signal 
source, which may be a synchro or some other form of alter- 
nating-voltage pick-up unit sensing an angular or linear move- 
ment. In the transductor design the problem is then to achieve 
a high ratio of main- to control-winding turns, N,/N,, since this 
gives voltage amplification, while at the same time maintaining 
N, large since this reduces the control-circuit magnetizing 
current. If this current is too large it causes a voltage drop 
across R, which has the effect of increasing the signal voltage 
required. From eqn. (25) it is seen that preferably the ratio 
R,./wL, should be unity or less, if the signal voltage is to be 
suitably limited. 


(4.2) Core Material and Design Flux Density 


Curves (i)-(iii) of Fig. 10(@) show the effect of increasing the 
number of main-winding turns of a single-element transductor 
and increasing the supply voltage in proportion. These related 
changes of supply voltage and turns ratio result in no change in 
the voltage induced in the control circuit, and therefore, as 
expected, there is no alteration in the signal voltage required 
for minimum output in curves (i)-(iii). Increase of the turns 
ratio and supply voltage does, of course, increase the circuit 
gain since the output power, or voltage, controlled for a given 
signal-voltage change is increased. 

The principles governing the matching of the load resiStance 
to the transductor main-circuit internal resistance are the same 


(a) 


MEAN OUTPUT LOAD VOLTAGE , VOLTS 


MEAN OUTPUT LOAD VOLTAGE , VOLTS 


60 40 20 O 20 40 60 
IN-PHASE —<— SIGNAL VOLTAGE, VOLTS (rms) —*-REVERSE PHASE 


Fig. 10.—Effect on single-element characteristic of changing supply 
voltage and core material. 
(a) Increase in Na and supply voltage with control circuit unchanged. 
Ne, = 141; Re = 750 ohm; R = 47 ohms; Mumetal core. 
(i) Na = 200. Supply voltage = 10 volts (r.m.s.). 
Gi) Na = 400. Supply voltage = 20 volts (r.m.s.). 
(iii) Na = 600. Supply voltage = 30 volts (r.m.s.). 
(iv) Na = 600. Supply voltage = 20 volts (r.m.s.). 
(b) Effect of changing core material. 
Na = 200; Ne = 200; R. 1500 ohms; R = 47 ohms. 
(v) Mumetal core, 10 volts (r.m.s.) supply. 
(vi) H.C.R. core, 10 volts (t.m.s.) supply, stack depth reduced to 
5 
a1 of (v). 
(vii) H.C.R. core, 22 volts (r.m.s.) supply, stack depth as in (v). 


as for conventional d.c.-controlled circuits. Briefly, these are 
that with the load equal to the internal resistance high power 
gain is obtained, but the heat-dissipation rating of the trans- 
ductor then represents the limiting power that can be achieved 
in the load since the circuit efficiency is only 50%. If higher 
efficiency is required, the circuit may be designed with a greater 
ratio of load to internal circuit resistance. 

Curves (iii) and (iv) of Fig. 10(@) are for the same main winding 
at supply voltages corresponding to the normal design flux 
density for Mumetal transductors of 5000 gauss (peak), and to a 
reduced flux density of 3300 gauss (peak). At the lower supply 
voltage, the signal and output voltages are both reduced and the 
net effect is a slight loss of sensitivity. This behaviour is rather 
similar to that for d.c.-controlled transductors, and the design 
flux densities normally used for these are equally suitable for 
a.c.-controlled circuits. 

The rectangular-loop 50% nickel—iron core materials, of which 
H.C.R. alloy is one, have considerable use in transductor 
technique since they may be operated at design flux densities of 
11000 gauss (peak), or even more, and so require less core 
cross-sectional area than Mumetal at the same controlled power 
output. Curves (v) and (vi) of Fig. 10(5) are for Mumetal and 
H.C.R. transductors at the same supply voltage with the lamina- 
tion stacks in the ratio 11/5 so that both materials are operating 
at their normal design flux densities. The two curves are very 


es 


MILNES AND LAW: 


‘similar in shape and sensitivity, but the H.C.R. characteristic 
‘is displaced to the left of the other curve, presumably because of 
| the appreciably wider hysteresis, on total-loss loop, of the 

material. Curve (vii) is for an H.C.R.-cored element having the 
“same stack depth as the Mumetal one, and with the circuit supply 
voltage appropriately increased. The sensitivity is seen to be 

very nearly the same as for the other two curves in Fig. 10(d), 
_ but the output voltage and power controlled are, of course, con- 

siderably greater. For low power-output designs Mumetal-type 
_ core materials are perhaps more suitable than the rectangular- 
loop materials, which in the form of very small cores tend to 
_ be more sensitive to strain effects on the magnetic properties. 


(4.3) Behaviour with Bias Excitation 


For the single-element transductor with a third winding used 
for bias-excitation purposes, characteristics as shown in 
Figs. 11(@) and 11() are obtained. Negative d.c. bias excitation 
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Fig. 11.—Effect of d.c. and a.c. bias on the characteristics of an a.c. 
; controlled single-element transductor. 


|. Test conditions Na = Ns = No; @L/R = 30; wLc/Re = 1; wLy/Ry = 0°15; 
Mumetal core. Supply voltage = 10 volts (r.m.s.) 400c/s. 


(a) D.C. bias obtained from a direct-voltage supply. 
(i) Zero bias. 
Gi) —10mA bias. 
(iii) —20mA bias. 


(6) A.C. bias without rectification. 
(iv) Zero bias. 
, (v) 10mA (r.m.s.) bias current for in-phase bias voltage. 
| (vi) 10mA (r.m.s.) bias current for reverse phase bias voltage. 


REVERSE PHASE 


introduces a change in shape of the characteristic [Fig. 11(a)] 
A by insertion of a region of low output between the two sides of 
the curve. Positive d.c. bias is not of interest, because the 
‘minimum output of the transductor rises and there is virtually 
no signal action on the output. With a.c. bias [Fig. 11(6)] the 
teicct is to displace the characteristic along the signal-voltage 
axis without change of shape. For these measurements the bias 
circuit was maintained at high impedance relative to the control 
Circuit, i.e. wL,/R, was considerably less than wL,/R,, so that the 
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bias current waveforms would not be seriously affected by the 
voltage across the element. 

Rectified half-wave bias was next investigated, and some 
typical characteristics together with the circuit arrangement are 
given in Fig. 12(a). With negative half-wave bias applied in the 
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Fig. 12.—Characteristics for other forms of bias excitation. 


Test conditions as for Fig. 11. 


(a) Half-wave rectified bias. 
(i) Zero bias. 
Gi) —5mA (mean) bias in the load-conducting half-cycle. 
Gii) —10mA (mean) bias in the load-conducting half-cycle. 
(iv) —5mA (mean) bias in the resetting half-cycle. 


(6) Full-wave rectified bias and also divided-bridge bias. 
(i) Zero bias. 
(v) —SmA (mean) with bridge complete and single resistance of 
3-85 kilohms. 
(vi) —10mA (mean) with bridge complete and single resistance of 
1:88 kilohms. 
(vii) —10mA (mean) through Rj = 1:35 kilohms. 
—5mA (mean) through R; = 1-79 kilohms (divided-bridge bias). 


load-conducting half-cycle [Fig. 12(a) curves (ii) and (iii)], the 
effect is seen to be a shift of the left-hand limb of the charac- 
teristic, whereas with the bias applied in the core-reset half- 
cycle [Fig. 12(a) curve (iv)], the right-hand limb is displaced. 

With full-wave rectified bias [Fig. 12(5) curves (v) and (vi)] 
both limbs of the characteristic are displaced and the whole 
effect is very similar to that obtained with smooth d.c. bias 
[Fig. 11(a)]. The rise in output for large in-phase signals may 
be more completely displaced by the application of greater bias 
current in the load-conducting half-cycle than in the reset half- 
cycle. This is illustrated by the circuit inset in Fig. 12(6) and by 
curve (vii). For convenience of reference in later Sections, this 
circuit variation is termed divided-bridge bias. 


(5) FULL-WAVE CIRCUIT ARRANGEMENTS WITH A.C. 
CONTROL 
Single-element transductor behaviour having been examined, 
the next stage is the discussion of full-wave circuit arrangements, 
for which two elements are required. 
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The main windings of the 2-element circuits may be con- 
nected in any of the ways usual for d.c.-controlled transductors, 
i.e. auto-self-excited parallel, bridge or centre-tap arrangements.! 
The control windings may be connected either in parallel or in 
series. If series connected, the circuit action requires that the 
windings shall be in the sense that results in summation of the 
induced voltages from the main circuit, instead of in the can- 
cellation sense necessary in d.c.-controlled transductors. Thus a 
full-wave transductor which responds. to signals of supply 
frequency does not provide usable characteristics for d.c. control, 
and vice versa, unless the control circuit is rearranged for the 
changed signal input. 


(5.1) Characteristics for Parallel and Series-Connected Control 
Windings 

The characteristics obtained with the control windings of a 

2-element circuit connected in parallel and in series are rather 

different. In Figs. 13(@) and 13(6) the two control-circuit 
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13.—Auto-self-excited parallel transductor with alternating- 
voltage control. 


(a) Circuit arrangement for parallel-connected control windings. 
(6) Circuit arrangement for series-connected control windings. 
(c) Experimental characteristics for a Mumetal-cored transductor. Supply 
voltage = 20 volts (r.m.s.) 400c/s, Na = 400, R = 47 ohms, N, = 200, 
Re = 1:5 kilohms. 
(i) For parallel connection of the control windings. 
(ii) For series connection of the control windings. 
iii) For single-element half-wave output. 


Fig. 


arrangements are shown for a transductor with the main windings 
in. auto-self-excited parallel connection, and typical charac- 
teristics are given in Fig. 13(c) together with a curve for single- 
element half-wave operation. 

The change from half-wave to full-wave operation with the 
parallel-control circuit doubles the right-hand portion df the 
output curve and leaves the left-hand region almost unchanged. 


4 


With series-connected control windings the output is about 
double that for the half-wave circuit for both sides of the charac- 
teristic. The voltage induced into the signal circuit with series- 
connected control windings is double that for the other circuit 
arrangements, and this explains why the signal input voltage 
required for minimum output in Fig. 13(c) curve (ii) is almost 
double that for curves (i) and (iii). 

Further characteristics for parallel- and series-connected 
control-winding arrangements to show the effects of phase 
shifts of the signal voltage, and the changes of shape produced 
by full-wave rectified bias excitation, are given in Figs. 14(a) 


LY) 
oO 


as 
o 


) 


@ 


bh 


OUTPUT LOAD VOLTAGE VOLTS (11xMEAN) 


jieeieelees y 
60 40 20 °O 20 40 60 
— C 
One SIGNAL VOLTAGE , VOLTS (rms) LEAD 5 


20 


oy 
a 


= 
N 


(b) 


OUTPUT LOAD VOLTAGE, VOLTS (1:1xMEAN) 
) 


° 5 

60 40 20 fe) 20 40 60 
=— —S 
Ne SIGNAL VOLTAGE , VOLTS (rms) LEAD 


Fig. 14.—Full-wave characteristics for parallel- or series-connected 
control windings, showing the effects of signal-voltage phase 
shift (for zero bias and for full-wave rectified-bias condition). 

(a) Parallel-connected control windings. Ng = 400, Ne = 200, Np = 141. Supply 
voltage = 20 volts (r.m.s.) Re = 1-5 kilohm, R = 47 ohms. 


(i) No bias; signal and supply voltages in phase or reverse phase. 

(ii) No bias; signal voltage lags supply by 1/4 or leads by 37/4. 
(iii) No bias; signal voltage lags or leads supply by 7/2. 

(iv) As (i) with 4-2mA full-wave rectified bias. 
(v) As Gi) with 4:2mA full-wave rectified bias. 
(vi) As (iii) with 4-2 mA full-wave rectified bias. 

(b) Series-connected control windings. 
Test conditions as for (a). 

(vii) No bias; signal and supply voltages in phase or reverse phase. 

(viii) No bias; signal voltage lags supply by 77/4 or leads by 3z/4. 
(ix) No bias; signal voltage lags or leads supply by 77/2. 
(x) As (vii) with 18:5mA full-wave rectified bias. 

(xi) As (viii) with 18:5mA full-wave rectified bias. 

(xii) As (ix) with 18-5mA full-wave rectified bias. 


and 14(5). With series-control windings the characteristics can 
be changed to those for parallel-control if extra windings on the 
elements are connected in parallel to form a closed-circuit loop. 
If appreciable resistance is inserted in this loop, or in series with 
each of the control windings when parallel connected, charac- 
teristics intermediate between those of Figs. 14(a) and 14(6) are 
obtained. 

Although the curves for parallel-connected control windings 
are rather better in shape than those for series control, the former 
arrangement constitutes a damping loop that delays the system 
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Tesponse to changes of signal input. The series connection is 
‘therefore of greater practical interest. 


(5.2) Positive-Feedback Arrangements 


In the discussion in Section 4.1 it is shown that, for R, = wL,, 
-_thesignal ratio V,,/ V required for minimum output is \/(2)N./N,, 
and from Fig. 7(a) curve (ii) the output change for a signal 
change of this magnitude is about (1/27)V,. The voltage ampli- 
| fication of the curve in terms of the ratio of mean output to r.m.s. 
| signal voltage is therefore N,/27N,.. For 2-element full-wave 
operation this sensitivity is about doubled, and therefore with a 
turns ratio of say 20, voltage amplification of 6 or thereabouts 
(depending on the ratio R,/wL,) may be expected. 
| It is found that the circuit arrangements used for boost feed- 
back in d.c.-controlled transductors are also applicable to a.c.- 
controlled units. In Fig. 15(a) the circuit diagram shows feed- 
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‘Fig. 15.—Typical feedback arrangements to increase the sensitivity 
} of an a.c. controlled full-wave circuit. 


(a) Rectified output-current feedback. 

(b) Boost-excitation arrangement. 

(c) Positive feedback of the load voltage in series with the signal voltage. 
(d) Shunt current feedback derived from the load voltage. 


back of the load current through windings arranged to respond 
to dc. input. This may be simplified to the boost-feedback 
form shown in Fig. 15(b), as explained elsewhere.! Feedback of 
the load voltage (or the input voltage to the load rectifier), as 
shown in Fig. 15(c), is another method of increasing sensitivity. 
Alternatively a feedback current proportional to the load voltage 
may be obtained as shown in Fig. 15(d). This maintains iso- 
lation between the signal and output circuits, and the shunt 
feedback effect does not change much with variation of load 
resistance as occurs with the arrangements shown in Figs. 15(a) 
and 15(6). 

With these various circuits it was practical, with the experi- 
‘mental transductor used,) to achieve improvements in sensitivity 
to a.c. control by factors of several times. The positive feedback, 
of course, has the normal effect of slowing the response to 
‘signal-input changes. 


© PUSH-PULL CIRCUITS WITH A.C. CONTROL 
= (6.1) Half-Wave Circuit Arrangements 


_ In many transductor applications push-pull forms of charac- 
teristic are required having zero output for zero input signal. 
With two transductor elements such characteristics can be 
obtained provided that half-wave output action is acceptable. 
Typical circuit arrangements are shown in Fig. 16. The 
elements are connected so that, when no input signal is applied, 
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Fig. 16.—Half-wave push-pull transductor arrangements. 


(a) Circuit described by Whitely and Ludbrook. 
(b) Arrangement with centre-tap supply transformer. 
(c) Bridge arrangement used by Lufcy. 


both cores saturate at the same instant in the appropriate supply 
voltage half-cycle, but with the signal applied the saturation 
instants are different and voltage is obtained across the load in 
the interval between saturation of one core and the other. 
During this interval, voltage is induced from the main circuit 
into the control circuit, which therefore has to contain a 
reasonably large impedance to restrict the resulting current flow. 

In Fig. 16(@) the circuit shown is that described by A. L. 
Whitely and L. C. Ludbrook. Where twin load coils are 
available, these may be substituted for the resistors R,, and an 
overall load is not required.4 

The arrangement shown in Fig. 16(d) is suitable for feeding a 
single load R which may function on either the d.c. or a.c. 
components of the output waveform. The resistance R, shown 
in the supply-transformer primary circuit serves to limit the 
current that circulates between the elements when both are 
saturated. 

If each element is provided with two separate main windings 
the circuit may be rearranged in the bridge form shown in 
Fig. 16(c). This circuit arrangement has been developed by 
C. W. Lufcy et al. for the control of a.c. 2-phase servo motors.5.6 

Half-wave circuits reduce the number of components to a 
minimum but have the disadvantage of drawing an unsym- 
metrical current waveform from the supply source. 


(6.2) Performance of a Typical Full-Wave Push-Pull Transductor 
Amplifier 


The main-circuit connections of full-wave push-pull trans- 
ductors may be in any of the forms normally used for d.c. 
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control, but for the acceptance of a.c. (supply-frequency) input 
signals the control windings must be connected in the non- 
cancellation sense.7 Of particular interest is the change of 
sensitivity that occurs when transductors are a.c. instead of d.c. 
controlled. This effect will be discussed with reference to a 
particular transductor amplifier operated under both signal 
conditions so that a direct comparison of the performance 
difference is possible. 

Four identical transductor elements were made on Mumetal 
clock-spring-type cores 14in internal diameter, 14in external 
diameter and Lin tape width with a main winding of 3500 turns, 
a bias winding of 700 turns and a control winding of 175 turns, 
the wire size for all windings being the same, i.e. 0-0092in. 
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Fig. 17.—Full-wave push-pull transductor amplifiers. 


(a) A.C. controlled amplifier with divided-bridge bias. 
(6) Conventional d.c. controlled arrangement. 
(c) Practical characteristics. 


(i) D.C. control (0:-4mA full-wave bias). 
(ii) In-phase alternating-voltage control (0:8 mA full-wave bias). ~ ¢ 
(ili) For 7/2 phase shift of signal. 
(iv) In-phase signal with divided-bridge bias (7-5mA in one half-cycle and 
0-4mA in the other). 


' 


These elements were tested as push-pull bridge transemeale 
feeding two output resistors, of 220 ohms each, representing 
twin load coils for magnetic summing, as shown in Figs. 17(@ 
and 17(b). The d.c.-controlled circuit [Fig. 17(5)] is quite orthc- 
dox and gave the output characteristic of Fig. 17(c) curve (i). 
which has a voltage amplification of 9-6. For a.c. input signals 
the control windings were rearranged in the non-cancellation 
sense for each transductor, and the windings for the two trans- 
ductors were then connected either in series or in parallel. These 
alternative control arrangements were found to give simila1 
output characteristics provided that the control-circuit resistance 
in each of the parallel limbs was twice that used for the series- 
control connection. 

In Fig. 17(a@) the parallel type of control-circuit arrangement 
(which actually gave slightly better characteristics than the series 
arrangement) is shown. With normal full-wave bias and an 
in-phase signal the characteristic obtained was curve (ii) of 
Fig. 17(c), which shows serious swamping effects at quite 
moderate input-signal amplitudes. With a/2 phase-shifted 
signals, curve (iii) was obtained; this does not suffer from 
swamping effects but is of low sensitivity. Divided-bridge bias. 
as shown in Fig. 17(a), was then substituted for the norma 
full-wave bridge bias, and with an in-phase signal this gave the 
characteristic of Fig. 17(c) curve (iv). The voltage amplification 
of this curve is 5 (the turns ratio N,/N, being 20), and this is 
half the sensitivity of the d.c. control condition given. This 
loss of sensitivity on changing from d.c. to a.c. control is in 
general agreement with the results obtained theoretically and 
practically, for single-element and two-element full-wave circuits. 

Measurements of the dynamic performance of the push-pull 
transductor arrangements [Figs. 17(@) and 17(6)] showed that a 
step-function change of signal input produced full change of the 
output-voltage waveforms in from 14 to 2 cycles of the supply 
frequency, depending on the instant at which the signal was 
switched. 


(7) CONCLUSIONS 

Alternating-voltage signals, of the same frequency as the 
transductor supply, may be used to control single-element and 
two-element auto-self-excited transductors provided that the 
control windings are connected in the non-cancellation sense. 
The control circuit must contain impedance in series with the 
windings to restrict the flow of current in this circuit caused by 
the voltage induced from the main circuit. This induced voltage 
must be balanced, at least in part, by the signal voltage. 

The shape of the output characteristic depends on the phase 
of the signal voltage in relation to the transductor supply voltage. 
For in-phase signals, a swamping effect occurs, but a special bias 
circuit has been devised to overcome this difficulty. 

The performance of a typical push-pull 4-element design is 
examined, and the voltage amplification with alternating-voltage 
control is 5 (the ratio of the number of main-winding turns to 
control-winding turns being 20), which is shown to be one-half 
of that given with direct-voltage control when using the same 
elements and control-circuit resistance. The response to signal 
change was complete within 14-2 cycles of the supply frequency. 

The gain of a.c.-controlled transductors may be increased by 
various boost-feedback techniques similar to those applicable in 
d.c.-controlled circuits. 
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(10) APPENDICES 


a 1) Analysis of the Direct-Voltage Control of a Single Element 
with Positive or Small Negative Signals 


The mode of action for this condition, which relates to the 
high-slope region of the characteristic, is described in Section 2.1 


and is represented by the waveforms of Figs. 2(m)-2(r). The 
equations for the various circuit conditions are as follows: 
_ Between « and @ the core is saturated, and hence 
i= a sin wt (1) 
i . V. 
and [fauteree 5 (2) 


Between 0 and f the core is not saturated and the rectifier 


conducts. Therefore 
js + ee + Ri = V,sin wt (3) 
dt eS? 
| A di, di f 
VA Ieee 
and L, i +M Pe Ret A (4) 


where L, = L(N,|N,)* and M = LL, 


Between B and y the core is still unsaturated, but the rectifier 
sustains a (reverse) voltage V, and the main-circuit current is 
aero The circuit equations are therefore 


di, ? 
i oo (5) 
pile 
‘and La = Ri, = V, (6) 


; 


‘Between y and 27 + & the circuit conditions are the same as 
between @ and 8, and therefore the basic circuit equations are 


“as eqns. (3) and (4). 


‘ be eae “(sin B — sin y) + ¢08 7 — cos 8 


Solution of these equations, with suitable boundary conditions, 
gives for the mean load voltage by integration over a complete 
cycle 


(7) 
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and gives for the relationships between the angular parameters 
B, y and 0 
sinB _ 


ely — B)(@Le/ Re) (8) 
sin y 
RN? OL ge ely | RT. 
us B/[(coLefRe) +(oLIR)] 
{eos 8 poe R, RZ) + ae] in Pye 
Be ee et Ce ” > sin 9 |€0/MoLd R) +(@LR)) (9) 
RR 
R VN, wl 
4 Sees oN ‘) 
an sin 0 S(t VN. R, (10) 


(10.2) Expressions for Single-Element Behaviour with Large 
Negative Control Signals (Direct Voltage) 


Typical waveforms for the mode of action applicable to the 
large negative control-signal condition are shown in Figs. 2(c) 
to 2(g), and by an analytical treatment similar in character to 
that indicated in Appendix 10.1 the expressions obtained are 


V, 
Vay = x20 — cos f) (11) 
f Ole, wL Ie UAAIRING. 
i( ae =) cos 8 — sin B . a RN.) 
2 
Ce a ) aay } x gblMoLelRd)-+(@LJR)] 
Rewer 
wL, wl 
a kes atm GR cen 
4 i hie cod Was g eementn rots (12) 
R VN, ;ol 
Les See Tine ea Se C 
and sin € : rn R. ) ; (13) 


(10.3) Alternating-Voltage Controi of a Single-Element 


In Section 3.2 a description is given of the three modes of 
action for the single-element circuit behaviour with in-phase 
and reverse-phase control signals. Only one mode of action is 
treated here in detail, since the method of analysis is typical of 
that used in deriving expressions for the other two modes. 

Consider, for example, the mode of action represented by the 
waveforms of Figs. 5(4)-S(m). Between « and a the core is 
saturated and the main and control currents are 


i = (V,/R) sin wt (15) 


and in = (V,[R,) sin wt (16) 


During the ensuing period a small magnetizing current flows in 
the main circuit, but it is convenient to neglect the voltage 
drop that it produces in the load resistor. This simplifies the 
analytical treatment and is permissible since the load resistance 


is low compared with the other circuit impedances. Between 7 
and f the circuit equations are therefore taken as 
di di ; 
Le 6 M_ = V, sin wt (17) 
di EN ; 
and Lea ae Ma, + 1,R, = V, sin wt (18) 
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During the next period, 8 to y, the main-circuit current is zero 
and the principal-circuit equation is then the same as eqn. (18) 
with di/dt equal to zero. The remaining period, y to 27 + a, has 
the same circuit conditions as between 7 and f, and eqns. (17) 
and (18) apply. 

The solution of these various circuit equations with the 
appropriate boundary conditions gives for the analytical 
expressions 


V, 


Vie 7d -++ cos a). (19) 


ee 


v 


VN 1 je 
VN, 1 at cot B (20) : 
1 + cosa = cos y — cot B sin y (21) 
LNs ; 
and ¥, N. sin 7 cos (y — ) — sin y 
V,N, en e-a(&) 
= pant pee pee 1 SEG — Re 
ie oe ) sin B VN. cos 7) sin (Bp » |: 
(22) 
where = arctan (wL,/R) . (23) 


ie 
2 
621.385.16.029.65 
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A MILLIMETRE-WAVE MAGNETRON 


By J. R. M. VAUGHAN, B.A. 


} / 

a SUMMARY 
The construction and performance of a pulsed-millimetre-wave 
/magnetron are described. The performance is compared with that of 
‘a “parent” valve, using Slater’s scaling laws, and with theoretical 
standards. Some problems encountered in designing the valve and in 
holding close tolerances on the performance are discussed. The out- 
put coupling is analysed in some detail, including the effects of possible 
constructional errors. Test procedure is briefly described. 


LIST OF PRINCIPAL SYMBOLS 


| V, I, B = Operating voitage, kV, current, amp, 
magnetic flux density, kG, respectively. 
Vo, Io, By = Hartree’s and Slater’s “characteristic” 
| voltage, current, magnetic flux den- 
| sity, respectively. 
Va, Ip, Br = ““Reduced”’ voltage, current, magnetic 
flux density (expressed as ratios, 
e.g. Vp = V/Vo). 
V, = Voltage at standard operating point 
(0amp, 10kG). é 
Ax»fo = 7-mode wavelength and frequency, 
respectively. 
J, = Pulling figure. 
N, n, y = Number of resonators, mode number, 
Hartree harmonic mode number 
(y =n + mN/2, m integral), respec- 
/ tively. 
| QO; = External or coupled Q-factor. 
P = Perimeter of cross-section of two conse- 
cutive resonators. 
' r,; = Circuit ratio (ratio of radial depths of 
\ resonators). 
rz = Ratio of vane thickness to resonator 
gap at mouth. 
r, = Radius of anode. 
r, = Radius of cathode. 
Z,, Z2, Z3, |, ln, 1, = Characteristic impedances and lengths 
of resonator (when considered as a 
plain quarter-wave line), transformer, 
and output waveguide up to the 
““puller,”’ respectively. 
Z, = Equivalent series impedance of puller. 
Z, = R, + jX, = Impedance at junction of transformer 
| with output guide, outwards. 


y Y, = Admittance of a resonator (Y,, for 
long resonator; Y,, for short 
e resonator). 


—Y¥, = G,+jB, = Admittance at mouth of resonator to 
; which output is connected. 

Y, = Admittance at back of resonator to 
; which output is connected, outwards. 


__ Correspondence on Monographs is invited for consideration with a view to 
ion. 
_ Mr. Vaughan is with E.M.I. Research Laboratories, Ltd. 


(The paper was first received 14th January, and in revised form 7th April, ram It was published as an INSTITUTION MONOGRAPH 
in August, 1955. 


a, b, b;, by, bo, t, , 1, = Resonator dimensions as shown in 
Fig. 7. 
k, K’ = Small errors. 
P,4,r, S = Constants determined from resonator 
dimensions. 
o = Detuning fraction. 
B = Phase-change coefficient. 


(1) INTRODUCTION 

The paper describes the application of the known principles 
of magnetron design! 2 to the production of a millimetre-wave 
valve, under a rigid specification. Research was undertaken to 
a limited extent only and the paper is therefore descriptive rather 
than analytical. A number of Collins’s formulae are quoted? for 
comparison with the experimental results, and an extended 
analysis of the pulling figure is given, since this parameter proved 
difficult to measure and specify. 

The valve is a fixed tuned magnetron for high-power pulse 
operation at a wavelength of 8-6mm. It was first made, as the 
VX9005, by the Services Electronics Research Laboratory, in 
1947. Basically, it was a scaled version of the 3J31 magnetron 
(see p. 786 of Reference 2) although very different externally. — 
The general appearance with cover removed to show the integral 
magnets is shown in Fig. 1. The designs developed by S.E.R.L. 
were made available to the author in 1948, and work continued 
in both laboratories for several years, with frequent interchanges 
of information. A major part of the results given in the paper 
are thus due to the work of S.E.R.L. The valve to be described 
is known as VX5027 and is interchangeable with the final design 
of type VX9005, although there are some internal differences. 


(2) SPECIFICATION AND PERFORMANCE 


The basic power and wavelength specifications were decided 
at the outset, and tolerances and additional restrictions were 
added as the experience of maker and user increased; the pulling 
figure, for example, was largely governed by the amount of 
electronic tuning obtainable in the associated klystron, described 
in a companion paper.’ While all valves were tested, as far as 
possible, at the specification figures, some were run under a 
much wider range of conditions. Peak powers up to 50kW 
and mean powers up to 40 watts have been obtained, but at the 
expense of cathode life and only by virtue of special cooling for 
the output window. A general picture of the performance 
required and achieved is given by the following figures: 


Input 


Cathode voltage (negative, pulsed) specified max. : 16kV 
: actual average : 13kV 
nominal : 10amp 
from min. : 6 amp 
to max. : 14amp 
specified : 4mA 
specified : 0:2ysec 
specified : 2000 pulses/sec 
: 0-0004 


Cathode current (peak) 
operation normally satisfactory 


Cathode current (mean) 
Pulse duration 

Pulse repetition frequency 
Duty cycle 


ee. [5] 


a. 
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Fig. 1.—The VX5027 magnetron. 


The heater terminal is nearest the camera, and beyond it are the cathode terminal, cathode insulator glass and Kovar tube, leading into the 


pole piece. 


by a Bakelite cover, not shown. The scale is in inches. 


Output 
Power output (pulse) (at specified input) specified min. : 15 kW 
actual average : 20kW 
(mean) (at specified input) specified min. : 6 watts 
actual average : 8 watts 
Wavelength specified max. : 8-69mm 
specified min. : 8-51mm 
Pulling figure specified max. : 45 Mc/s 
actual average : 32 Mc/s 
Bandwidth (- power points) specified max. : 20 Mc/s 
actual average : 10 Mc/s 


(3) ELECTRONIC DESIGN 


Initially the design of the resonator and interaction-space 
shapes was a direct scaling down of the 3J31. Reference to 
Slater’s scaling equations (Reference 2, p. 414 et seq.) shows 
that the characteristic voltage Vj) and current Jp) are unchanged, 
and that the characteristic magnetic flux density Bo is increased 
in inverse proportion to the wavelength. The characteristic 
power Py (=JpV>) and conductance Gp (=Jo/Vy) are also 
unchanged. After some minor adjustments and correction of 
a misprint in Collins’s value for Po, the values for the VX5027 


were: 
Vo = 3° 291K) 
Ig = 20amp 
By = 4:27kG 


Gp = 0-0061 mho 


If the actual operating voltage V, current J and flux density B 
are expressed as “reduced variables” Vp, Ip, Be in terms of 
Vo, Io, Bo Ge. Ve = V/Vo, etc.), the reduced variables may be 
plotted as a reduced performance chart, which should be closely 
similar to that of the parent valve. 

A stylized average reduced performance chart for the VX5027 
is shown in Fig. 3. It is based on the performances of 30 valves, 
and is stylized in the sense that the best values of the constants 
were determined for each valve, the results averaged, and the 


The output coupler projects through the centre of the clamping plate. 
the two larger holes are accurately spaced with respect to the coupler, and mate with spigots on the equipment. 


The ten small holes close to it are air cooling: channels; 
The magnets are protected 


chart plotted from these figures; curvature of the constant-fiel 
lines is thus eliminated, which is unrealistic but assists con 
parison with the 3J31 reduced performance chart (fro 
Reference 2, p. 431) shown superimposed. Both of these ma 
be compared with a partly theoretical, partly empirical, reduce 
performance chart based on Hartree’s equations (Reference 


p. 340). These equations, rearranged and corrected for 
misprint, are as follows: 
V— 2(Vo/Bo)B ++ Yo = 0 . . . : ( 
Vo = 2(m]e)(arcr2)(yA)-2 oy Rae 
and 
fae 4icr2 m 1 NG 


in which the symbols have the usual meaning. 
Collins (Reference 2, p. 340) uses V,, and B, to make clear t 
dependence on y for various modes. Here we are only concern 


with the single value y = N/2 =9. Substituting the VX50 
dimensions, we have 


V — 1-52B + 3-29 =0 , 


expressed in kilovolts and kilogauss, or 


Rp — 2Be +1=0 . . . : ( 


expressed in reduced units. 

Eqn. (4) relates V to B at the onset of oscillations; the furtl 
variation of V as increasing current flows is not predicted 
theory, but examination of some representative performai 
charts shows that dV/dI is nearly constant over a large part} 
the charts; the regions excluded are those near zero curre}, 
and those at high magnetic flux densities. We may therefi 
add to eqn. (4) an empirical term —I in which k = dV/dl. 
study of Clogston’s reduced performance charts (Reference 


ves 
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4 
rp. 419-434) leads to an estimate of 0-11 for & in the Q-band 
egion. We thus obtain the theoretical-empirical relations 


Pee — OIF + 3-29=0 . . . (5) 


ih Vp — 2:00Bp — 0-687, + 1:00 = 0 (Sa) 
vhich are plotted in Figs. 2 and 3 respectively. 
} 
it 
| 
| 18 
a, | 25k 
er eres 
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1) Fig. 2.—Performance chart. 
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CURRENT RATIO Ip=I/Io 


Fig. 3.—Reduced performance chart. 


Stylized average reduced performance. 
— — — — Theoretical-empirical reduced performance. 
—-—-— Reduced performance of 3J31 magnetron for comparison. 


reduced performance charts are as follows: 


} / 
hy ) acme t 27 4-0 =0Fig.2). . © 
| Vp —2:09Bp — 0-78lg + 1-23 = 0 (Fig. 3) . (6a) 


The scatter of values of the coefficients is shown in Table 1, 
hich also includes the voltage V, at the standard operating 
point (10amp, 10kG), and the pulling figure f,, for which a 
heoretical value is derived later. ‘To those accustomed to 
naking measurements at Q-band frequencies, perhaps only the 
ling-figure variations will seem excessive (see Section 8); the 
hers reveal no great inconsistencies. The high apparent value 
r Vy is due partly to the high value of dV/dI. 

The reduced conductance g is 0-145. 

| Vou. 103, Part C. 
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Table 1 


COMPARATIVE PERFORMANCE OF 30 VALVES 


Quantity Octiles* Extremes Theoretical 


dV|dB 
dV{dI 


DAOaAN 


5 
1 
4 


Vo 
Vi 
So 


— ee 
WNUNAWOORH 
=e 
RRANCOKS 

RPONIRORNOOW 


“4 
7 
1 
1 
0 
0 
4 
6 
0 
0 


bhN 
oO 


* 75% of valves fall between the octiles. 
+ For standard 0-012 in coupling transformer. 


(4) CONSTRUCTION 

The following considerations determine the general layout: 

(a) Owing to the high magnetic flux density required, the 
pole-pieces must be built into the valve, close to the interaction 
space (between cathode and anode) at each end. 

(6) The centring of the cathode with respect to the anode is 
critical, while the axial position is less important; the thermal 
expansion of the cathode support members during operation 
precludes an unsymmetrical radial mounting, while the space 
between anode and either pole-piece is not enough for a sym- 
metrical radial mounting. The cathode must therefore be 
supported axially through a hole in a pole-piece. 

(c) The length of insulator required to withstand the pulsed 
cathode voltage is much larger than the radius of the per- 
missible hole in the pole-piece. The cathode must therefore be 
supported on a rather long stem passing right through the pole- 
piece to a large insulator beyond. This system has the obvious 
disadvantage that, under conditions of vibration, the support 
may be inadequate, and this has not yet been eliminated. 


(a) (5) (ec) (d) (e) (YY) (a) 


Fig. 4.—Body assembly. 
(a)—Pole-piece. 
(b)—Transformer. 
(c)—Window. 
(2)—Waveguide output. 
(e)—Window cup. 
(f)—Anode block. 


The body assembly (Fig. 4) comprises the copper anode 
containing the 18 resonant cavities, pole-pieces and short lengths 
of Kovar tube arranged along the main axis, and the output 
coupling transformer, waveguide and window, lying on a trans- 
verse axis. The parts are assembled in a jig with the necessary 
rings of copper-silver eutectic solder, and covered by a glass 
vessel filled with hydrogen. The pole-pieces are heated by 
radio-frequency induction, and all the brazes are completed in 
one operation, no flux being required. This method is not only 


4 


98 VAUGHAN: A MILLIMETRE-WAVE MAGNETRON a 


@) @ (f) 


ee ME KES WT Gat <P 
1 | \\\ 


sores SS 


Fig. 


(a)—Nickel mush. 


(8) 


| os 


(A) 


5.—Cathode assembly. 


(6)—Tungsten cathode spindle. 
(c)—Nickel-palladium solder braze. 


(d)—Heater. 


(e)—Nimonic-alloy tube. 
(f)—Copper-gold solder braze. 
(g)—Copper-silver solder braze. 


(h)—Kovar hat. 


much quicker than furnace brazing but is less liable to cause 
distortion of the output transformer. 

The cathode assembly (Fig. 5) is entirely symmetrical axially, 
in order to minimize radial movements during heating up. The 
active surface, which is considered in detail in Section 6, is 
carried on a tungsten core, brazed with nickel—palladium solder 
to a Nimonic-alloy support; Nimonic alloy, developed for gas- 
turbine blades, is chosen for its low creep at high temperatures. 
This in turn is brazed to a steel tube, and that to a Kovar hat 
adapted to seal both to the heater insulator and to the main 
cathode insulator. This assembly is also brazed by radio- 
frequency induction under hydrogen, but the brazes are done 
sequentially. 

The insertion, axial positioning and centring of the cathode 
assembly, without damage to the delicate vanes of the anode, 
is a major problem. The jig used (Fig. 6) provides micrometer 
movements in three perpendicular directions, while the relative 
positions of the parts are being observed through two 25 x tool- 
room microscopes. Errors of parallelism are corrected by a 
ball-and-socket clamp, and independent centring adjustments 
are provided for the axial microscope and for the coil of the 
induction heater, by which the Kovar parts are sealed to the 
ends of the glass cathode insulator, the axial and radial adjust- 
ments being completed while the glass is soft. 

Pumping is controlled by reference to the pressure gauge 
rather than the clock; baking at 450°C and cathode activation 
are each continued until the pressure falls to 10-°mmHg. The 
pressure is measured with an ionization gauge placed in the 
pumping tube so that gas travelling from the valve to the pump 
must pass through it. Errors due to the pumping action of the 
gauge itself are thus minimized. 

The permanent magnets and some other external components 
are not added until after the valve has been tested in an electro- 
magnet. 

Some tests with gear capable of flexing the Kovar cathode- 
hat while the valve is running have indicated an accuracy of 
centring that may be expressed as over 90%, in the sense that 
not more than 10% increase of output power can be obtained 
by any further adjustment. 

The central hole and 18 surrounding resonator cavities of the 
anode are formed by hot hobbing. A hardened steel tool is 
ground to the required shape and forced into an oxygen-free 
high-conductivity copper blank at 600°C. The process is one 
of plastic flow, not of cutting, and wear on the hobs is negligible; 


Fig. 6.—Cathode centring jig. 


A water-cooled clamp, holding the body, is moved vertically by the handwheel ¢ 
the right. Below it the cathode is held by a water-cooled pneumatic collet adjustab 
horizontally and for tilt. The eddy-current heater coil is seen in position for sealit 
the cathode insulator glass to the body. The centring and axial adjustments a 
observed through the two microscopes. 


failure, when it occurs, is always irreparable. To enable th 
block to be faced off (after extraction of the hob) withou’ 
damage to the vanes, the hole is filled with Diakon, under 
moulding pressure of 4000lb/in?. Moulded thus, it is sul) 


te ae 
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‘tantially as hard as the copper, and the machining can be 
varried out with a minimum of burrs. 

The H-section hole in the output transformer and the rect- 
tingular hole in the waveguide are also hobbed. 

The hobs are ground automatically on machines designed 
dv H. E. Holman for the purpose. A light cut (usually 
)-0002 in) is taken on each slot or face in turn, the work being 
ndexed after each cut, and the wheel fed after each revolution. 
nh this way, uneven hardness of the material does not cause 
msymmetrical wear of the wheel, and deep, narrow slots can 
%e ground with uniform accuracy. Hobs are normally made 
rom HPSH (an 18% tungsten tool-steel), hardened to 700- 
4 Vickers Diamond Point, or from JC20 steel, hardened to 
00-550 V.D.P. A small chamfer (about 0-001 in) is necessary 
ti all sharp exterior angles, to prevent stress concentrations from 
ausing cracks and splintering. 


i (5) RESONATOR SYSTEM 

_ The resonator system (Fig. 7) is an 18-vane, sectoral-cavity, 
ising-sun, open-ended block, with circuit ratio r, = 1-8. The 
limensions shown are those finally evolved for A, = 8:6mm. 


OUTPUT TRANSFORMER SLOT 


hing 7.—Resonator system. 
Oin ly = 0-104 in. 
17 =e 


rl ae 
r O17 
Ke a 


0- 
0- 
a 


i 


035in. t = 0-0095in. 


The dimensions found by S.E.R.L. for the same wavelength are 
sreater by about 0-0025in for r; and 0-0015in for r,. This 
pparent discrepancy is entirely accounted for by the fact that 


's nearly square as possible, the corner radius being about 
):0015in. The difference represents more than twice the per- 
sible tolerance on wavelength, and illustrates the great care 
jeeded in grinding the hobs. The control of shape at the bottom 
if a slot 0:085in deep x 0-010in wide is by no means easy. It 
F evidently necessary that whatever profile is used it should be 
losely uniform round the 18 vanes. Apart from the question of 
yavelength, no difference of performance has been noticed that 
night be attributed to the choice of round or square tips. 


(5.1) Mode Separation 


With r,=1-:8 and D, =0-325A,, the separation of the 
i mode from the 7 mode is 5% downwards, and that of the 
‘mode is over 25% upwards. Direct interference with the 
mode is thus negligible. Some might be expected from reverse 
mponents (m = — 1) of the long-wavelength modes 1 to 4, 
mut mone has been observed. The short anode length 
1, = 0-31, = 0-104in) precludes interference from the axial 
armonics of these modes. 


(5.2) Determination of Wavelength 


The wavelength can be determined in theory from a solution 
of Maxwell’s equations, which are separable for the sectoral 
cavity. In practice the unknown admittance of the open-ended 
central cavity is the major factor in causing the result to be 
about 10% low. The solution is quoted in Section 8 [eqn. (20)] 
in connection with the calculation of the pulling figure. 

A more useful equation is the empirical perimeter formula 
given on p. 479 of Reference 2: 


A,, = P[1-03 — 0-06(r, — 1-8) + 0-057, —1-5)] . @ 


where P is the perimeter of cross-section of two consecutive 
cavities, and rz is the copper/space ratio at the resonator 
mouths. Eight sets of dimensions, involving 31 valves, were 
checked against this formula. After allowing 0-5°% for the 
residual vane-tip curvature, the formula was found to be within 
0:5% of the mean observed wavelength. The scatter of wave- 
lengths of valves made from any one hob has a standard deviation 
of 0:035mm (0-4%), most of which is due to small variations in 
the spacing between anode and pole-pieces. 


(6) CATHODES 


The working area of the cathode, effectively determined by 
the anode dimensions, is 0-13cm?. Hence the peak-current 
rating of 10 amp represents 75 amp/cm2?, and at least 100 amp/cm2 
is required on test. This is not obtainable as primary emission 
from any cathode with useful life, but the back bombardment of 
the cathode by electrons accelerated inwards by oscillations in 
the space charge, followed by the emission of secondary electrons, 
provides a means of building up large currents from a small 
primary emission. The same process accelerates some other 
electrons outwards to strike the anode, although the valve is 
nominally cut off by the magnetic field, so that the h.t. supply 
provides the energy required. The electrons reaching the anode 
have velocities less than that corresponding to the applied 
voltage, and the balance of the energy supplied appears in part 
as excess energy of the electrons returned to the cathode, which 
thus becomes heated. The build-up of current occurs in less 
than 10~8sec; the period is difficult to observe accurately, 
owing to the large capacitive currents generated by the high rate 
of rise of voltage. 

The back bombardment is therefore essential in the operation 
of the valve, but it has additional effects which are harmful: it 
tends to remove the coating bodily from the cathode, and to 
raise the temperature, thus increasing the loss of coating by 
evaporation. The evaporation can be offset, within limits, by 
reducing the heater input while the valve is running. The 
usual distinction between space-charge-limited and temperature- 
limited emission is obscured in this case by the secondary 
emission build-up; the effect of reducing the heater input is not 
to reduce the anode current at all until a point is reached at 
which the primary emission is not sufficient to start a pulse. The 
valve then ceases to oscillate and the anode current falls abruptly 
to zero. In some cases the valve may continue to run with zero 
heater input; although at first sight convenient, this is unsatis- 
factory since it implies that the back bombardment is abnormally 
high, and the life will be correspondingly short. 

The first cathodes used in the VX5027 consisted of a nickel 
rod coated with barium arid strontium oxides in the usual way. 
The coating was lost in a few hours. Grooves were then turned 
in the rod and filled with coating, which increased the life to a 
few tens of hours, and the nickel rod was changed to Nimonic 
alloy to obtain better hot strength. The next step was to sinter 
nickel powder into a wide recess, 0-010 in deep, to form a porous 
matrix, which was impregnated with the oxide coating by 


100 


soaking. The life was increased by this means to 250—-500h, 
although it is probable that some of ‘the increase should be 
attributed to reduction of back bombardment by the better 


methods of cathode centring that had come»into use. The 
nickel particle size does not appear to be critical. S.E.R.L. 
used 250-300-mesh powder, sintered in cracker gas. This 


coarse powder would not sinter to Nimonic alloy in cylinder 
hydrogen, owing to the rapid oxidation of the chromium content, 
and cracker gas was not conveniently available, so much finer 
(5) powder was used, without apparent effect on the cathode 
life. Finally the Nimonic-alloy core was changed to tungsten, 
and lives of 500-2 000h were obtained. 

Some other cathodes, such as platinum-plated types with 
grooves beyond the ends of the interaction space, and nickel— 
tungsten alloy loaded with barium beryllonate, were also tried, 
but were less successful. The successful cathodes were developed 
at S.E.R.L. 

The heater is of the ‘‘soldering-iron’’ type, set back inside the 
pole-piece to protect it from the magnetic field. Apart from the 
smallness of the space that would be available if the active part 
of the cathode were made hollow, a helical heater in the centre 
of the valve would (at normal warming-up current) suffer radial 
stresses of the order of 50 g, alternating at the frequency of supply. 


(7) MAGNETIC FIELD 


The valve operates satisfactorily at flux densities in the range 
8-11:5 kG, the best efficiency being at about 10°5kG; above 
this the efficiency falls as the cyclotron resonance point (14:3kG) 
is approached (see Reference 2, p. 437). Valves were occasionally 
operated above this point, at about 16kG, but not without great 
detriment to the cathode. 

The original pole-pieces, cut away to accommodate the slot 
transformer, were found to give an asymmetric field. Curve A 
in Fig. 8 shows the variations along the transverse axis through 


Fig. 8.—Variation of axial magnetic flux density along transverse axis. 


(a) Measured flux, showing effect of cut-away pole-piece. Horizontal scale 


is in inches. 
(b) Transverse cross-sections of noses of corresponding pole-pieces, to 
same horizontal scale. 


the centre of the output waveguide. After the change to an 
H transformer, almost all the cut-away was eliminated, and 
curve B was obtained. These curves were plotted by measuring 
the Hall effect in a piece of germanium, 0-030 x 0-030 x 0:015in, 
moved on a probe aiong the transverse axis of a hollow dummy. 
They were reproducible within 1% as regards shape, but the 
absolute values were doubtful to about 5% owing to uncertainty 
about the Hall coefficient. 

The presence of a minimum at the centre of the valve implies 
that the magnetic equipotentials are concave towards this point. 
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Hence the orthogonal lines of force are convex towards | 
centre; i.e. the field in an axial plane is of the pin-cushi 
type in the region of interest. This tends to push electrons « 
of the interaction space and so reduces efficiency, but it 
almost unavoidable with an axially mounted cathode. 1T 
magnetic circuit is thus very inefficient, the peak field lyi 
entirely outside the interaction space, and only about 5% 
the total flux being used. The gap is 0-174in. 

The flux density of 10-5kG was provided by 5 500 ampere-tu1 
in an electromagnet for testing, or by a pair of horseshoe magn 
designed by A. J. Tyrrell, and weighing 341b each. 


(8) OUTPUT COUPLING 


Various tests have shown that loading applied to a sin; 
cavity is distributed uniformly by the mutual coupling of t 
cavities. The output is therefore taken from the back of a lo 
cavity, through a quarter-wave transformer to a standa 
Q-band waveguide, in which is placed a vacuum wind 
(Section 9). As the coupling was often found to differ grea 
from the first-order theory (see Reference 2, Section 5.3), 
closer analysis was made of the effects of the long cavity, a 
of some possible geometrical errors. The details are tedio 
but an outline of the method and results is given below and 
Sections 13.1 and 13.2. 

Physically, the transformer is a quarter wavelength of gui 
of low characteristic impedance; as first designed, it was 
plain rectangular guide, 0-244 x 0:015in in cross-secti 
(Zy ~ 30 ohms), but this required cut-aways in the pole-piec 
(Section 7). An H-section guide was later adopted, the wid 
being thus reduced to 0:140in, and the girder shape maki 
hot hobbing possible without buckling the hob. 


p-—;-—> 


Zoe 


Fig. 9.—Output system. 


Z, = Characteristic impedance of resonator. 

Zz = Characteristic impedance of transformer. 

Z3 = Characteristic impedance of output waveguide and matched load | 
Z» = Impedance of puller. 

Z4 = Impedance at A towards the right. 

Zp = Impedance at B towards the right. 

Zg = Impedance at C towards the right. | 
Zp = Impedance at D towards the right. 


The degree of coupling between the resonant system and ' 
output waveguide is normally expressed in terms of the pull 
figure, f,. This is the total frequency shift of the magnet 
when operating into a load whose v.s.w.r. is 1:5 :1, ¢ 
which is varied through all phases. It can thus be measu\ 
directly on an oscillating magnetron, with the aid of a calibra\ 
variable mismatch unit (puller) in a matched guide. In prac) 
the measurement is seldom very accurate; the puller m 
generally be calibrated with powers of the order of milliwe's 
using a local oscillator, and the calibration is then assumec{c 
hold with powers of the order of kilowatts, and it is difficul Ic 
remove all other reflections from the waveguide while 
absorbing the magnetron power satisfactorily. 

Values for f, may also be found by calculation from the din 
sions of the magnetron, and by low-level Q-factor measureme|s 
These are known as “‘cold’’ pulling figures, since no accour|i: 
taken of the electron stream present in the oscillating valve. 

The Q-factor measurement method, devised by Lawsor| i! 
described in Reference 2, pp. 714-717, but the graph given t}r: 
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Fig. 18.15) is not applicable when the minimum shift is retro- 
(rade near resonance. The modification required is clear on 
aspection of a Smith chart. If fo is the unperturbed frequency 
ind Q, the external Q-factor, obtained from observations of 
oaded Q-factor and resonance v.s.w.r., the cold pulling figure is 
asily shown to be 


ih boo (8) 
12 O; 
In practice, there is usually reasonable agreement (generally 
ithin 25°) between cold pulling figures so measured and the 
rectly observed hot pulling figures. But in a substantial 
umber of cases with the VX5027, both were reduced by a 
ctor of up to 5 from the value expected from the magnetron 
imensions. 
‘The theoretical value of the cold pulling figure is obtained in 
ges. First, the cavities and transformer are all assumed to be 
mple quarter-wave lines, and the load positions for maximum 
quency-shift are found. Next, this is corrected for the sectoral 
javity shape and the alternation of sizes, assuming the same 
ad positions to apply. Finally, a correction is made for the 
d transformer. The analysis is outlined in Section 13.1. Fora 
i a gap of 0:015in as originally used, the result is 
} f, = 66 Me/s 
| This is greater than the specification limit, and as some 
talves were found to approach it (it was seldom exceeded), the 
ansformer slot size was reduced to 0-012in; the square-law 
variation of f, then gave 42 Mc/s. 

It was found that most good valves had hot pulling figures of 
bout 75% of this theoretical value, with some as low as 20% 
md others up to 140%. The high values had no serious conse- 
juence, since such valves generally had high power output, and 
here were uses for them in which the pulling figure was unim- 
vortant. But the low values meant a serious loss of valves, and 
equired close investigation. Careful examination revealed no 
eometrical errors or physical flaws, and tests showed that 
either the window nor the cathode was responsible. A definite 
orrelation was found between reduction of pulling figure and 
small increase of wavelength, but this led to no further 
lucidation of the problem. 
The effect of errors in the transformer length was analysed 

tion 13.2); it was shown that no serious change of pulling 
gure would result from any reasonable error, but there emerged 
m explanation of the S-shaped distortion of the Rieke diagram 
ften observed in practice [Figs. 10(a) and 10(d)]. 


(b) 


Fig. 10.—Ricke diagrams. 


(a) Undistorted. 
(b) Distorted by incorrect transformer length. 


i ——— 


It was also thought possible that the transformer might be 
sssed too hard against the back of the output cavity during 

ssembly, so that the vanes would be pressed inwards and apart, 

\ecreasing the cavity angle and increasing the gap at the mouth. 

nalysis similar to that in Section 13.1 (ii) showed that a small 
y \ 


percentage decrease x’ in % (cavity angle) would produce an 
increase in f,, of only 2«’ per cent. 

The problem thus remains unsolved. Fortunately valves with 
abnormally low pulling figure have not been encountered recently. 


(9) WINDOW 

The output window is a circular metal iris closed with low- 
loss glass, between, and spaced from, sections of standard 
rectangular guide; the central parts of the broad faces are flared 
at the window to reduce the voltage gradients at the discon- 
tinuity, and propagation radially outwards along the gap (which 
is necessary for thermal-expansion matching) is interrupted by 
quarter-wave chokes. The complete assembly of flares, chokes, 
iris and glass must be designed as one unit, to obtain a low 
v.s.w.t. It is found that there is not, as in simple windows, a 
set of combinations of iris diameter and glass thickness giving a 
v.s.w.t. of unity, but one pair only, for fixed values of the other 
parameters. It is essential that the glass disc should be sunk 
into the plane of the iris, otherwise the phase difference of the 
glass and iris reflections makes a match impossible without the 
use of further elements. Ceramic windows, sitting on the iris, 
gave standing-wave ratios of not better than 1-3, although this 
could have been improved by a symmetrical double-iris con- 
struction. With glass, a value of 1-03 was generally obtained. 
The glass first used was Kodial, which “‘sucked in’’ at a mean 
power output (matched load) of 16-20 watts. Corning 7070 glass 
was used subsequently and withstood 30-35 watts. However, 
Kodial windows fitted in the waveguide at a distance from the 
magnetron, with vacuum on one side and the same ambient 
temperature as on the magnetron, have passed over 40 watts 
safely. Less than half the power absorbed is therefore due to 
dielectric loss; the question whether the balance is due to heat 
radiation from the cathode, to X-rays, or to electron or ion 
bombardment is still being studied. 

When suck-in occurs, the puncture is a neat ellipse, about 
2 <x 1mm, with the major axis parallel to the electric field, in the 
centre of the glass. 


(10) TESTING 


Each valve is aged and tested individually to a level about 
50% above the rated input. The high voltage gradient between 
cathode and anode (up to 30k V/mm) causes some initial sparking, 
and the valve is run for several hours, to ensure that this has 
ceased, before the performance is charted. The output power 
is absorbed in a continuous-flow water calorimeter consisting 
of a silica tube passing obliquely through the waveguide. The 
temperature rise is measured by four thermistors arranged in an 
unbalanced bridge. The rate of flow having been correctly set, 
the mean power is read on a panel meter calibrated directly in 
watts. 

About 1% of the power passes the calorimeter and is fed 
through a low-level variable attenuator to the spectrum analyser. 
This consists of a cylindrical cavity wavemeter, operated in the 
Ho; mode, with a small oscillating plunger at the centre of one 
end face. The wavemeter is manually tuned by a micrometer 
plunger at the opposite end, while the small plunger sweeps the 
tuning rapidly over +50 Mc/s in synchronism with the X-sweep 
of an oscillograph. The wavemeter response is fed to the 
Y-plates, and spectrum is thus displayed. The wavemeter may 
also resonate in the Eo,, E,;, Hy;, H2; and H3, modes, but all 
except the last are largely suppressed by the placing of the 
coupling holes and the use of non-contact plungers. The H3, 
response is strong, but since the energy is concentrated round 
the periphery of the cylinder the response is not affected by the 
small central oscillating plunger; the oscillograph thus shows a 
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uniform response which cannot be confused with the normal 
peaked spectrum. 

The pulling figure is read directly from the spectrometer by 
setting the puller to a v.s.w.r. of 1:5 and moving it along the 
guide, the limits of shift of the spectrum peak being noted. 

Three oscillographs are used to observe the voltage/time, 
current/time and voltage/current curves. Owing to the high 
rate of rise of voltage (500-600kV/microsec) and high input 
capacitance (about 25uF including leads), the charging current 
is 12-15 amp, leading to curves with a rather different appearance 
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Fig. 11.—Current/time and voltage/current curves. 


(a) Current pulse. Note capacitive charging-current peak, (i), and capacitive dis- 


charge back into bleeder resistance, (ii). 
(6) Voltage/current trace. 


from those in the textbooks. The curves are shown in Figs. 11(@) 
and 11(6), and may be compared with those given in Reference 2, 
p. 368. 

After full testing in the electromagnet, the magnetrons are 
fitted with the permanent magnets and final acceptance tests 
are made, to the specification already given. 
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(13) APPENDICES 
(13.1) Calculation of Cold Pulling-Figure 
(i) First Stage. 
The variable-phase 1-5 : 1 v.s.w.r. is produced by a puller of 
impedance Z, = Z,/2 in a matched line of characteristic impe- 
dance Z, (Fig. 9). The impedance Zp at the puller is transformed 


by the usual line equations to Z, at the transformer and through 
the two quarter-wave sections to Z, at the cavity mouth. 


_ Reference 2 may now be used to correct for the true resonatoi 
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Inverting to an admittance, we find 
Pi Og eye 
wis Z(Z3 + Zp) 
272; (Z; + Z,)* cos? B3l, + 23 sin? B3/, 


Z?Z, 2[(Z, + Z,)2 cos? Bal, + Z2sin 2B5/3] 
where f; is the phase-change coefficient in PAG Hence 
0B,  Z3Z,(2Z, + Z,) 

ol; 2272, 


[(Z; + Z,)? cos? Bl, + Z2 sin? B5/,]? 
neglecting long line effect (i.e. assuming /,583, < 836/;). This 
vanishes at the extreme frequency excursions, giving 


(Z; + Z,)? cos? B31, — Z3 sin? B,J, =O . (11) 


Solving for /, and inserting in the imaginary part of eqn. (9), 

the extreme values of B, are therefore 

a Z3Z (223 ae Z,) et 
~ 22422 (Zere) 

The admittance of N resonators of impedance Z,, a small 

fraction o off resonance, is 


NY, =j(N/Z,) cot B.A — oD), 
~ j(NIZon/2 (13) 


The comparative agreement of hot and cold measurements 
justifies the neglect of effects of the electron stream, so that the 
admittance changes due to load and to cavity detuning must 
balance. Therefore 


HNIZon]2 = + H5[12Z3/Z3Z; 
Inserting values for the VX5027, we have 
o = + 0-000837 
The pulling figure to a first approximation is therefore 
fp = 20fo = 60 Me/s 


| 
pl ae 


By (12) 


(ii) Second Stage. é 
The admittance formulae given on pp. 62 and 63 ol 


shapes. The admittance Y, at the mouth of the output resonatoi 
is 


eal 
¥, =i() 3 x 7 
Hos wa 
Ji(Bbo) Ya — iol Mo Cal bbo)So(Bbo) 
Joe) N,(Bb0) ¥p— J(€ol Ho)? Cal ‘pbo)No(BBo) NO" 
Ji(Bbo) Ya — iol Mo Caleb) So(Bbo) 
ee) N,(Bbo) ¥z — Jol Ho)* Cal pb,)No(Bbo 4 


(17 


in which Y, is the admittance at B (Fig. 7 or 9) outwards 
and the other dimensions are as shown in Fig. 7. It is assume: 
that the maximum frequency shifts of the magnetron will stil 
occur for positions of the puller given by eqn. (11); the corre 
sponding values of Y, are found to be 


Zayas 20) ee 


£ 


| ~ 72 \97 = 197 
The odd figure 97 arises as 24 + 34, and 78 as 2.x 3(2? + 32 


Yp 
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Y,4 = 0-000915 + j0-00278 mho 
or 0-000871 + j0-003465 mho 


it the extreme frequency excursions. The change of susceptance 


s 

| dB, = 0-000685 mho . (19) 

| The admittance of a resonator is given by 

| =i(s ay 1, Jo(Ba)N,(Bb) — J,(Bb)No(Ba) (20) 
iba J,(Ba)N,(Bb) — J,(Bb)N,(Ba) * 


[his is, of course, the limit of eqn. (17) when by = band Yz > o0. 
[he variation for fractional detuning is not. found by differen- 
iating this expression ee result is unmanageable), but simply 


vy evaluating Y,, and Y,, for the long and short resonators at 
wo values of A (27/8). 
h N 6B N OB 
This gives — —’ + — —5 = 0:0575 mho/mm 21 
eRe Bie WHS) ot aint 


‘Hence the wavelength change due to 6B, is 0:0119mm, and 
he pulling figure (second approximation) is 


f, = 48 Mc/s 


ili) Third Stage. 

The H transformer has the same cut-off wavelength and the 

ame gap height as the rectangular slot; the characteristic 
pedance 22H is found to be 17% higher (see Reference 2, 

oe and since the pulling figure varies as Z3, we have a 

hird approximation 


fon = 1:1 Pf, = 66 Mc/s 


(13.2) Effects of Error in Transformer Length 


j Suppose the transformer is not exactly a quarter-wavelength 
ong, so that 
| L = A,/4) — «) 


(Kk < 1) 


: 2 KmZe — 25) 
Then You Ey 222 (24) 
Writing eqn. (17) in the form 
DY, BIG 
Vue Se 2 
a rY, + js a 


inserting eqn. (24) for Yx, selecting the imaginary part and 
dropping small terms (s?Z2, qsZ 3), we have 


pr|Z,|? + (ps + qr) X,Z3 


+ xn — pr(X,/Z.)(R2 + X2 + Z3) 
A + 4Z,(ps + qr)(RZ — X32 — Z23)] 
4 rAZ J? + 2rsX,Z3 
+ xn] — PAX [ZR + X2 + Z2) 
- Zors(R — Xe 23)| 
(26) 


where R, + jX, = Z,. 

In eqn. (26) the first terms of numerator and denominator 
are larger than all the others, and their ratio p/r measures the 
fixed frequency-shift caused by even a matched guide (X¥, = 0) 
when the output cavity is not A/4 long. On taking the smaller 
second terms into account we have the cold pulling figure as 
already found. 

The next terms are —«mpr(X°/Z,)(Ré + XB + Z3) and 
—Krr*(X¢/Z,)(R2 + XZ + ZZ), and their ratio p/r is the 
same as that of the fet terms. They therefore do not alter the 
value of By except to a small degree through the presence of 
the second and fourth terms. The result is a negligible change in 
€ 
This does not apply to the last terms; these contain X, (the 
reactance at C due to the puller) only as X2. The frequency 
shift represented by these terms is not negligible, and is in the 
same direction for all phases of the puller. Thus a simple Rieke 
diagram of the type shown in Fig. 10(a) is distorted to the type 
shown in Fig. 10(5); the direction of curvature is, of course, 
determined by the sign of x. Diagrams similar to Fig. 10(d) 
have been observed in practice. The calculated mean frequency- 
shift at a v.s.w.r. of 1:5 is 600« Me/s. 
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SUMMARY 

The paper describes a reflex klystron oscillator, tunable over the 
wavelength range of 8-9 mm, which is suitable both for use in a super- 
heterodyne receiver and as a source for laboratory measurements. 

The cavity operates in its fundamental mode and tunes smoothly 
over the wavelength band. It is mounted in a metal envelope having 
a glass window through which the output power passes. 

At an input of 2000 volts 10mA, the output power of an average 
valve is about 30-50 mW, and the electronic tuning range to half-power 
is 60 Mc/s. Powers up to 160mW have been obtained. 

The factors affecting the performance of the valve are discussed, 
and consideration is given to the noise’ power generated by the 
oscillator when used in a superheterodyne receiver. 


LIST OF PRINCIPAL SYMBOLS 


The M.K.S. system of units is used throughout. 
8 = Beam coupling factor. 
R = Shunt resistance of the unloaded resonator. 
I = Effective resonator current. 
N = Overall noise factor of superheterodyne receiver. 
LL = Conversion loss of crystal mixer. 
t = Noise temperature ratio of crystal (n:t.r.). 
t’ = Excess n.t.r. due to local-oscillator noise. 
N;.¢, = Noise factor of intermediate-frequency amplifier. 
P,, = Local oscillator noise power contained in the two noise 
sidebands. 
= Absolute temperature. 
B = Bandwidth of receiver. 
P = Power output from local oscillator. 
fo = Natural resonant frequency of the oscillator. 
w = Angular frequency. 
F’ = A bunching factor which depends upon the potential 
distribution in the reflector space. 
s = Total drift length. 
Vo = Beam potential at the resonator-gap centre. 
OQ, = Loaded Q-factor. 
= Difference of phase between the arrival of the electron 
bunches at the resonator and the maximum electric 
field across the gap. 
Cy = Equivalent capacitance at the resonator gap. 


= 


(1) INTRODUCTION 


Since the 1939-45 War attention has been given to the develop- 
ment for radar purposes of still shorter wavelengths than those 
formerly used, with.a view to obtaining, amongst other advantages, 
aerials of smaller size for a given resolution. One such band 
selected for exploitation was in the wavelength range of 8-9 mm, 
where there exists a region of minimum atmospheric absorption. 
A tunable low-power oscillator for this band, suitable for use in 
superheterodyne receivers and also for bench measurements, was 
therefore needed. 

The first design to operate in this band was of disc-seal con- 
struction, the cavity oscillating in a harmonic mode, and was 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
Mr. Wootton and Dr. Pearce are at the E.M.I. Research Laboratories Ltd. 


[ 104 ] 


developed by workers at the Clarendon Laboratory, Oxfo 
from an earlier valve for the 1-25cm band. Samples of t 
valve were made both at the Radar Research Establishm 
(formerly the Telecommunications Research Establishment) a 
at the Services Electronics Research Laboratory, but by late 
1947, difficulties had been encountered both in manufacture a 
performance (these were later much reduced) and there appeai 
to be a need for an alternative design. The paper describes 1 
outcome of the development started at that time, the final va 
being known as type VX5023. A magnetron for this band | 
also been developed and is described in a companion paper.! 
Within about six months the basic design had been evolved 
means of a series of experiments in a demountable system; the 


‘after attention was turned to making sealed-off valves inc 


porating a tuning mechanism, and the development was virtua 
complete by 1950. 

It was decided at the outset to use a high-voltage input 
about 2kV; this decision was governed mainly by practical cc 
siderations. The value chosen was thought to be the mininn 
that would give the performance required, using a resona 
having gridless apertures. The grids that would have be 
necessary in a low-voltage valve for this frequency would hz 
been very difficult to make owing to the minute dimensic 
involved, and might well have been capable of dissipating onl 
very limited amount of power, thus limiting the input power a 
efficiency. Another advantage of the high-voltage valve, wh 
has been found to be of importance in this band during the | 
few years, is that local-oscillator noise in a superheterods 
receiver is less. 

With regard to the cavity, the choice lay between fun 
mental- and harmonic-mode operation. The harmonic type | 
the advantage of being bigger and therefore easier to tune a 
to handle generally. The fundamental type, however, has t 
advantages: first, the copper losses are less than for any otl 
cavity and the efficiency is therefore greater, and secondly,’ 
frequency may be varied smoothly over a 10% band with 
sudden variation of output, whereas this is not always pee 
with certain types of harmonic cavity. 

The fundamental cavity turned out to be of about rs 
diameter and 1mm depth, the apertures being of about 0°51 
diameter. These dimensions are very small, but experim 
showed that, by using a thin diaphragm for one wall of the cav 
the capacitance could be varied sufficiently to tune the freque 
over about 10%. A cavity of the fundamental type was theref 
chosen. More recent developments of harmonic cavities st 
that the disadvantages are not necessarily as great as was belie F 
in 1947, and such cavities can therefore be useful in oscillator 
this type. 

On considering possible methods of construction, the prin) 
necessity was to ensure great accuracy of assembly, particul 
with regard to axial alignment of the gun, resonator and reflec 
It was therefore decided to machine the resonator from a co: 
block, and to locate the gun and reflector with respect to 
block. The copper block was mounted inside a thin & 
envelope, the oscillatory power being coupled to an exté) 
waveguide through a glass window of the type which had 
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ed on magnetrons. The resonator was placed in good thermal 
ntact with the metal envelope, thus ensuring adequate cooling 
d minimizing frequency drift. 


(2) THE BASIC ELECTRICAL DESIGN 

The method of arriving at the final design was to determine 
many of the relevant dimensions as possible by a combination 
calculation and previous experimental knowledge, and to find 
e remainder by empirical means. 

Several difficulties stand in the way of designing more com- 
stely by calculation, but the principal one is concerned with 
ctron optics. At the high current densities required in valves 
the type under consideration, the electron paths are determined 
ore by mutual repulsion between electrons than by the laws of 
ometrical electron optics. The reflex klystron is complicated 


(a) 


{b) 


Fig. 1.—The basic resonator design. 


the fact that the electron beam reverses direction near the 
Hector, and under these conditions the electron trajectories 
nnot be calculated with any accuracy. 

It is important to keep the resonator apertures as small as 
ssible, consistent with passing substantially the whole of the 
sctron beam, since the resonator losses are otherwise too big 
yunt resistance R too low) and the coupling factor (8) too low. 
1e size chosen will of course depend upon the magnitude of the 
sctron current which it is proposed to use (assuming that the 
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input voltage has already been fixed). The current which would 
give the required output power was calculated by the method 
given in Section 5, taking the best estimates possible for quantities 
such as the shunt resistance R of the resonator. It appeared 
that a current in the region of 8-12mA at 2000 volts would be 
adequate, and for this current a resonator aperture of 0-020in 
diameter was chosen. 

It is advantageous in a reflex oscillator to have the resonator 
aperture on the reflector side slightly larger than that on the gun 
side. By this means a number of marginal electrons that would 
otherwise be lost are allowed to enter the resonator after reflection 
and to give up energy, which more than compensates for the 
lower coupling factor (8). For the larger aperture the diameter 
chosen was 0-025in. 

The best value for the separation of the two apertures—the 
“gap’’—is given by the condition that 82R should be a maximum.? 
For small gaps f is high and R low, whilst for large gaps the 
opposite obtains. In between these extremes a broad optimum 
exists. f is readily calculable,? but, as is shown later, R can 
be determined only in an approximate manner. Nevertheless 
the optimum f7R, and hence the optimum gap, may be found by 
such calculations sufficiently accurately to enable experimental 
work to start. 

The remaining resonator dimensions, namely the diameter and 
the depth, are easily determined, at least approximately, from 
existing data. Slight changes may be necessary to get the exact 
frequency required when the resonator is made up and tested. 
Some choice of the ratio of diameter to depth is available, and 
in this case a fairly large ratio was chosen so as to give as large 
a diameter as possible to the flexible diaphragm. 

The first experiments were carried out with a continuously- 
pumped demountable valve. This was the simplest way to 
establish a suitable design for the electron gun and reflector, to 
check the frequency of the cavity, and to make adjustments if 
necessary. The resonator cavity and output section were 
machined from a copper plate [Fig. 1(a)], the cavity being com- 
pleted by two plates in which the apertures had been formed. 
Good joints were ensured by silver-plating all three parts and 


Fig. 2.—Section showing resonator and electrode assembly. 
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Fig. 3.—Sectional view. 


brazing together after assembly in a jig. A sectional view of the 
assembly is shown in Fig. 1(d). 

_ The design of the electron gun was based on an earlier design 
of an oscillator for the 3cm band,4 but was modified for this 
application. The oxide cathode was of 3mm diameter and had 
a concave surface of radius of curvature ;3;in. This was sur- 
rounded by a focusing electrode, of the shape shown in Fig. 2, 
which normally operated at a negative potential with respect to 
‘the cathode. It was found that the efficiency of transmission 
through the resonator aperture was about 90%. 

The reflector was of the conventional dish shape, and of 
0-050in diameter and 0:025in depth. Other dimensions were 
tried in the demountable system before these values were decided. 
_ Whilst these experiments were being carried out it was found 
that very accurate alignment of the electrodes and apertures was 
necessary. If the reflector were as little as 0-002 in off the position 
for maximum power, the output dropped to one-half. The gun 
position was not so critical. 

After a series of demountable-system experiments, a per- 
formance fairly close to that expected was obtained, and the 
decision to start making sealed-off valves was taken. During 
this stage the technique of assembling the valve and mounting 
it within the metal envelope in a vacuum-tight manner was 
studied. Sundry small changes were incorporated; these included 
slight variation of the output coupling slot and variation of the 
gap for maximum output until a satisfactory performance was 
obtained. 


(3) CONSTRUCTION 


(3.1) The Resonator Assembly 


The resonator assembly previously described was adapted for 
use in the sealed-off valve, in particular to provide means of 
tuning. Various ways of tuning were considered before it was 
decided to adopt the method of capacitance variation by flexing 
one wall of the resonator. The tuning diaphragm B (Fig. 2) 
was corrugated to improve flexibility and joined to a nickel 
tube C, which housed the reflector D, and could be rigidly con- 
nected by brazing to the top of the valve envelope. This was 
sufficiently flexible to be capable of being moved from outside 
by means of the mechanism described later. The reflector was 
a metallic rod with a cup-shaped portion machined concentrically 
in the end facing the resonator diaphragm, and was held in place 
by an accurately ground ceramic insulator E. With this con- 
struction the reflector can be located on the axis to within 

-O01lin. A taper from the resonator output coupling slot up 
to the full depth of the standard waveguide was formed in the 
copper block F; the latter also acted as a stop to prevent the 
diaphragms from being damaged during tuning. 


(3.2) The General Assembly 


A sectional view of the valve (less tuner) is shown in Fig. 3. 
The output window consisted of a disc of glass sealed across an 
aperture in a cup-shaped pressing made of iron-nickel-cobalt 
alloy, which was brazed }to a tubular metal side-arm on the 
envelope. On the outside, a short length of waveguide was 
soldered into the window cup, and was terminated at its far end 
in a standard coupler. The waveguides facing the window on 
either side were fitted with ditch chokes—so as to avoid loss of 
output power. The resonator assembly was attached by means 
of screws to a metal rim welded to the envelope. By using a 
jig when joining the rim to the envelope, accurate location of 
the resonator assembly and choke G (Fig. 2) with respect to 
the window was ensured. When the dimensions of the window 
iris, glass thickness and spacings between the window and two 
ditch chokes were correctly maintained, the voltage standing- 
wave ratio of the output run was less than 1-2 over the wave- 
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Fig. 4.—Photograph of valve type VX.5023. 


length range of 8-9 mm. A photograph of the valve complete 
with tuning mechanism is shown in Fig. 4. 

The remaining technical problems which arose in the design 
of the sealed-off valve were concerned with the attachment of 
the gun and electrical connecting wires to the resonator, and the 
technique of making the final vacuum seal between the pinch 
and valve envelope. 

The pinch consisted of a seal between a lead-glass disc, through 
which six dumet leads were sealed, and a nickel-chrome-iron alloy 
surround having a flat flange to mate with a similar one on the 
steel envelope. These were joined together by arc welding, and 
this method was found to be convenient and satisfactory for small 
numbers of valves. 

A solution to the difficulty of attaching the gun and leads to 
the resonator was found by flexibly mounting the gun on the 
pinch so that it could be sprung into the nickel dish, shown at H 
in Fig. 2, the latter being brazed concentrically on to the base 
of the resonator assembly. The reflector lead from the pinch 
is at the same time joined by means of a sliding contact to an 
insulated lead passing through the resonator block. This 
arrangement is satisfactory since the reflector takes no current. 


(3.3) The Mechanical Tuning Mechanism 


The natural frequency of the cavity is a very sensitive function 
of the setting of the resonator gap, a change of 0-001 in giving 
rise to a frequency shift of 500 Mc/s. It is necessary, therefore, 
that the external tuning mechanism should provide a large 
velocity ratio for ease in tuning. This has been obtained by 
use of a screw-and-lever mechanism in combination with a C 
spring, the latter being connected to the centre of the top of the 
valve envelope, which flexes during tuning. The mechanism, 
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which can be seen mounted on top of the valve in Fig. 4, is 
similar to that originally used on the 14cm oscillator (type 
VX302). 


(4) CHARACTERISTICS 
Table 1 gives the operating conditions of the valve. 


Table 1 
OPERATING CONDITIONS 


Heater voltage .. 6:3V 

Heater current .. 0-:9A 
Cathode-resonator voltage 2:0kV 
Resonator current 8 to 12mA 
Screen—cathode voltage range . 0 to —200 V 
Reflector—-cathode voltage range —100 to —500 V 


The resonator current is adjusted for maximum output by 
means of the cathode-screen voltage. 


(4.1) Power Output and Electronic Tuning Range 


The variation of power output and electronic tuning range 
with wavelength is shown in Figs. 5(a) and 5(6) for two different 
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Fig. 5.—Characteristics. 


electronic modes. The curves refer to a valve where the output 
slot coupling the cavity to the waveguide is 0-060in wide. The 
performance varies somewhat over the wavelength band, but at 
the centre a power output of 50mW and an electronic’ tuning 
range of 60Mc/s is obtained for the 4¢ mode. 
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A series of demountable-system experiments was perfor 
in order to determine the output-slot width for optimum powes 
and electronic tuning range. The results are shown in Fig. 6, 
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Fig. 6.—Variation of characteristics with cavity loading. 


where curves (a), (b) and (c) show the variation of loaded Q, 
electronic tuning range and power output, respectively, with slot 
width. It will be seen that the slot size of 0-060in is under- 
coupled, maximum power and electronic tuning range occurring’ 
at a slot width. of between 0-080in and 0-090in; the loaded @ 
is then in the neighbourhood of 400. Another consideration 
that must be taken into account in determining the best slot size 
is that of noise output, dealt with in more detail in Section 4.2. 
It is known that noise output increases with slot width (decreasing 
Q,), and for some applications an oscillator having the full slot 
width might generate too much noise. A slot width of 0-060in, 
and more recently 0-070 in, has therefore been used. It may be 
found possible to increase this to the optimum value when more 
is known about the cause of the wide fluctuations in noise output. 
from valve to valve mentioned later, and about what level of 
local oscillator noise can be tolerated in practice in a receiver 
for the 8-9 mm band. 

For the measurement of power an enthrakometer bridge5 was 
used. Some results on early valves were obtained with a ther- 
mistor bridge, but this was replaced after it had been shown’ 
that it is subject to an absolute error which becomes appreciable 
at wavelengths below 3cm. 
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VARIATION OF RECEIVER NOISE FACTOR WITH Excess NOISE TEMPERATURE RATIO 
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The electronic tuning range was measured using a sine-wave 
rodulation on the refiector electrode, since it was found that 
‘nreliable results were obtained if frequencies corresponding to 
jae’ half-power points were measured by manual control of the 
flector voltage. This was due to a slow heating effect caused 


as varied, and resulted in a frequency change in addition to 


nat due to normal electronic tuning. 


(4.2) Local-Oscillator Noise 


| The local oscillator in a superheterodyne receiver generates a 
‘ertain amount of noise. This is of little importance at wave- 
Digths of 3cm and above but can be significant in the 8-9 mm 
band. The local-oscillator contribution to receiver noise is con- 
eniently expressed as an increase ¢’ in the noise temperature 
tio of a crystal mixer. The overall noise factor of a super- 


eterodyne receiver at centimetric frequencies is given by 
All these factors have to be reduced as far as possible for good 
‘eceiver performance. 
‘The envelope of the noise spectrum generated by the valve is 
‘hown in Fig. 7, the two noise sidebands which contribute to 
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Fig. 7.—The local-oscillator noise spectrum. 


eceiver noise being spaced at the intermediate frequency from 
that of the local oscillator. Clearly the magnitude of the noise 
dower depends on the intermediate frequency and the amplifier 
dandwidth, as well as on the local-oscillator noise spectrum, the 
atter being dependent on the loaded Q of the resonator. 
_ From elementary considerations it may be shown that 


fee 

PRT BP 

where a is a constant and k is Boltzmann’s constant. 
_ Since P,, is proportional to the bandwidth, ¢’ is a measure of the 
10ise to signal-power output from the local oscillator per unit 
yandwidth. It will increase as the loaded Q of the cavity is 
‘eased and with decrease of intermediate frequency. 

‘It is instructive to determine how the noise factor of a receiver 
‘use in the 8-9mm band varies with ?¢’ if reasonable values 
the other receiver parameters are inserted in eqn. (1). Some 
values are given in Table 2 for a single crystal mixer making the 
following assumptions: L = 8-5dB; ¢ = 2-0; N;; = 3dB (for 
45 Mc/s amplifier). 
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| 0:5 | 1 | 2 3 
| 
13-9 | 14°5 | 15-4 


(G20) | ies9 | 17:5 | 19:6 


Table 2 shows that the deterioration in receiver performance 
using a simple mixer would begin to become excessive if t/ were 
allowed to exceed 0:5. The effect of local-oscillator noise can, 
however, be reduced considerably by the use of a balanced mixer, 
and if the crystals are perfectly matched, local-oscillator noise is 
completely cancelled. In practice, however, some mismatch 
occurs, and so it remains important to maintain as low a value 
of local-oscillator noise as possible. Just what level can be 
accepted when using a balanced mixer has not yet been deter- 
mined, but it is thought that a maximum excess noise temperature 
ratio of about 10 is permissible. If the match between the 
crystals is poor, the noise-suppression ratio, which is the amount 
by which the local-oscillator noise is reduced by use of the 
balanced mixer, might fall to 20. In these circumstances the 
deterioration in receiver performance, due to a local oscillator 
where t’ = 10, is about 0:7dB. Normally the deterioration 
would be considerably less. 

No apparatus was available to measure the excess noise tem- 
perature ratio at the time of the main development of the valve, 
but subsequently measurements were made by C. R. Ditchfield 
of R.R.E., Malvern. Average results for different reflector modes 
are given in Table 3 for the valve with the 0:060in output 
coupling slot. 


Table 3 


MEASUREMENTS OF EXCESS NOISE TEMPERATURE RATIO 


Reflector mode 


t’ at mode centre .. 1:7 


t’ at the low-frequency half-power point | 4:3 


SRS: >20 


t’ at the high-frequency half-power point 


The increase in ¢’ with increasing electronic mode number is 
due to the fact that the noise power remains sensibly constant 
with mode, whereas the power output decreases with increasing 
mode number over the range considered. 

Kuper and Knipp (Reference 7, Chapter 17) have discussed the 
general noise behaviour of the reflex klystron using the shot 
effect in the injected current as a basis for noise generation. They 
showed that the asymmetry of the noise with regard to the half- 
power tuning points may be explained by the change of relative 
phase between the injected and reflected noise currents as the 
reflector voltage is varied. This effect is demonstrated in 
Table 3. 

While the general noise behaviour of the VX5023 can be 
explained in terms of known theory, wide fluctuations in noise 
output have been observed. For instance, in a batch of valves 
where the cavity loadings were all approximately the same, it 
was found that individual values of t’ ranged from 1-5 to over 
10 for the centre of the 53 electronic modes, the mean value 
being 4-1. The precise explanation for this is not yet known, 
but experiments now in progress show that the variation is due 
partly to displacement of the electrodes. 
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(5) THEORETICAL 


The efficiency and electronic tuning range of a reflex klystron 
may be calculated in a straightforward manner using a small- 
signal approximation, if the values of several parameters are 
known. Some of these, however, are known only approximately; 
moreover, the theory used ignores some effects-that may be 
appreciable, such as the effect of space charge on bunching of the 
beam. Consequently the numerical values obtained are some- 
what approximate; nevertheless the calculations were of con- 
siderable assistance in deciding certain features of the design. 

The calculations were based on the theory of Barford and 
Manifold. 


(5.1) Efficiency 


The efficiency is given in terms of two parameters C and k, 
where 
C=1'68 x 10-° X wFsV 2 7 ee) 


and k = B2RICV SY. 


The efficiency is inversely proportional to C, and increases 
with k from zero at k = 1, steeply at first, but flattening off 
for large values of k (see Reference 2, p. 305). For high efficiency 
C must be small and k large. 

In these equations F’, s and Vg may be obtained from a field 
plot using an electrolytic trough, although the value of F’ found 
in this way may be to some extent in error because of the neglect 
of space charge. [ can be calculated with fair accuracy,? the 
value of 0-6 being obtained for a resonator gap spacing of 
0:006in. The effective current is another factor’ which is 
difficult to assess accurately. It has been taken here as 80% 
of the total current, i.e. 8mA. 

The shunt resistance of the resonator, which is the resultant 
of contributions from copper losses and beam damping, is difficult 
to assess with any accuracy. The part due to beam damping 
can be calculated, and may be neglected since it is greater than 
1 megohm. Published data (Reference 7, p. 78) for a resonator 
of approximately the shape in use in this oscillator but without 
apertures gives a shunt resistance due to copper losses of 
50000 ohms. The presence of apertures would perhaps raise 
this value, but on the other hand the surface conductivity of 
copper rarely equals the low-frequency value, so it is likely that 
a somewhat lower value than 50000 ohms would be obtained in 
practice. 

If, for the moment, the shunt resistance is regarded as a 
variable, the efficiency calculated from eqns. (3) and (4) can be 
plotted as a function of R. This has been done in Fig. 8 for 
the 4% and 53 modes. Then, if the theoretical efficiency is to 
agree with the maximum experimental value obtained (0-8 % for 
the 4} mode), R must be in the region of 30000 ohms, which is 
in reasonable agreement with the estimate made above. Using 
this value of shunt resistance a value of theoretical efficiency for 
the 53 mode is obtained which is greater than the measured one. 
This appears to be a general characteristic of the reflex klystron, 
and has been explained® in terms of the increased drift time for 
the higher mode. This is liable to cause an increased loss of 
electrons after reflection, and to increase any phase difference 
that may exist between the axial and the marginal electrons. 


(5.2) Electronic Tuning Range 


. It is well known that the frequency of oscillation f, when the 
reflector voltage is slightly different from that giving maximum 
power, is given by 


EL 
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It has been shown® that 
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Hence Q, may be calculated from eqn. (6), and finally the 
electronic tuning range from eqn. (5), since tan ¢ is a kno 
function of k.8 
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Table 4 | 
ELECTRONIC TUNING-RANGE CALCULATIONS ; 


Half-power electronic tuning range 


R = 20000 R = 30000 R=s50000 | | 


The results given in Table 4 apply to optimum loading con- 
ditions and should therefore be compared with experimental 
values obtained for a slot size of about 0:090in. It will be seen 
that the calculated electronic tuning range is not very sensitive 
to what value is chosen for the shunt resistance over the range 
20000 to 50000 ohms. Experimental values obtained, namely 
110Mc/s and 200 Mc/s, are rather greater than the computed 
ones for the 4% and 53 modes. It is likely that the effect of 
space charge on some of the parameters involved, such as the 
bunching factor F’, contributes to the discrepancies. | 

Considerable variation in electronic tuning range is found 
between valves. Average values are about 60Mc/s for 
43 mode and about 80 Mc/s for the 5} mode for an output-sk 
width of 0:06in. These values are smaller than the calcula 
ones because the load coupling is less than optimum. 
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THE MAGNETIC SCREENING EFFECT OF IRON TUBES 
By P. HAMMOND, M.A., Associate Member. 


(The paper was first received 15th December, 1954, and in revised form 15th April, 1955. It was published as an INSTITUTION MONOGRAPH 
in August, 1955.) 


SUMMARY 


The magnetic screening effect of cylindrical iron tubes of different 
thicknesses and permeabilities is discussed and analysed, particular 
attention being paid to the effect of saturation. The problem is 
approached from a consideration of the induced pole strength on the 
surface of the iron. The distribution of pole strength is expressed by 
means of a Fourier series, and it is shown that such a distribution will, 
in general, cause a magnetic field which varies from place to place in 
the screened region. Values of the theoretical screening ratio are 
calculated and good agreement is observed with values obtained 
experimentally. 


(1) INTRODUCTION 


It is a well-known experimental fact that the magnetic field in 
any space can be considerably reduced by surrounding that 
space by an iron container, so long as the currents and magnets 
causing the field are external to the container. This property 
of iron is often referred to as a screening effect, and analogies 
to the screening effect of an opaque body on light, or of a solid 
body on a current of air, spring readily to mind. Such analogies 
may be helpful up to a point, but they do not give a correct 
picture of the mechanism underlying the magnetic screening 
effect of iron. It is the aim of the paper to examine the problem 
from the viewpoint of magnetic theory, which starts from the 
concept of the inverse square law of force between point mag- 
netic poles. 

In using this approach, it is not thought that this is the only 
way of looking at the problem. In principle, magnetic forces 
can be evaluated by using the theory of relativity applied to 
moving charges, but the details of this method do not appear 
to have been worked out sufficiently to deal with problems of 
this nature. The classical theory of magnetism, on the other 
hand, is convenient for mathematical treatment and familiar to 
engineers. These are the reasons for using it in the paper. 

It was stated above that magnetic theory can be built up from 
the fundamental law that the force between poles varies as the 
inverse square of the distance. Here it seems desirable to refer 
to the use in the paper of the inverse square law. Some writers 
use this law in such a way as to make it dependent on the medium 
in which it acts, while others state clearly that the law is 
independent of the medium. The latter view is taken here, and 
any apparent change due to a different medium is explained by 
the effect of induced polarity and in particular by the polarity 
_ induced on the boundary surface between different media. 
Attention is withdrawn from the medium and concentrated 
on the boundary. In the particular case of iron in a magnetic 
field the change of magnetic force inside a cavity in the iron is 
thus attributed to the induced surface polarity on the iron. To 
calculate the screening effect of a particular iron container it 
is therefore necessary to calculate the pole strength on the 
surface of the iron. 

In all such calculations it is useful to employ the concept of 
permeability which, in our view, is a convenient device to arrive 
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at a statistical summation of the effects of many induced poles. 
But in using this device one is faced at once by the complication” 
that the permeability of iron is by no means constant. If the 
permeability varies, it is likely that the magnetic force H in the 
iron will also vary. Any such variation of magnetic force” 
must, in the view adopted here, be attributed to a suitable 
distribution of pole strength on the surface of the iron. Cons 
sider the special case of a long cylindrical iron tube placed 
with its axis transversely to a uniform magnetic field (Fig. 1). 


Fig. 1.—Tube in uniform magnetic field H. 


It is well known that the flux density in the iron will vary” 
around the tube, being zero at A and C and having its maxi- j 
mum value at B and D. Hence the permeability and the mag- 
netic force will also vary, and so will the surface pole strength. 
The difficulties thus created by the varying permeability of the 
iron are attacked in the paper by analysing the distribution 
of surface pole strength by means of a Fourier series. The — 
analysis is found to be competent to predict the screening effect — 
of tubes of any thickness made of iron of widely differing magnetic — 
quality. The theoretical treatment is checked by measurements — 
on a mild-steel tube and a Mumetal tube. It is thought that the | 
method of the paper presents a powerful tool for dealing, not | 
only with this special case of a long tube, but also with many — 
other iron problems in which it is desired to analyse the effect | 
of varying permeability, especially where highly saturated iron — 
is used. 


(2) THEORETICAL INVESTIGATION il 


(2.1) Long Cylindrical Tube of Constant Permeability in 
Transverse Magnetic Field of Strength Ho uy 


Before we attempt to deal with the effects of varying permea-_ 
bility it is desirable to obtain expressions for the induced pole — 
strength on the walls of a tube of constant permeability. Con-— 
sider first the induced pole strength on the surface of a solid | 
circular cylinder of infinite permeability which is placed in a 
uniform transverse field Hp. Inside the cylinder the field must 
be zero, and hence the surface pole strength must there produce 
a uniform field — Ho to remove the effect of the external field, Ho. 
If the induced surface pole-strength per unit area is denoted by 
[oG, it will give rise to a magnetic force 277190 at points close to. 
the surface of the cylinder. Hence by the conditions of con- 
tinuity of the radial field at the cylinder surface we have | 
270 = H,, where H, is the resolved part of Hp perpendicular 
to the surface of the cylinder. | 

H, can be written Ho cos 0, where 0 is the angle between the — 
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tion of Ho and the radius of the cylinder at the point where 
e surface pole strength is ugo. Hence 


Pee A cos 0... 34 we we eC) 


nd it is seen that the pole strength per unit area will vary as 
os. Since we are dealing with long cylinders, in order to 
2strict the problem to two dimensions, we can say that the pole 
rrength has a line density varying as cos @. It has thus been 
hown that a distribution of pole strength varying as cos 0 
roduces a uniform field within the cylinder. In the special case 
f a cylinder of infinite permeability this uniform field is equal 
nd opposite to the inducing field. But if the permeability is 
nite there will still be some field in the cylinder. The realization 
2at a distribution of pole strength varying as cos @ always 
roduces a uniform field within the cylinder is of great importance. 
Consider now the tube of Fig. 1. If the line density of pole 
trength on the outer surface is denoted by joa, and that on the 
iner surface by jigo,, the conditions of continuity are 


teeaemOn—= PH, —27o,). . . ~ (2) 
t radius a 
od ae + 270, — LH, =, 27G;) . . : 5 (3) 
t radius b 


here H, is due to the radial component of the field Hp and 
iat of the pole strength o,, and where H, is due to the radial 
omponent of the field Hy and that of the pole strength o,. 
iow the radial component of Hy is Hy cos 0, so that both a, 
nd o, must vary as cos @ and can be written as o,, cos @ and 
pt Cos 0. 


270,, cos 0 = iM = yH, (say) en ( 4) 


he field due to pxgo, at the radius a will be 


Hence 


p2 
27571 cos 64) 
b2 
‘Hence 270,, cos? =y (Ho cos 6 — 25% cos @) (5) 


. b ’ 
If soe x, (say) 


27094 = yV(Ao ~ 27x?o,1) Tee ite) (6) 
imilarly 2710p, = Vo — 2770) ee ee det Ch) 
, Coe 
herefore 2G. = oy Ay Meee ys. ko) 

see) 
nd 2705, = eee oe eee ys tS (9) 
s the permeability tends to infinity, y tends to unity 
od 2770, > Ho 
2704, > 0 


fore will then be no field inside the tube, which is the condition 
f perfect screening. 

It should be noted that, so long as the applied field Hp is uni- 
xm and the permeability of the tube is constant, the surface 
ole strength will have a line density varying as cos @. Hence, 
3 discussed above, the field in the space surrounded by the tube 
ill be constant in magnitude and direction, and will act in the 
irection of the applied field. Its magnitude will be 


f => Ho ae 2770 44 + 27044 
yl — yx*) 
ee 


(10) 


a3 
ites y2x2 


Hence oe Byars ra) (11) 
oe 
Hence = = ae (12) 
L 5 ee 
i eal 1 
a+ b\(ut+a+b 
nT Iai A 
provided that pat+b)st 
where t=a—b 
Hence Bee: sei Adie! ile ay 
if a~ band pt s (a+ 6) 


But Hp is the strength of the magnetic field before the tube is 
placed in position, and H;, is the magnetic field in the space 
surrounded by the tube. In this space the field has therefore 
been reduced from Hy to H;, and we can term the ratio Ho/H 
the screening ratio of such a tube. In the case of the thin tube 
under consideration the screening ratio is therefore approxi- 
mately pt/2a. 

Consider now the flux per unit length carried by the wall of 
the tube. This can be obtained by finding the tangential mag- 
netic force at any radius r within the tube wall, multiplying this 
force by the permeability of the tube to obtain the tangential 
flux density B and integrating this over the thickness of the tube 
wall. 


2 
Thus B= po] Hh mee TO eats COR (?) | sin 0 (15) 


and $= | Bdr = po] (Pl == Pitop Vi ar 2roy | sin (16): 
b 


Cie y) &.. 
i Agfa = sin (17) 
Ko ety) 
2ho 1 
P 18 
res a Tp tot sin (8) 
wt+la 
ae erie ace LR 
Nye 
pt 
= 2pjaHpsind (20) 
if bt>at+b 


Therefore, as long as the condition of eqn. (20) holds, the 
walls of the tube will carry twice that flux which would have 
crossed the diametral plane of a cylinder of radius a, if the 
tube had not been there.” 

The average tangential flux density in the wall of a thin tube 
will be 
20H, 0 sin 6 

t 


B= (21) 


(2.2) Application to Iron Tube in Uniform Magnetic Field 


There are two objections that have to be met before these 
results, which apply to a tube of constant permeability, can be 
extended to deal with an iron tube in which the permeability will 
be far from constant. 
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The first objection raises the question of whether the field of 
the elemental magnets of the iron is equivalent to the field of a 
distribution of pole strength over the surface of the iron. This 
question can best be answered by reference to Green’s theorem,? 
which states that any distribution of magnetic dipoles can be 
replaced by a surface distribution of pole strength combined 
with a volume distribution of pole strength. The surface 
distribution of pole strength will be proportional to the intensity 
of magnetization, while the volume distribution is proportional 
to the divergence of this intensity. Therefore, as long as the 
permeability is constant there will be no such volume distribu- 
tion. Thus the analysis of the previous Section is strictly correct. 
But even if the permeability varies, the volume distribution will 
be considerably smaller than the surface pole strength, and good 
agreement with experimental results is to be expected, if the 
volume pole-strength distribution is neglected in all iron 
problems. There can never be any violent rate of change of 
permeability, unless of course there are lumps of slag in the 
iron. But then there is in effect another free iron surface within 
the material. Thus a theory of magnetism that looks for the 
seat of the action on the surface of the material only will be both 
mathematically convenient and also firmly based on a close 
insight into the physical mechanism involved. 

The second objection that has to be met is based on the fact 
that the permeability in iron varies so much. It has been said 
that an analysis based on the assumption of constant per- 
meability is at best only an academic exercise, and at worst it is 
liable to lead to disastrous errors in engineering calculation. 
However, consideration of our problem will show that the 
assumption of constant permeability, if used intelligently, is 
most helpful in giving general guidance to. the solution of the 
problem. The reason for this is seen most readily by reference 
to eqn. (4), in which no such assumption has been made. It is 
clear that the ratio (u%— 1)/(%+ 1) cannot be appreciably 
affected by a change of permeability of even 10 : 1, so long as wu 
has a value of at least a few hundred. 

It is seen that a general principle emerges from our calculations. 
All magnetic forces or pole strengths that are functions of p, in 
which the numerator and denominator contain powers of of 
the same order, will be practically independent of p, in any 
problem involving iron. On the other hand, those magnetic 
quantities, which are functions of yx in which either the numerator 
or the denominator contains powers of pu to a higher order, will 
vary with the state of saturation of the iron. It appears that this 
principle merely states the obvious, but by making use of it in 
calculations based on the assumption of constant permeability, 
results which are far from obvious are obtained. 

With reference to the particular case of the iron tube in a 
uniform magnetic field, we notice that the flux and the flux density 
in the wall of the tube will be practically independent of p, 
while the flux density in the screened space surrounded by the 
tube will be almost inversely proportional to ps and will therefore 
depend dominantly on the state of saturation of the iron. In 
this case, B in iron does not depend on p, while B in air does. 
This rather surprising result should be compared with that 
obtained for an iron tube magnetized by a loop of current,! 
for then the B in the iron depends on p,, while B in the air (the 
leakage flux) is independent of p. 

The fact that B in the tube wall is practically independent of 
the permeability of the iron, until this is very heavily saturated, 
is borne out by the experimental investigation [see Figs. 6(a), 11 
and 15(c)]. But it may be helpful to examine the mechanism by 
which this comes about. 

Consider first the magnetic forces inside the wall of a tube of 
constant permeability. Fig. 2(a) shows a shell of pole strength 
/40%,q, Cos 7 in a uniform magnetic field. The magnetic force in 
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Fig. 2.—Shell of magnetic pole strength. 


(a) p.0Ga1 Cos 0. 
(6) woon1 Cos 0. 


the space surrounded by the shell will be Hy — 270,, and will 
be in the same direction as Hp. Fig. 2(b) shows a shell of pole 
strength —j190,, cos 8. The magnetic force outside the shell, 
but close to it, will be of constant strength 27ro,,, but its direction 
will be as indicated in Fig. 2(6). If the field distributions of 
Figs. 2(a) and 2(b) are superimposed we arrive at the case of a 
tube of constant permeability (see Fig. 3), and have thus seen 


ay —_ 
Se cael —> 


Fig. 3.—Flux guided around walls of tube. 


how the combination of the magnetic force of the external field 
with the. magnetic forces of the induced polarities guides the flux 
around the wall of the tube. From the point of view adopted 
in this paper, this is an instructive example of the manner in 
which the polarity of the iron adjusts itself so as to render any 
iron path a good conductor of flux. . 
Consider now what happens when the iron begins to saturate. 
This problem can be examined with reference to Fig. 4. Flux 


ee 
+/ — 


144 


Fig. 4.—Saturation effects. 


has been forced out of the iron into the air in the regions of 
heavy saturation. Whenever flux emerges from iron there 
must be surface pole strength at that place. Clearly such surface 
pole strength will be of such a sign as to increase the magnetic 
force in the part of the tube that is saturated, which is exactly 
what is needed to keep the flux within the wall of the tube. Since 
the permeability of iron is so large, a small leakage flux will be 
sufficient to give a considerable increase in wall flux. We have 
here a self-relieving mechanism and see why the wall flux depends 
so little on the permeability. The surface pole strength will have 
to adjust itself, and there is no longer a pure cosine distribution. 

The reader may suspect that there is a contradiction in the 
argument. We have previously stated that the surface pole 
strength depends on the ratio (uw — 1)/(u + 1) and is thus 
unlikely to vary even with large variations of jz, whilst there 
must be a variation of surface pole strength to account for the 
absence of change of the wall flux density. 


) 
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| To resolve this apparent contradiction it must be noted that 
saturation necessitates an increased magnetic force in the wall of 
the tube if the flux density is to be maintained constant; but 
the magnetic force in the wall is the difference between the external 
magnetic force Hy and the magnetic force of the induced pole 
strength 2790, neglecting the small induced pole strength oo, 
for the sake of simplicity. Thus the magnetic force in the wall is 


2H 
Re 


and this magnetic force is very sensitive to a change in ». Thus 
it is seen that only a small change in o, is needed to make a very 
large change in the magnetic force in the wall, and the contradic- 
tion is resolved. 

Any such change in the surface pole strength will introduce 


Hy — 270, = (1 


y)Hy = (22) 


harmonics. In general, the surface pole strength will now be 
ziven by 

O, = G4, cos 9 + o,, cos 30 + o,5cos 50+... . (23) 
and O, = Op, cos 8 + ay; cos 39 + o45c0os 50+. . (24) 


As a result the field in the space surrounded by the tube will be 
given by 


H, = (Ho — 270, + 270,)) cos 0 
(ie r2 
a (270435 - 2moys5) cos 30 —.. (25) 
— Hy = (Ho — 270,, + 2770;,) sin 0 
4 72 
be (270435 ‘2 2moysr5 ) aa. 6) 


Thus the harmonics in the surface polarity distribution will be 
of the same order as Hy — 2770, + 27704;, or Ife X 2770,,, and 
they will be highly dependent on the permeability; it has already 
been pointed out that the harmonics only arise as a result of 
saturation. The conclusion is that the induced surface pole 
strength on the iron tube will consist of a fundamental cosine 
term which will be largely independent of yu and of the order of 
the applied field, and of a series of odd harmonics which will 
depend directly on yz and will be of the order of 1/ times the 
applied field. We have now to consider the effect of this dis- 
tribution of surface pole strength on the tube and on the space 
outside or inside the tube. 

‘ Consider first the region surrounding the tube. 
field will be given by 


Hi | Ho + ano oa(- ) ©] 008 8 + 27 0.0(2 i cos 36 +. 


The radial 


@ 


if the effect of the pole strength on the inner wall is apeeey for 
simplicity. Now we know that o,, is of the order of Ho and a 


i 
s of the order of —o,,;. Hence the harmonics can have no 


ossible effect so long as 4p > 100, say. If we explore the field 
urrounding the tube at various states of saturation, we shall 
ind a flux distribution varying as cos 8 and independent of pL. 

_ Consider next the region occupied by the iron of the tube 
ral 


here Bo ~ sin 0 
already shown, and thus the effect of saturation is likely to 
2 very small until the iron is heavily saturated, so long as 
a+b 

oo 


115 


Lastly let us consider the field inside the space surrounded by 
the tube, which depends [eqns. (10) to (14)] dominantly on the 
permeability of the iron and thus on the harmonics in the surface 
pole strength. Thus the screening effect will depend on these. 
harmonics. 

It has already been shown that, as long as pu is constant, the 
field in the screened space is given ie 


Hp = Ho —— ~~ (28) 


ES b 
as long as 


If we consider the case of a 3in-diameter tube of thickness, 
0:036in, » s 83. While this condition is not difficult to obtain 
with Mumetal at low flux densities, it is essential to see the 
magnitude of the limit imposed. Since jz can vary considerably 
around the wall of the tube (from say 60000 to 5000) and still 
keep within the limit of uw s 83, it is natural to ask which value 
of mu should be taken to estimate the screening effect for a 
particular tube. 

It is necessary to consider the magnetic field due to the 
harmonics in the pole-strength distribution. For the third 
harmonic (2774903 cos 39), it is clear that the field will resemble 
that of a 6-pole machine. At the centre of the tube such a 
distribution of pole strength can never produce any field, because 
there will be equal numbers of north and south poles at equal 
distances and their effect will cancel out. But there will be a 
field at every other point inside the tube, and this will become 
stronger nearer to the iron surface. The general expression for 
the magnetic field due to the mth harmonic is given by 


TaN 
— 2n0,(%) 
TiN oe 
H, = =< 
0 2n0,(z) 


where (r, 8) are the co-ordinates of a point at which the field is. 
measured and R is the radius of the shell of pole strength jigg,,. 
At the centre of the tube the field must therefore depend entirely 
on the fundamental component of polarity, since the higher 
harmonics give zero field at this point. If harmonics are 
present in the surface-polarity distribution, it is no longer 
possible to refer to the screening ratio of the tube without 
reference to a particular point therein, since the screening ratio 
will vary from point to point. The effect of the harmonics will 
be a maximum when r is maximum, i.e. at the inner surface of 
the tube. For the centre of the tube, we can now decide on 
the value of yz to be used in the expression for t/2a the screen- 
ing ratio Ho/H; = pt/2a. The correct value is that correspond- 
ing to the fundamental component of surface pole strength. 

Consider this with reference to Fig. 5, in which harmonics 
higher than the third have been neglected. Clearly the magnitude 
of the fundamental component of Hy is governed largely by the 
magnitude of Hg required at angles near 90°, i.e. near the place 
at which « is a minimum. But it would be unduly pessimistic 
to choose this minimurn value of w as being correct for the 
screening ratio, In the example illustrated in Fig. 5 the mag- 
nitude of H» should be found at 0 = 60° since the third harmonic 
will be zero at this angle. The magnitude of the fundamental 
can then be derived, and will give the correct permeability. If 
other harmonics are also prominent, it may be necessary to carry 
out a harmonic analysis of the Hy curve and thus to obtain its 
fundamental component. 

If it is desired to find the screening ratio for points other than 
the centre of the tube, the effect of the harmonics will have to 


1 
cos nO (29), 


and sinné . (30) 
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Fig. 5.—Variation of magnetic force in tube wall. 


be considered. If the discussion is again confined to the 
third harmonic, it is clear that it must reinforce the field at 
@ = 90° (see Fig. 5) and must be of the same sign as Hy — 270, 
at 6 = 90°. Hence o, will be of the same sign as o;, and the 
field strength will be 


(Hy — 270,) sin 8 — 270, sin 30 


at points close to the inner wall of the tube. 


(3) EXPERIMENTAL INVESTIGATION 


A substantially uniform magnetic field was produced by 
passing a current through two coaxial coils each having 2250 
turns. The mean diameter of the coils was 21cm, and their 
mid-planes were 38cm apart. The field was explored by means 
of a search coil of 600 turns of No. 44s.w.g. enamelled wire, the 
cross-section of the coil being approximately Scm x lcm. It 
was found that the magnetic flux density in a region half- 
way between the magnetizing coils and on their axis was 
B = 30 lines/cm?/amp. The heat dissipation of the magnetizing 
coils and the rupturing capacity of the reversing switch connected 
in their circuit limited the current to4amp. Hence the maximum 
flux density was 120 lines/cm2. 

To examine the screening effect of iron tubes with widely 
different amounts of saturation, it was decided to test a mild- 
steel tube which was unsaturated and a nickel iron tube which 
could be very heavily saturated. The screening ratio was 
obtained by means of a ballistic galvanometer connected to the 
search coil described above, and also by means of a.c. tests 
when the search coil was connected to a cathode-ray oscillograph 
through an integrating circuit using a pentode valve. 


(3.1) Screening Effect of Mild Steel Tube 


The length of the tube was 15-3cm,- the mean diameter 
7:15cm, and the thickness 0:32cm. The tube was placed 
transversely to the magnetic field at the centre of the magnetizing 
system. A search coil of 36 turns was wound on one portion of 
the wall of the tube, and the tube could be rotated on a graduated 
scale so as to place the search coil at various angles to the applied 
magnetic field. By this means, curves of wall flux against angle 
could be obtained, when different magnetizing currents were 
reversed by means of the reversing switch. Fig. 6(a) shows such 
a family of curves. It will be seen that the curves are sub- 
stantially sinusoidal as predicted in Section 2.2, and the wall flux 
is accordingly largely independent of the variation of, per- 
meability around the tube. The theoretical values for B at 
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Fig. 6.—Wall of mild-steel tube. 


(a) Flux density. 
(b) Magnetic force. 


@ = 90°, as calculated for a tube of infinite length, are compared © 
with the actual values of B in Table 1. The difference between | 
the measured and calculated values of wall fiux density is) 
probably due to the fact that the field was not strictly uniform, | 


Table 1 
COMPARISON OF THEORETICAL AND ACTUAL VALUES 


Wallflux density B 


Ratio of 
experimental | 
to theoretical | 


Current 


Theoretical Experimental 


gauss 

670 
1340 
2010 
2 680 


gauss 

750 
US75 
2380 
3150 


and more important still, the tube was relatively short, its length 
being only about twice the diameter. The constancy of the ratio 


tube of varying permeability. 
To examine the effects of surface polarity it was necessary to, 
obtain curves of magnetizing force against angle by obtaining 
a B/H reversal curve for the tube, which was done in the usual) 
manner. A magnetizing winding was wound on the tube, and 
the flux density was measured by means of a fluxmeter connected 
to the search coil on the wall of the tube. Fig. 7 shows the 
B/H and p/H curves obtained. It is seen that the tube is very 
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Fig. 7.—Magnetic reversal curve for mild-steel tube. 


unsaturated in the range of flux densities covered by the test, 
ut that there is a variation of permeability of about 6: 1 

cause of the low permeabilities at very weak field strengths. 
ig. 6(6) shows curves of H/@, where H is the magnetizing force 
a the tube wall and @ is the angle around the circumference of 
he tube. Comparison of Figs. 6(a) and 6(b) shows that, while 
the flux density varies sinusoidally around the tube, the mag- 
etizing force does not, but consists, as predicted, of a funda- 
ental distribution with various harmonics superimposed on it. 
This clearly shows that the surface polarity has harmonics in its 
distribution. The fundamentals of the H/O curves in Fig. 10 
e given in Table 2. 


: Table 2 

FUNDAMENTALS OF H/6 CuRVES CURRENT REVERSED, AMP 

Fig. 9.—Screening ratio of mild-steel tube. 

Current Fundamental H Maximum H (a) D.C. test. 

(6) A.C. test. 

oersteds oersteds 

AG 1:42 the search coil connected to a ballistic galvanometer. Fig. 9(a) 
2:22 1:95 shows the screening ratios obtained for different magnetizing 
2-65 2°32 currents. For comparison the curves of theoretical screening 
3:02 2°65 ratio for positions A and B have been plotted in Fig. 9(a). 


These theoretical curves are obtained from eqn. (14) Ao/H; 
= pt/2a. The permeability chosen for the screening ratio 
_ It was pointed out in Section 2.2 that harmonics in the dis- at position B is that corresponding to maximum 4H, while the 
qibution of surface polarity around the tube would result in a permeability for position A is that corresponding to the funda- 
nagnetic field that varied from place to place in the space sur- mental component of H, i.e. to that value of which occurs at 
jounded by the tube. Thus the screening ratio will also vary. the point where the H/ curve crosses the curve of fundamental 
| ne internal field was measured in three positions (see Fig. 8) by Hf against 6. Fig. 9(a) shows clearly that the highest screening 
| ratio for an unsaturated iron tube is to be expected at the posi- 
tion B. This is a result of considerable interest, since static 
screening is often required from weak magnetic fields. Table 3 
shows the ratio of the theoretical to experimental screening ratio. 
Comparison with Table 1 shows that the difference must again 
be due largely to the end effect. It is clear that the theoretical 
treatment can be used to give a very close approximation to the 
experimental screening ratio. 

Fig. 8.—Positions of search coil in tube. Fig. 9(a) shows the screening ratios obtained on an a.c. test 
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Table 3 


COMPARISON OF THEORETICAL AND EXPERIMENTAL SCREENING 
RATIOS 


Ratio of theoretical 
to experimental 
screening ratio 


Experimental 


Theoretical 
screening ratio i 


screening ratio 
Current 


carried out at a frequency of 50c/s. The screening effect is 
considerably improved. The screening due to current flowing 
up over half the section of the tube and down over the other 
half was negligible owing to the high resistance of the tube. The 
improvement of the screening ratio must therefore be due to 
eddy currents flowing in one direction on the inside of the tube 
and returning on the outside of the. tube (see Fig. 10). These 


Fig. 10.—Eddy currents in tube. 


eddy currents will crowd the flux into the surface layers of tube 
wall, and this will result in an increase in permeability because 
the tube is so unsaturated. It is of interest to note that the full 
benefit of this increased permeability is felt only at C, while at 
A and B there is a smaller increase in the screening ratio because 
of the field of the eddy currents.4 The criterion of eddy-current 
effect, mt, given in the Reference is approximately 4, so that the 
eddy-current effect is likely to be very pronounced, as is the case. 
The theoretical d.c. curves are plotted in Fig. 9(5) for comparison. 


(3.2) Screening Effect of Mumetal Tube 


The length of the tube was 15-3 cm, the mean diameter 7:-7cm 
and the thickness 0:09cm. A search coil of 36 turns was 
wound on one portion of the wall of the tube. Fig. 11 shows 
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Fig. 11.—Flux density in wall of Mumetal tube. 
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Table 4 


COMPARISON OF B VALUES 


Wall flux density B 


Theoretical Experimental 


m gauss gauss 

4 15 1280 1500 1:17 
1 30 2570 3020 1-17 
2 60 5140 6100 pil) 
3 90 7700 6410 0-835 
4 10300 6500 


a family of curves of wall flux density B plotted against 0, 
angle measured around the circumference of the tube. 
theoretical values for B at 8 = 90° are compared with the 2 
values in Table 4. 
The Table shows that the ratio of experimental to theoretical 
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Fig. 12.—Magnetic reversal curve for Mumetal tube. 
2 High flux density. 
& Low flux density. 


flux density is the same for the Mumetal tube, when unsaturated, 
as for the mild-steel tube, in spite of the fact that the thickness 
d permeability of the tubes are widely different. This under- 
the usefulness of the theory in predicting the behaviour of 
ny iron tube. 
Figs. 12(a) and 12(b) give the magnetic reversal curve of the 
Mumetal tube, Fig. 12(6) showing the part of this curve at low 
flux densities. It will be seen that there is a slight inconsistency 
‘between Figs. 11 and 12(q), since Fig. 11 shows the saturated 
flux density of 6500 gauss and Fig. 12(a) 6300 gauss. This 
‘inconsistency is due to lack of homogeneity of the tube. The 
xamination of H/@ curves had therefore to be confined to 
those obtained with magnetizing currents smaller than 3 amp. 
Figs. 13(a) and 13(6) show curves of H/@ for the Mumetal tube. 
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Fig. 13.—Magnetic force in wall of Mumetal tube. 


(a) Low flux density. 
(6) High flux density. 


The curve of A/6 taken with a magnetizing current of 4 amp is 
of the same shape as the curves obtained from the mild-steel 
itube, while the curve obtained at a magnetizing current of 2amp 
‘is completely different owing to the onset of saturation in the 
‘Mumetal. The first three terms of the Fourier analysis for these 


‘two curves are as follows: 


Magnetizing force 


Current 
samp H =0:-0348 sin 6 + 0-0055 sin 39 + 0-0026 sin 50 
2amp H =0:6055 sin 6 — 0-3061 sin 30 + 0-1173 sin 50 


|have become more pronounced and that the third harmonic 
\has changed its sign. When the third harmonic has the negative 
jsign it will add to the internal field at 6 = 90°, and the position 
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B will now give the lowest screening ratio and position C the 
highest. This is seen from Fig. 14(a), which shows the screening 
ratio obtained with the Mumetal tube with heavy saturation 
[Fig. 14(@) should be compared with Fig. 9(a)]. It was not 
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Fig. 14.—Screening ratio of Mumetal tube. 


(a) D.C. test. 
A.C. readings ... X 
(6) A.C. test. 


possible to obtain measurements on the ballistic galvanometer 
when the current reversed was less than 2}amp. Because of 
this lack of sensitivity and the inhomogeneity of the Mumetal 
tube, no theoretical screening-ratio curve has been plotted on 
Fig. 14(a). The theoretical values of the screening ratio at 
2amp obtained from the formula Ho/H; = qt/2a are as follows: 


Position .. ie Hace ask B 
Screening ratio 120 68 


Fig. 14(d) shows the screening ratio of the Mumetal tube obtained 
from a.c. measurements. Some of these a.c. readings have been 
inserted in Fig. 14(a) for comparison, and show that the a.c. and 


120 


d.c. curves practically coincide. This is to be expected from a 
consideration of the eddy-current criterion, which in the case of 
the Mumetal tube will be only about mt =1-5. The eddy- 
current effect will therefore be very small. Examination of 
Figs. 14(a) and 14() shows that the magnetic field in a saturated 
iron tube will vary considerably from place to place. Clearly 
it is impossible to speak of the screening effect of such a tube 


war 


(2) 


(ce) 


Fig. 15.—Flux density with Mumetal tube. 


Exciting current, 34 amp (r.m.s.). 
(a) Inside. 
(6) Outside. 
(c) In tube wall. 


without reference to the point concerned. Figs. 15(a@), 15(6) and 
15(c) show oscillograph traces of the flux density outside the tube, 
in the tube wall and in the space surrounded by the tube. These 
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were obtained with the Mumetal tube in an alternating magnetic} 
field, the alternating exciting current being approximately 3 amp 
(r.m.s.). These traces show very clearly the type of variation 
predicted in Section 2.2, namely that the external field and wall 
flux are independent of pz, but that the field in the space sur- 
rounded by the tube depends dominantly on p. 


(4) CONCLUSION 


It has been shown that the magnetic behaviour of iron of widely 
varying permeability can be accurately predicted from a theory 
based on the assumption of constant permeability, provided that 
a close study is made of the distribution of surface polarity. 
The theory has been applied to the screening action of iron tubes, 
and it has been shown that the screening effect will vary from 
place to place in the screened region. This variation has been 
measured and has been found to agree closely with the theoretical 
predictions. Thus accurate estimation is possible of the screen- 
ing effect of such tubes. 
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SUMMARY 


The parameters of the equivalent circuit of an axially unsymmetrical 
waveguide junction may be calculated by a direct application of the 
variational method developed by Schwinger. Certain useful properties 
bf this method exist only when the junction has a certain degree of 
symmetry. A modification to the method by which these properties 
are retained even when the junction is asymmetrical is developed and 
shown to be closely related to the Weissfloch method for the experi- 
mental determination of the equivalent-circuit parameters. The 
method is illustrated by numerical calculations for the junction between 
an empty waveguide and one partially filled with dielectric: good 
agreement is found with experimental results. 


LIST OF PRINCIPAL SYMBOLS 
x, y, Z = Cartesian co-ordinates. 
E,, = x-component of electric field. 
H,, H, = y- and z-components of magnetic field. 
a, b = Dimensions of waveguide cross-section. 
t = Thickness of dielectric slab. 
e, = Relative permittivity of dielectric slab. 
Z,, Z, = Characteristic impedances of transmission lines in 
equivalent circuit. 
n = Turns ratio of ideal transformer. 
u, v = Additional lengths of transmission lines in equiva- 
lent circuit. 
Bo = Free-space phase-change coefficient. 
Yo = Free-space wave admittance. 
Bo, = Phase-change coefficient for Hp, mode in empty 
waveguide. 
%o, = Attenuation coefficient for Hy, mode in empty 
waveguide (m > 2). 
Yo, = Wave admittance for Ho, mode. 
B, = Phase-change coefficient for dominant mode in 
partially filled guide. 
a, = Attenuation coefficients for evanescent modes in 
partially filled waveguide (n > 2). 
Y,, = Wave admittances for modes in partially filled 
waveguide function defining field variation of 
nth mode (n > 1). 
A = Amplitude of incident Hp, mode. 
A, = Amplitude of Ho, mode reflected by junction 
(=> I). | 
B,, = Amplitude of nth mode in partially filled guide 
(n > 1). 
F(y), GQ”) = Functions defining electric and magnetic fields 
respectively in the plane z = 0. 
Y, = Input admittance of junction. 
~ w = Absolute permittivity of free-space. 
y = Propagation coefficient. 
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THE CALCULATION OF THE EQUIVALENT CIRCUIT OF AN AXIALLY 
UNSYMMETRICAL WAVEGUIDE JUNCTION 


By R. E. COLLIN, B.Sc., Ph.D., and JOHN BROWN, M.A., Ph.D., Associate Member. 
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; 1955.) 


() INTRODUCTION 
Any loss-free junction between two waveguides may be repre- 
sented by an equivalent circuit involving at most three unknown 
parameters, provided that each waveguide can support only one 
mode of propagation.! Each waveguide is represented by a 
transmission line in the sense that the voltage and current at 
any point P, on the transmission line (Fig. 1) are proportional 


Reference planes 
O R 


Waveguide B 
(a) axis 


] i 1 
o Te 


=) aa: 
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Fig. 1.—Equivalent circuit of a waveguide junction. 


(a) Cross-section of the junction. 
(6), (c) and (d) Possible equivalent circuits. 


Li, Ly are transmission lines with phase coefficients equal to those of the propagated 
modes in the corresponding waveguides: their characteristic impedances are Z; and 
Z> respectively. 

T is an ideal transformer of turns ratio n : 1. 

Xi, X2, etc., are reactances. 
to the electric and magnetic field strengths of the propagated 
mode at a corresponding point P on the axis of the waveguide. 
The distances of P and P, from their respective origins O and O; 
are equal, and this requires that the phase-change coefficient of 
the transmission line and the propagated mode in the waveguide 
should be equal. The characteristic impedance of the equivalent 
transmission line is not uniquely defined and may, subject to the 
possible restriction discussed below, be made to have any 
arbitrarily selected value. 

The three parameters specifying the junction may be chosen 
in a variety of ways, several being illustrated by Fig. 1. The 
methods by which the various forms of equivalent circuit may 
be transformed into each other have been fully discussed by 
Marcuvitz.2 The choice of equivalent circuit depends on such 
factors as the complexity of the frequency dependence of its 
parameters, and must be based on the properties of the particular 
junction which is being considered. For general studies, how- 
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ever, the circuit shown in Fig. 1(d) is particularly convenient since 
it forms the basis of a method by which the parameters may be 
determined experimentally. The three parameters for this 
circuit are u and v—the lengths of the transmission lines inserted 
between the reference planes O, and R,—and n, the turns ratio 
of the ideal transformer, provided that the characteristic impe- 
dances of the transmission lines, Z,; and Z are specified. An 
alternative is to specify only one characteristic impedance, say 
Z,, to make the ideal transformer of unity turns ratio and then 
to use the ratio Z,/Z, as the third parameter. This forms the 
restriction on the choice of characteristic impedance referred to 
in the previous paragraph. 

Exact values for the parameters can be obtained only in a few 
simple cases and a number of methods by which approximate 
values may be obtained have been developed. One of the most 
powerful is a variational technique which has been developed by 
Schwinger.4 In Schwinger’s own applications of this technique 
the junctions considered have sufficient symmetry to reduce the 
required number of parameters to one or two. This leads to 
certain desirable features, one of which is that the method can 
be used to indicate the maximum error which can result from 
the approximations made. The variational technique can be used 
for axially unsymmetrical junctions requiring three parameters 
as has been demonstrated by Miles> and Lewin,¢ but no indication 
of the error is forthcoming from their results.. Furthermore, 
complex functions have to be used, whereas Schwinger’s original 
work involved only real functions. 

A modification to the variational method has been tried and 
enables axially unsymmetrical junctions to be examined, while 
preserving the advantages of indicating the maximum error in 
the results and of requiring only real functions. The modified 
approach is closely related to the method by which the junction 
parameters can be obtained experimentally, and is best described 
by reference to an actual example, that chosen being the junction 
between an empty waveguide and one partially filled with 
dielectric. 


(2) NATURE OF THE FIELD NEAR THE INTERFACE 


The waveguide junction being considered is shown in Fig. 2. 
A rectangular waveguide, having cross-sectional dimensions a 
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Fig. 2.—Junction between an empty waveguide and one partially filled 
with dielectric. 


_ and b, is empty for negative values of z and partially filled by a 

slab of dielectric of thickness, ¢, for positive values of z. The 
dimensions, a and 6, are such that only the Ho, mode can propa- 
gate in the empty guide: the principal part of the field for negative 
values of z is therefore given by the equations 


E,, = (Ae-diorz + A,e€/Po12) sin (ary/a) +) intel lame 
ee = ¥o(Ae—itoz — Aj6/8012) sin (aryfa) . . (Q) 


where A = Amplitude of the wave incident on the junction. 
A, = Amplitude of the reflected wave. 
Bo, = Phase-change coefficient of the Hy, mode. - 
and Yo, = Wave admittance of the Hg; mode. 
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The last two quantities are given by the equations 
Bo. = [88 —(r/@2}2. . . . 2 G 


Yor = Bot YolBo ee 


There is also an H, field component associated with the 
mode, but its value is not required. 

The nature of the discontinuity at the plane z = 0, is such that 
only the field components E,, H, and H, are excited anywhere 
in the structure and that these components are all independent 
of the co-ordinate x. Subject to certain restrictions on the 
relative permittivity and the thickness of the dielectric slab, only 
one mode propagates within the partially filled waveguide. 
The phase-change coefficient, 8,, the wave admittance, Y,, and 
the field distribution for this propagated mode are derived in 
Section 10.1. The principal part of the field for positive values 
of z is therefore 


E, = Bip ne te 
Heb = B, Yio,(ye Oz 


where B, is the amplitude coefficient and ¢,(y) is a function 
which specifies the field variation in a plane at right angles to 
the directon of propagation. 4 

The fields existing with the complete waveguide structure must 
be such that the tangential components of the electric and mag: 
netic field strengths, E, and H, respectively, must be continuous 
over the interface plane, z = 0. Since the function ¢,(y) does 
not equal sin (7ry/a), the fields described by eqns. (1), (2), (5) 
and (6) cannot form a complete solution by themselves. An 
additional field must exist and takes the form of a sum of 
evanescent modes in each of the regions z< Oandz>0. In 
the former these evanescent modes are of Ho, type, for whic 
the fields are 


E, = A, sin (iny|/@eme ae | 


x 


H, = — A, Yo, SM Cay gee. 1, eae 


n taking all values from 2 to infinity. Only terms which decay | 
exponentially in the direction away from the junction can be 
excited, so that terms involving ¢—%m? are excluded. The 
attenuation coefficient, «,, and wave admittance Yo, are given by” 


oo, = [(rmfa)2— By? 2. 2. . OG 
Yon = — J%on YolBo (10) 


all the a, being real if 27/a exceeds Bo. 
A similar set of evanescent modes is excited for positive values) 
of z, and the fields for these are 


E,, = B,b,(yye—% 
Hy, = B,Y,0,(y)e~&? 


non 


an, 
(12) 


only fields decaying in the positive z direction being excited.) 
B,, is the amplitude constant for the nth mode, n taking all values, 
from 2 to infinity. The attenuation coefficients, «,, the wave 
admittances Y,, and the functions ¢,(y) are derived in Sec 
tion 10.1. The functions ¢,(y) are normalized to satisfy the 
equation 


[ #.ord,ore =OifmAn 
0 


=" igi 


for all values of m and n from 1 to infinity. 
General expressions for the fields throughout the wavegui 
structure may now be written down. 


"hen z <0 


|, = (Ae—i0o2 ” AjesPo17) sin (aya) + x A,, sin (n7y[a)e + %n2 
| 3 oS 
E = Yo,(Ae 7801 = A,ei0012) sin (7ry/a) 
| —~¥ ¥%,A, sin (nmyfayermz , (15) 
n=2 
id when z > 0 
E, = Byp(yeF + Y Bg ee (16) 
ns 
© 
A, - YB, d\(y)e 787 5 ny Y, BP, (ye — "7 (17) 


1 the above equations, the constants A, and B, are unknown 

d must be calculated to satisfy the continuity of E,. and H, at 
=0. As in most waveguide problems of this type, there is 

tle prospect of obtaining an exact solution because of the 

mplexity of the equations. It may be noted at this point that 

y the values of A, and B, are needed to calculate the equivalent- 
cuit parameters. 


(3) THE VARIATIONAL METHOD OF SOLUTION 


\In eqns. (14)-(17) the waveguide fields are expressed in 
rms of the unknown amplitude coefficient. The first step in 
plying the variational method is to express the fields in terms 
the tangential electric field in the junction plane, z = 0: 
ppose this field is given by the function F(y), which is, of course, 


_ 


Yo(A — Ay) _ 
(A + Aj) 


: 
>t known until the complete solution has been obtained. From 
pms. (14) and (16), 


(A + A,) sin (my|a) + 3 A, sin (nmyla) = F(y) . (18) 


¥ Frb() = FO) (19) 


ch of these equations is valid when y lies between 0 and a, 
d together they imply the continuity of E, at the plane z = 0. 
Egn. (18) is an ordinary Fourier series, so that 


A+A, = Al F(’) sin (zry’/a)dy’ (20) 


0 


! 
a j 


Ais Z| FO sin (nrry’ Ja)dy’ @ = 2, 3,...) 
0 


(21) 


n. (19) has a form similar to a Fourier series and the ortho- 
nal properties of the functions ¢,(y) [eqn. (13)] lead to the 
ult—— 

. B= [ Fov,orw! ted 2st.) (22) 


8 { 0 


Substitution for A, and B, in eqns. (15) and (17) and the condi- 
on that H,, is continuous for z = 0 gives 
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a 2 a 2 
5 a Ys | Fodor + x ¥es | F(’) sin ery a 


sa IY i ae dl | eS ae ae 
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Yo,(A — Aj) sin (zry/a) 


2 22 ‘ U 1 7 a vA 
oy x, Yon i F(y’) sin (a7zy’/a) sin (nzry/a)dy 
n= 0 


= 31 FO)¢A)¢,)dy’ O<y<a) . (23) 
Av 0 


This is an integral equation for the unknown function F(y) [the 
constant A, on the left may be expressed in terms of F(y) by 
eqn. (20), but the above form is more convenient for the later 
analysis]. A solution of the integral equation is just as difficult 
to obtain as a solution for the constants 4,, B,, but the equation 
can be used to give an expression for A; giving quite accurate 
results if a relatively crude approximation for F(y) is known. 
To obtain this expression multiply both sides of eqn. (23) by 
F(y) and integrate with respect to y from 0 to a. 


Thus: 


a a 2 
Yo,(A -4)| F(y)sin (sty/a)dy = x x] | PUNO 
: 2 © a : 2 

a= FE x, ral | FQ’) sin acd (24) 


0 


a 2 
Now divide both sides by | F(y) sin ad and use eqn. (20). 
0 


(25) 


2 
[Fo sin oy on 


0 


This equation is the basic result from which the Schwinger 
variation technique proceeds.4 The left-hand side may be 
rewritten Yo,(1 — R)/( + R), where Ris the reflection coefficient 
for the Hp; mode defined at the plane z = 0, and is therefore 
the input admittance in the equivalent circuit at the point 
corresponding to z =0, ie. A in Fig. 3, provided that the 


Uy RV 


Zo1-Fo1 ZB 
A nl B 

Fig. 3.—Equivalent circuit of the junction shown in Fig. 2. 
characteristic admittance of the line corresponding to the Ho, 


mode is selected as Yo;. In the equivalent circuit, this input 
admittance is 


(¥,/n?) + IYo1 tan (Boi) 
Fae at Yo, +/(%/n2) tan (Boi) eo. 
if the line corresponding to:the propagated mode in the partially 
filled waveguide has the characteristic admittance Y,;. Eqn. (25) 
therefore enables the input admittance Y, to be calculated from 
the electric-field distribution F(y) and then two of the parameters 
of the equivalent circuit, the turns ratio, n, and the length, u, of 


the first transmission line may be found from eqn. (26). 


124 


The most important property of eqn. (25) is that the expression 
on the right is stationary with respect to variations of F(y) about 
the correct function, i.e. the one which satisfies eqn. (23). This 
means that if an approximation to F(y), differing from the true 
function by the first order of small quantities, is available, then 
the value of the input admittance calculated from éqn. (25) will 
be in error only by a second-order quantity. This stationary 
property is proved in Section 10.2. 

The function F() which satisfies eqn. (23) and hence makes 
Y, stationary is a complex one, and this considerably complicates 
the computation of Y, for approximations to the true function. 
Since Y, itself is in general a complex number, it is neither a 
maximum nor a minimum when the correct function F(y) is used 
on the right-hand side of eqn. (25). In Schwinger’s formulation 
of the variational method for junctions having a certain amount 
of symmetry, he contrived to obtain an expression similar in 
form to eqn. (25) but involving an admittance which is purely 
susceptive and such that the true function is purely real. This 
obviously reduces the computation required and leads to an 
important result discussed below. For this, the equation corre- 
sponding to eqn. (25), which involves the distribution of H, in 
the plane z = 0, say G(y), is required. This equation is 


0 


oh a 2, 
| G(y”’) sin (ary’/a)dy’ | 
0 


which again has the property that Y, is stationary with respect 
to first-order variations of the function G(y) about its true value. 
For symmetrical junctions the values of the susceptance cal- 
culated by inserting approximations to the functions F(y) and 
G(y) in eqns. (25) and (27) respectively lie on different sides of 
the true value. The analysis in such cases therefore gives not 
only an approximate value for the junction susceptance but 
also the range within which the true value must lie. In the 
general case considered here Y, is a complex quantity, and a 
comparison of eqns. (25) and (27) cannot give limits on the true 
value. It is still preferable to use both equations, however, 
since useful information can sometimes be obtained by observing 
the changes in Y, as better approximations to the functions F(y) 
and G(y) are introduced into eqns. (25) and (27) respectively. 

The calculation of Y, from eqn. (25) and/or eqn. (27) is 
insufficient to complete the specification of the equivalent circuit, 
because it gives no indication of the value of the length » of the 
transmission line corresponding to the propagated mode in the 
partially filled waveguide. An obvious method by which v can 
be obtained is to repeat the analysis with a wave incident in 
the partially filled waveguide: this is an extravagant process, 
since it also gives the turns ratio n, already found by the first 
calculations. 

The direct application of the variational technique to an 
- asymmetrical waveguide junction therefore has the following 
three disadvantages: 


(a) The unknown field functions are complex. 

(6) The method fails to give unequivocal limits for the circuit 
parameters. 

(c) The calculation of the third parameter is unnecessarily tedious. 


A modification which removes the first two objections and 
minimizes the computational labour has been developed, and is 
the theoretical counterpart of the experimental procedure 
suggested by Weissfloch for the measurement of the equivalent- 
circuit parameters. This experimental procedure will therefore 
be described before the modified variational approach. 
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(4) EXPERIMENTAL DETERMINATION OF THE EQUIVALE’ 
CIRCUIT PARAMETERS; 


The properties of a waveguide junction may be found experi- 
mentally by plotting the position of a minimum of the standing: 
wave pattern in one waveguide against the position of a short- 
circuit in the other waveguide. The theoretical shape of this 
curve is readily calculated in terms of the equivalent-circuit 
parameters: conversely, these parameters may be deduced from a 
curve plotted by experiment. 

Suppose that the short-circuit is placed at z =s in the waveguide 
structure shown in Fig. 2, and that a zero of the standing-wave 
pattern occurs atz = —d. The equivalent circuit of the junction 
is taken as in Fig. 3, the characteristic impedances of the trans- 
mission lines being made equal to the respective wave impedances 
for convenience, 


1.€, Z, — 1/ Yo: Z> = /¥;) 
so that 21:2 Vora 
Z, a Bi 


from eqns. (4) and (71). 
2 


(27) 


When the short-circuit is placed at z = s the impedance at 
the input to the transformer shown in Fig. 3 is 


Z’ = jn?Z, tan [B,(s + v)] 


and the condition that there should be a voltage zero at 
z=-—dis 
Z = —jZ, tan [Bod + w)] 


Eliminating Z’ between these two equations gives 


2Z. 
tan [Bo(d + u)] = i ? tan [B,(s + »)] 
which is the theoretical relation between d and s. Eqn. 
may be rewritten 
tan (0 + 0) = — (@Z,/Z,) tan (pd + do) . 
where 0 = pad 
9 = Pow 


= Bis 

do = By 

The curve of @ against ¢ oscillates about a straight line of 

slope —1: the amplitude of the oscillation depends on the ratio 

n?Z,/Z, and is small when this ratio is near unity. It is ther 

more convenient to plot (9 + ¢) against 9, giving the type o 

curve shown in Fig. 4. The amplitude w, of the oscillation is 

given by 

n[Z[Z, ]!/2 = tan (7/4 — w/4) 

If P is the point on the curve such that the slope has its maxim 
negative value, then 

ie = lr =. By 4 


Bow 

J and m being any integers. 
The horizontal line through P lies midway between the maxi- 
mum and minimum values of (8 + 4). 


and 6p = mn — 
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Fig. 4.—Typical curve showing the variation of (6 -+ ¢) against 0. 


The circuit parameters n, u and v may be obtained by plotting 
ne curve from experimental results, observing w, dp and 6, and 
en using eqns. (38)-(40). An alternative circuit which behaves 
h exactly the same way as that above is given by 


jhe particular circuit chosen is usually such as will make the 
ims ratio as near unity as possible. 


n’ = nZ,|Z> (41) 
By’ = Bw + 7/2 (42) | 
Bow’ = Bowe + 77/2 (43) 


| FQ’) sin (n7ry’/a)dy’ 
0 


co 2 Ja [o.8} 


cot Bod = — 


is found [corresponding to eqn. (27)] that 


tan Bod ae 


a 2 Wires a 
PAL F(y’) sin (ayn / Yon t5 Dd A Fone 
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(5) MODIFIED VARIATIONAL METHOD 

| In Section 3 the final result is an expression for the input 
dmittance at the plane z = 0 (Fig. 2), when the partially filled 
raveguide extends indefinitely to the right of the Figure. The 
10dified method consists of finding a similar expression for the 
yput admittance when the partially filled waveguide is terminated 
a short-circuit. This choice of termination immediately 
iminates the first objection listed in Section 3, for the structure 
> the right of the plane z = 0 constitutes a lossless junction and 
a general theorem the electric field is everywhere in phase 
ithin the junction.7 The electric field may therefore be repre- 
nted by a real function and a further result shows that the 
agnetic field is then expressed by an imaginary function. 
lhese results are the field equivalents of the circuit condition 
hereby the voltage and current differ in phase by 90° for a 
active element. 


ya peeeecicuit placed at z=. If s is sufficiently great, the 
yanescent modes excited by the junction are effectively zero at 
he position of the short-circuit. The propagated mode is 
flected by the short-circuit, the phase of the refiected wave 
sing such that E, must vanish for z= s. The fields in the 
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partially filled waveguide now have the form [cf. eqns. (16) 
and (17)] 

E, = Biy(y) sin Bs — 2) +S Boheme. (44) 

H, = —jB, Y,9,(y) cos B,(s — z) + pe 3 Bd, (ve az (45) 


The fields in the empty waveguide have the same general form 
as in eqns. (14) and (15): since all the incident power is now 
totally reflected from the junction, the coefficient A; must have 
the same amplitude as A. The analysis in Section 3 may now 
be repeated and leads to an expression for the input admittance 
at z = 0 similar in form to eqn. (26). This admittance must be 
a pure susceptance, j/B,, since the junction is lossless. Further- 
more, the distance of a minimum from the reference plane, say d, 


| is given by 


You cot (B14) = By, . (46) 


(25) Canenibe 


= 
if 
J (47) 


so that the equation corresponding to eqn. 


written 
cot f,s 


aa Fo. + 


| F( yh dy’ 


0 


i) 


Yo i F()”) sin (ary’/a)dy ] 
0 


in which F(y) is again the electric field in the plane z = 0. 


If the magnetic field is taken as the starting-point, it 


ie + oe tan Bis | F(y hy (y ay’ 
0 


7 


2 


(48) 


The expressions on the right-hand sides of eqns. (47) and (48) 
are again stationary with respect to variations of the field dis- 
tributions about the true values. A second differentiation shows 
that these expressions are minima for the true values, so that the 
approximations to cot Bod calculated from eqns. (47) and (48) 
will be, respectively, too large and too small. The true value 
must lie somewhere between the approximations calculated from 
the two equations, so that at any stage the maximum error due 
to the approximation can be readily found. 

From the above analysis a theoretical curve showing the 
dependence of the minimum position on the short-circuit position 
can be calculated. The parameters of the equivalent circuit can 
then be found as described in Section 4. Since the maximum 
error in the curve is known, the corresponding maximum error 
in the circuit parameters can be calculated. The second of the 
objections to the original method is thus also removed by this 
modified approach. 

A yariational expression has to be evaluated for each point 
of the curve of (d + s) against s, so that it might be thought that 
the computational labour would be greater than for the original 
method. However, much of the computation, e.g. the evaluation 
of the integrals, need be done only once, and this coupled with 
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the need to handle only real quantities means that there is little, 
if any, more work required. 


(6) NUMERICAL EXAMPLE 

The equivalent circuit has been derived for the junction between 
an empty waveguide of internal.cross-section 1 <x 0-5in and the 
same guide containing a slab of dielectric, 0-7cm thick and of 
relative permittivity 2-47, positioned as shown in Fig. 2. The 
results have been obtained for a free-space wavelength of 3-14cm. 
The evaluation of the variational expressions has been carried 
through in the manner described by Schwinger for symmetrical 
junctions :* the functions F(y) and G(y) have each been approxi- 
mated by an expression of the type sin (zy/a) + p sin (27y/a), 
p being selected in each case to give the required stationary 
property. Numerical results for Bod for selected values of 
cot §;s are shown in Table 1. The maximum error resulting 
from the approximation used is +0-03 rad in Bod, i.e. +0-02cm 
in d. 


Table 1 


NUMERICAL VALUES FOR fod 


[Average values obtained from eqns. (42) and (43)] 


cot fis 


01 ae ave sie 
Possible error in foid 
| Boid + Bis o.. ane 


The curve of f,s + Bod against Bod obtained from these 
points is shown in Fig. 5, from which it follows that 
w = 0-23 + 0-03 
6, = 2-72 + 0-02 
$¢, = — 2°76 + 0-02 


(49) 


=-0°2 
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od 


Fig. 5.—Calculated curve of (615 + Bo1d) against Bord. 
OOO Experimental points. 


The equivalent-circuit parameters as deduced from eqns. (38)-(40) 
are therefore 


n[Z|Z,]!2 = 0-89 + 0-01 (50) 
Bo = 0-42 + 0-02 . (51) 
Bw = 2-76 + 0-02 or —0-38 + 0-02 (52) 


the limits being estimated directly from the limits in Table 1. 

When the characteristic impedances of the transmission lines 
are made equal to the corresponding wave impedances, eqn. (29) 
applies and gives, for the present example, 


Z,/Z, =0-81 . (53) 


From eqns. (50) and (53) n is found to be 0:99 + 0-01, i.e. the 
turns ratio of the transformer in the equivalent circuit may be 
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taken as unity within the limits of accuracy involved in th 
present calculation. The reflection coefficient therefore has th 
magnitude predicted by inserting wave impedances into 
ordinary transmission-line formula. 

There is an uncertainty of 180° in the phase of the transmittet 
wave because of the multiples of a in eqns. (39) and (40). Thi 
uncertainty arises because the calculation is based on impedances 
which are invariant when transformed through a A/2 section o 
transmission line. In an equivalent circuit of the type shown it 
Fig. 1(5), the connections to either side of the transformer mai 
be reversed without altering the conditions on the input side, b 
causing a change of 180° in the phase of the wave on the outpu 
side. The uncertainty may in practice be resolved by stipulating 
that the transformer is so connected that there is no phase 
difference between its primary and secondary voltages and then 
selecting the multiples of 7 associated with eqns. (39) and (40) 
to give the most appropriate total phase-change across the jun C. 
tion. In the present example the two alternatives are typified — 


by the choice of values available for v in eqn. (52). The firs 
of these implies a total phase-change of 3:18rad across the 
junction plane and the second a total phase-change of 0-04 rad. 
The latter is physically much the more likely so that the values 
for u and v are 0:067A9, and —0-061A, respectively: Ap, and A; 
are the wavelengths in the empty and partially filled waveguides 
respectively. 
As a check on the theoretical calculations, measurements were | 
made on a similar structure. The curve of (d +'s) against s was 
obtained by inserting a piece of dielectric of the appropriate 
cross-section in a short-circuited waveguide. The standing-wav 
minimum position was observed for a succession of different 
lengths of the dielectric, obtained by machining successive pieces — 
off the original slab. The experimental points are shown in Fig. 5 
and do not depart from the theoretical curve by more thar 
0:02rad: this is within the estimated accuracy of the apparatu 
used. 7 
The fact that the reflection coefficient may be accurately pre 
dicted by inserting wave impedances in the ordinary transmission 
line formula is of great value in designing matching transformers | 
using waveguides partially filled with dielectric. Although there 
is no obvious reason why this result should be exact, numerica 
calculations for other similar junctions have confirmed its 
validity to within one or two per cent provided that both wave: 
guides have the same cross-sectional dimensions. The followin; 
qualitative discussion suggests that the results may be general 
valid for junctions of the type discussed in the paper. When ar 
empty waveguide is joined to one of the same dimensions com- | 
pletely filled with a homogeneous material, the transverse field 
patterns for the dominant modes are identical in the two wave: 
guides. The boundary conditions at the interface can be satisfiec 
by the dominant modes alone, so that no additional reactive field 
are established; the equivalent circuit consists of a direct connec | 
tion between the two transmission lines corresponding to th 
dominant modes, so that the reflection coefficient is give 


i 


i 


actly by substituting wave impedances in the transmission-line 
flection formula. If, however, one of the waveguides is not 
mopletely filled, the transverse pattern for the dominant mode 
‘fers from that in an empty guide and, as was seen earlier in 
je paper, additional evanescent fields are established. Since 
je discontinuity occurs only in a plane transverse to the direction 
' propagation, it is plausible to suppose from the well-known 
‘operties of irises that the major effect of . the evanescent fields 
represented by a shunt susceptance located at the junction 
»tween the transmission lines corresponding to the dominant 
Javeguide modes. In other words, in the circuit shown in Fig. 
c) the most important component is the shunt one, X3, so that 
; and X, may be assumed zero as a reasonably good first 
yproximation. Furthermore, if the discontinuity is not a great 
ne, the ratio Z,/X, is small compared with unity. A straight- 
rward calculation shows that the phase changes resulting from 
e introduction of X, are proportional to Z,/X, while the change 
| the magnitude of the reflection coefficient is proportional to 
,/X;)?._ This means that the magnitude of the reflection 
efficient is given correctly to the first order of magnitude by the 
mission-line formula using wave impedances. 


(7) GENERAL DISCUSSION 


'The modified variational method which has been described 
vercomes the disadvantages of a straightforward approach to 
e calculation of the equivalent-circuit parameters of an axially 
| ymmetrical junction. A relatively crude approximation to 
ie aperture fields leads to quite accurate values of the parameters 
illustrated by the example considered here. The method can 
applied to any axially unsymmetrical junction, the only 
ossible further complication being that, in general, the fields will 
epend on both the transverse co-ordinates, x and y. 
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(10) APPENDICES 


0.1) Possible Modes within a Waveguide Partially Filled with 
| ; Dielectric 

The modes of propagation within a waveguide partially filled 
ith dielectric have been studied by a number of authors. In 
€ present analysis only fields which are independent of x and 
ving the components E,, H, and H, need be considered. 
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Maxwell’s electromagnetic equations then simplify to 
jopH, = — dE, )dz (53) 
jwpH, = + dE,foy (54) 
together with 
Ee,  02F. 
Spt t pgt = BOE. forO0<y<a-—t. (55) 
02E 2E 
x 4 ORs BE fora—t<y<a . (56) 


oy2 Oz? 
where e, is the relative permittivity of the dielectric slab, which 
fills the region of the waveguide cross-section defined by 


OSS b } 
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a—t<y<a 


and 


The solution must also satisfy the boundary conditions that £,. 
vanishes when y is equal to 0 or a, and that EZ, and H, are con- 
tinuous at the boundary y = (a — ft) between the empty and 
filled portions of the waveguide. 

In solutions representing waves propagating or evanescent in 
the direction of the z-axis, the fields depend on z only through 


a factor of the type, e—‘7, y being a propagation coefficient. The 
field in the empty portion of the guide is then of the form 
E, = Csin [(62 + y)'PyJe-* O<y<a-—d . (58) 


which satisfies eqn. (55) and the boundary condition at y = 0. 
Similarly, in the filled region of the waveguide 


E, = Dsin («63 +y?)"?(@—y)Je-* 


which satisfies eqn. (56) and the boundary condition at y = a. 
From eqns. (54), (58) and (59), the component H,, is given by 


jopH, = + (B3 + yZ)"2C cos [(Bo + y?)'?y Je” 


(a—t<y<a) (59) 


O<y<a—t) (60) 
jwpH, = — («,B2 + y2)"2D cos [(e,B3 + y2)'/2(a — y)Je-7" 
(@a-—t<y<a@) (61) 


The components E, and H, are continuous at y = (a — 1), so that 


C sin [(B3 + y2)!/2(a — 1)] = D sin [(e,83 + y2)"2t] (62) 
and 
(83 + y2)"2C cos [(83 + y)1/2(a — 2] 
= — (82 + y2)'2D cos [(€,B3 + y?)'/22] (63) 
From these two equations, 
(<,B§ + y?)¥? tan [(83 + y*)(a — 9] 
= — (63 + y?)? tan [(<,B3 + y?)"2] (64) 


This equation is satisfied by an infinite set of values of y?; if 
e, and ¢ are not too large, one of these values is negative, so 
that y may be written jf, ie. the phase coefficient of the propa- 
gated mode. The remaining values of y? are positive and may 
be arranged in ascending order giving «3, «3... etc., the attenua- 
tion coefficients of the evanescent modes. 

Once the propagation constant y has been determined, the 
ratio D/C may be calculated from eqn. (62) and then the com- 
ponent £,, may be written 


E, = $,(y)e7% (65) 
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where 


PAY) = C, sin [(82 + y2y] O<y<a—P . (66) 


_ sin [63 + 79a — 9) 
* sin [(<,63 + ayer] 


sin [(<,B2 + y2)"/2(a — y)] 


(a—t<y<a) (67) 
in which y is to be replaced by jf, if nm = 1 and by «, if n is 
2,3... etc. The constant C,, may be selected to satisfy the 
condition that 


| eo =I (68) 


0 
The result 


| PulDPAV AY = Oif mAn (70) 
0 


is a direct consequence of a general theorem on the orthogonality 
of the field distributions of waveguide modes and may also be 
verified by direct integration coupled with eqn. (65) from which 
the propagation coefficients are calculated. The set of functions 
of y is complete in the sense that any arbitrary function of y may 


be expanded in a series of the type 41 c,¢,(y). From eqns. (53) 
and (65), n=1 


Hy = yE, lion = — jy YoE,1Po (71) 
The wave admittances are therefore 

Y, = Bi YolBo (72) 

Ve Fo Volitg alte 2s13 30) (73) 


(10.2) The Stationary Property of the Expression for the Input 
Admittance 


The input admittance is given by eqn. (26) 
foo) 


) 


2 
[ #00 sin orto | 


(0) 


a 2 a 
4a x, Ve | Ponds “+ x, ro) | F(y’) sin | 
porate Belg aera bs: er. SG See ee 
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If the function F(»’) changes by the small amount 5F(y’), then’ 
Y, as calculated from this equation will change by an amou 
5 Y4, where 


a 2 
oY 4 | F(y’) sin corto 


0) 


See, | F(y’) sin cota | fo y’) sin (ary’ Ja)dy’ | 


0 0 
=a3, | | Fo | [ eron8on0 
0 0 


+25 ral | F(y’) sin onto 
0 


| SF(y’) sin (n7ry’ low NG ) 
0 


Replacing Y, and | F(y”’) sin (ay’/a)dy’ by their expressions i 


0 
terms of A and A, and rearranging the order of the terms gives 


a 2 
dYy | F(y’) sin ey toes 


0 


— | dF(y) 


a — A;) Yo, sin (zry/a) 
, 


— 25 Yon F(”) sin (azry’/a) sin (nzry]a)dy’ 
n=2 
0 


a 
a 4 | FOAM dy 
= 
i 
from which it follows that the right-hand side vanishes if F()) 
satisfies the integral eqn. (23). The input admittance Y, as” 
calculated from eqn. (74) is therefore stationary, i.e. OY, = 0, 
with respect to variations of the function F(y) about its true value 


2 


(74) 
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SUMMARY 


An account is given of the discrimination provided by a synchronized 
oscillator against unwanted signals accompanying the synchronizing 


| tone; the synchronized oscillator is more specifically a non-linear 


regenerative tuned circuit. The discrimination is partly due to the 
frequency response of the system, but has also an important contribu- 
tion from the non-linear behaviour of the circuit, provided that the 
wanted (sychronizing) signal has a greater amplitude, after allowing for 
frequency response, than the unwanted (interfering) signals. 

Section 2 gives a general description of the phenomena of synchro- 
nization and non-linear discrimination, illustrated by experimental 
observations of frequency response and non-linear discrimination in 
resistance-capacitance-tuned oscillators. Both single-frequency and 
noise interferences are considered. It is concluded that very large 
amounts of discrimination can be obtained when the natural frequency 
of the oscillator is very close to the synchronizing frequency, so that 
only very small amplitudes of the latter are needed to maintain syn- 
In more practical cases, where reasonable amounts of 
variation of both natural and synchronizing frequencies must be 


| allowed for, only smaller amounts of discrimination due to non- 
| linearity‘can be obtained, but 10dB or more is quite feasible. 


This 
amount will be important when the interfering frequencies are so 
close to the synchronized frequency that the amount of frequency 
discrimination is negligible. For instance, use is made of these effects 
in the homodyne and synchrodyne demodulators. It is shown that 
when the synchronizing tone is not dominant or is absent no suppres- 


| Sion of the interference or narrowing of its spectrum is obtained. 


Section 3 gives a mathematical analysis of the effects, on the assump- 


\tion that the non-linear law of the system has no terms above the 


cubic, and that the feedback loop has uniform amplitude and phase 


‘response over the frequency band covered by the applied signals. 
| Equations are developed for the improvement of signal/noise ratio 


and suppression of single-tone interference. Interference due to 
amplitude modulation and phase modulation of the synchronizing tone 
is also dealt with, and it is shown that the suppression of amplitude 
modulation is greater than that of signals merely accompanying the 
synchronizing tone, but that phase modulation is not suppressed at all. 


(1) INTRODUCTION 
The synchronization of a valve oscillator to an external 
frequency not very different from its own natural frequency is a 
well-known phenomenon, and the simplest way of achieving it 
is by the injection of a suitable amplitude of the external fre- 
quency into the oscillating circuit. Many papers have been 


‘published describing and analysing this process: the first and 
/most important was by Appleton;! a recent one by Gillies gives 


a clear physical picture of most of the phenomena; and one by 
Tucker? gives a rather simpler analytical approach to the 
quantitative relationships of the system. The important con- 
clusion from all the work is that the process of synchronization 
is a non-linear one; in very simple terms it can be said that the 
injection of a tone, at a frequency near the natural frequency of 
the highly-regenerative circuit, builds up a forced oscillation at 


. Correspondence on Monographs is invited for consideration with a view to 
publication. ;, wave ts. ; 
Dr. Tucker was formerly, and Mr. Jamieson is, in the Royal Naval Scientific Service. 
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an amplitude large enough to overload the valve and thereby to 
reduce its gain, so that the free oscillation is unable to continue. 
Then only the forced oscillation remains, and the oscillator is 
said to be synchronized. The synchronized oscillator is clearly 
a non-linear regenerative tuned circuit with the regeneration so 
large that free oscillation can occur in the absence of the 
synchronizing signal. 

An important property of this circuit is that if other signals 
are mixed with the synchronizing tone, and even if they are very 
close to it in frequency, they can under certain:circumstances be 
subjected by the circuit to a high degree of discrimination; i.e. 
the output contains relatively much less of these other signals 
than does the input. This discrimination can include the effect 
of the frequency response* of the circuit, but its most interesting 
and important feature is that it also includes a non-linear effect 
which gives discrimination against an unwanted signal even when 
the frequency response is flat. This latter property seems to 
have attracted little attention, there being only three papers?.5.6 
dealing with it as far as is known; yet the property is vital to 
demodulators of the homodyne and synchrodyne type. The 
papers referred to, however, deal only with the discrimination 
against single interfering tones or simple envelope-modulation 
components. For more complex interfering signals, such as 
noise, the treatment is more difficult, and in the limit it may be 
a question of what output is obtained when the input signal 
comprises noise alone without any coherent tone. 

It should be noted that Reference 4 gives experimental results 
only for the discrimination against interference which modulates 
the synchronizing tone. The present paper gives experimental 
measurements only for interference accompanying the synchro- 
nizing tone, but the theoretical part deals with both cases; 
the paper is the account of an experimental and theoretical 
investigation into these various aspects of the response of a non- 
linear regenerative circuit to complex signals and noise. 
Section 2 gives first some brief notes on the basic relationships 
in synchronized oscillators, then some results of discrimination 
against pure tones, and finally measurements of discrimination 
against noise. . Section 3 gives the theoretical analysis. 


(2) GENERAL ACCOUNT OF NON-LINEAR PHENOMENA, 
AND EXPERIMENTAL RESULTS 


(2.1) Synchronization and Forced Oscillations 


A typical oscillator circuit is shown in Fig. 1. The amplitude 
of the synchronizing signal to be injected into the terminals 
shown in order to suppress the free oscillation completely will 
depend on the difference in frequency between the synchronizing 
signal and the free oscillation, and on the amplitude of the latter. 
If this injected amplitude is measured against frequency difference, 
a normalized curve, unique for each oscillator, may be plotted, 
giving a relationship similar to those of the typical measured 

* The distinction between frequency response and discrimination should be noted. 
Frequency response is the variation of output as the frequency of a single input tone 


is varied; discrimination is the reduction of the level of one signal relative to another 
when both are simultaneously present. 
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Fig. 2.—Synchronizing characteristics. 


(a) For RC oscillator. 
(6) For Wien-bridge oscillator. 


curves of Fig. 2. In this Figure the injected amplitude, V;,, 
has been expressed as a fraction of the natural oscillation voltage, 
Vo, at that part of the circuit where the signal is injected, i.e. 
at the grid. An approximate curve may be calculated3.5 from 
the equation 


Vis 59) fi = ile 
VGo 2 So 


where Q is the value appropriate to the frequency-selective 
element in the feedback path, fo is the natural frequency, and f, 
is the synchronizing frequency. 

The free and forced oscillations may exist simultaneously in 
the circuit until V,;/Vgq reaches the critical ratio given in 
eqn. (1); then the free oscillation is entirely suppressed, and the 
oscillator is said to be synchronized. The suppression of the 
free oscillation has been shown to take two forms:2,3 

(a) For small frequency differences between forced and free 
oscillations, which require only small values of V;,/ Veo, the 
_ process of synchronization can be considered as that of progres- 
sively changing the frequency of free oscillations with increase 
of V,,/Vg 9 until the critical ratio is reached, when the free 
oscillation frequency coincides with the injected frequency. This 
effect is shown in Fig. 3, where experimental results are given. 

(6) For larger frequency differences, and hence increased values 
of V,;/VG, the amplitude of the free oscillation is reduced to 
zero before its frequency nears that of the synchronizing signal. 

When the oscillator is in the synchronized condition the output 
of the forced oscillation will not, in general, have the same 
amplitude as the free oscillation it has replaced. The precise 
determination of this output characteristic is difficult, Ys it 
depends on the extent to which harmonics are produced in the 
circuit. The harmonics affect the shape and symmetry of the 
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Fig. 3.—Change of oscillator frequency before synchronization 
(RC oscillator). 


N.B. /f; is the synchronizing frequency. 


curve of output amplitude against frequency difference between 
forced and free oscillations. It can be taken as a guide that, if 
the value of V,;/V¢q is kept adjusted to the minimum necessary 
for synchronization, the output of the forced oscillation will 
decrease as the frequency difference is increased. 

If the synchronizing frequency is different from that of free 
oscillation, there will be a phase difference between the input and 
the forced oscillation, i.e. between V;, and Vg;. The phase angle 
is given approximately3.5 by 


Awe 
fa 


where /) is the free oscillation frequency, /, the injected frequency, 
and /’ the frequency at which “pull out’’ from synchronization 
occurs. 

Two criteria have been given? for the forced oscillation to. 
remain stable, i.e. to completely suppress the free oscillation, 
namely 

(a) The phase difference between V,;; and Vg; must be less 
than 7/2. 

(b) The grid voltage V,, for the forced oscillation must be 
greater than 1/./2 times the value (Vg,) when the free oscillation 
only is present. 

The limits of the frequency range over which the oscillator will 
remain synchronized will be determined by the phase criterion 
for small values of V;;/Vgp, the angle reaching 7/2 before Vg, 
has decreased to the critical amplitude. For large values of 
ViilVeq the quantity Vg, will reach the minimum value for 
stability before the phase angle nears 77/2. 


sin 6 = 


(2) 


(2.2) Discrimination in the Circuit against Interference from a 
Single Tone accompanying the Synchronizing Signal 


The use of a linear filter to provide discrimination between 
tones very close in frequency is particularly difficult if the fre- 
quency of the wanted signal is not precisely known or is subject 
to yariation. In these circumstances the use of a synchronized 
oscillator can be attractive, as it provides a highly selective filter 
which uses a property of the circuit other than its frequency 
selectivity. 

If it is assumed that the frequency-selective element in the 
feedback path has a flat amplitude response and zero phase-shift 
over the frequency band, and that the non-linear law of the limit- ' 
ing circuit can be represented by a cubic equation, the circuit 
can be analysed as shown in Reference (6). The main results of 
the paper cited are included in the more general analysis in 
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Section 3 of the present paper. When the interference is caused 
by a single tone, the suppression of this tone between the input 
‘and the grid of the valve, relative to the synchronizing signal, is 
shown from eqn. (19) to be 

343 VG 1 
3a, 


t= aj — 
a 


(3) 


él 
\ where a, and a, are the linear and cubic coefficients respectively 
_of the power series representing the loop gain, and VG, is the 
voltage of the synchronizing frequency at the grid. This can 
| be expressed alternatively as 


4 
2+ @— DY (4) 
Li 


where V,, is the injected voltage of synchronizing signal. 
‘ This expression clearly shows that when the loop gain is unity 
(a, = = 1) the suppression is 6dB. With a, > 1, i. with the 
circuit capable of freely oscillating in the absence of synchroniza- 
tion, large values of suppression can be obtained if V,,/Vgo 
(which is almost the same as V;,/Vg,) is kept very small. In 
practice, Vz,/Vgo cannot be made indefinitely small, since the 
amplitude of the synchronizing signal injected must be sufficient 
to keep the oscillator synchronized over the maximum frequency 
difference expected between the synchronizing signal and the 
free oscillation. Even if this difference is nominally zero, con- 
siderations of drift, etc., in the circuit used will fix a minimum 
value for this injection ratio. 
i) The simple explanation of the cause of this large discrimina- 
tion is this: (@) When two signals are applied to a non-linear 
circuit, e.g. a cube-ldw circuit, the gain provided to any one 
signal is diminished by a factor proportional to the square of the 
amplitude of that signal plus twice the square of the other signal. 
Thus if one signal is of a much lower amplitude than the other, its 
gain is diminished nearly twice as much as that of the other. 
(b) This difference in gain is then multiplied, perhaps very greatly, 
by the effect of regeneration in a manner analogous to that by 
yeh frequency response is multiplied. 

ee order to minimize the effects of frequency selectivity so that 

non-linear phenomena could be isolated, the oscillators used 
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Hig. 4.—Circuit arrangement of Wien-bridge oscillator. 


Cy = 0:1yF = CV329 
aces ae 2 = CV2127 
3 = (4 = C5 = uF We = 

Ce = C7 = 220 uF eet 
C3; = =0- 3 uF 

Co = 0:1 uF 


for practical measurements were of the resistance-capacitance- 
tuned type, one with a Wien bridge as the frequency-dependent 
element in the feedback path, and the other with a 3-stage 
RC network. Both these frequency-selective networks have very 
low effective Q-factors (obtained by consideration of the slope of 
the phase characteristic in the region of the oscillation frequency). 
The practical circuits are shown in Figs. 4 and 5 respectively. 


Fig. 5.—Circuit arrangement of RC oscillator. 
R; = Ro = R3 = 100kQ Ris = 330 
Ry=1M Rig = Riz = 10kQ 
Rs = 4700 
Re = 100kQ C, = 0-1uF 
R7 = 56kQ C. = 1uF 
Rg = Ro = 120kQ C= 0- lek 
Rio = 4700 C4 = Cs = Ce = 47 pF 
Ri = 120kQ C7 = 0:5pF 
Ryo = Q Cg =0:luF 
Ry = 682 
Rig = 30kQ Vi = V2 = CV138 


The Wien-bridge oscillator was amplitude-limited by the non- 
linear law of two germanium rectifiers, while in the RC oscillator* 
the curve of the pentode valve characteristic was used, so that if, 
as seems likely, the relationships between the coefficients in the 


* Both oscillators are, of course, of the resistance-capacitance type. The names 


“Wien bridge” and “RC” are used to distinguish them. 
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non-linear laws are not the same, different suppression charac- 
teristics can be expected. 

It has been assumed for the purpose of the mathematical 
analysis in Section 3 that the effect of frequency selectivity in the 
oscillator circuit is negligible, but it is evident from the experi- 
mental results for the Wien-bridge oscillator given in Fig. 6 that, 
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Suppression of fz relative to f,, dB 
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fo= fs = 


xX 100% 


Fig. 6.—Effect of eli response on the suppression of the 
unwanted tone. 


Wien-bridge oscillator, ff = fo = 
Vr2lVi1 = 0-1. 
(a) Vii] Veo = 9:00075 
(6) ViilVeo = 9-001 85 
(c) ViilVeo = 0:0038 


10 ke/s. 


although the frequency selectivity of the feedback network itself 
is very low, the overall frequency selectivity has been considerably 
enhanced by the positive feedback, as shown by the departure 
of the curves from the horizontal. This means that the non-linear 
suppression cannot be completely isolated, but it may be inferred 
that the discrimination due to the non-linearity only is given by 
the intercept of the curves on the axis at zero frequency-difference. 
It will be seen that the curves for different values of V,;/Vg, run 
almost parallel, which indicates that the frequency discrimination 
appears to be merely a constant addition to the non-linear dis- 
crimination, the existence of the latter being proved by the 
dependence of the amount of suppression on V;,. This is also 
illustrated in Fig. 7, which shows the measured suppression 
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Fig. 7.—Suppression of unwanted tone. 
Wien-bridge oscillator. 
(a) fi — fo = 100e/s. A 
@ is peer point for Veg = 290mV 
x is measured point for Vgy = 1 volt 
(b) fi — fr = 50/s. is 


(c) Non-linear discrimination, 


DISCRIMINATION OF A SYNCHRONIZED ‘| 


against V;,/V¢, for the Wien-bridge oscillator at two values of” | 
frequency difference between the synchronizing tone, f,, and the 
unwanted frequency, />. The curves are nearly parallel over the | 
useful range. The intercept of the curves on the axis at zero 
frequency-difference in Fig. 6 have been plotted in Fig. 7, and | 
this curve will represent that portion of ~ total suppression due | 
to the non-linearity. 
Table 1 shows that the effect of detuning the natural frequency | 
of the oscillator from the synchronizing frequency is to limit the | 


Table 1 


SUPPRESSION OF UNWANTED SIGNAL IN RELATION TO FREQUENCY 
DIFFERENCE BETWEEN NATURAL AND SYNCHRONIZED 
OSCILLATIONS (WIEN-BRIDGE OSCILLATOR) Vil Vr, = 0-1) 
(f, — fo) = 100c/s 


fi=fo o—fi=10e/s | fr—A=30c/s | fo—fi=Te/s 


Sup- Van Sup- 


Sup- Vie } - 
2 |pression ? \pression 


pression 


Y 


dB mV dB mV dB 


46 
bi 
32 
Dae 
pike 


it |! 
2 
3 
5 
aH 
0 
6 
0 
i 
0 
0 
5 
0 


mV 
0- 
0: 
0: 
0: 
0 
1- 
1: 
2: 
3- 
4: 
7. 
7: 
10 
20 
40 
70 


| 
maximum suppression obtainable approximately to that value, 
given for the ratio V,,/Vg,) necessary to effect synchronization. 
By reference to Fig. 2, a scale of frequency difference between f,_ | 
and f as the abscissa can be substituted in Fig. 7, as shown. 

It should be noted that when detuning of the oscillator can’ 
occur the frequency of the interfering tone should preferably be 
outside the permitted range of natural frequency. If this con-| 
dition is not regarded, it will be possible for the natural frequency 
to coincide with the interfering frequency. When this happens; 
the interfering frequency is more favourably placed than the. 
synchronizing frequency and may be able to cause discrimination 
against the wanted signal. Whether this can occur or not 
depends on the relative levels of the interfering and synchronizing 
tones. If the former is of very much lower level than the latter, 
it will always be discriminated against; it is only when its lev 
is allowed to rise near to that of the synchronizing signal that 
discrimination is likely to be reversed—but exact calculation of 
the effect is not easy. A fuller discussion of this particular point 
is given on page 116 of the fourth part of Reference 5. , 

The measured suppression characteristic for the RC oscillat 
is shown with that of the Wien-bridge oscillator in Fig. 8. T 
additional frequency discrimination obtained with the R 
oscillator due to its higher effective Q-factor is clearly shown, 
and the divergence of the curves suggests different non-linear la 

An estimate of the frequency response of the oscillator to an 
unwanted tone accompanying the synchronizing tone can be 
made by assuming a completely linear circuit, and, while put ing 
in the conditions for an oscillatory loop (i.e. initial loop gain of 
unity) ignoring the effects of oscillation and synchronization. 
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and RC oscillators. 


fi =fos fi —f2 = 100c/s; Vz2/Vz1 = 0-1 
(a) Wien-bridge oscillator. 
(6) RC oscillator. 


The use of this calculation in association with the calculations 
_ of non-linear discrimination for f, ~ f, = fy to obtain an overall 
_ response has been discussed elsewhere. The gain to the unwanted 
frequency is given by 


t Wenis al 1+ O° — x?) 
V5 (di — x)? + QU — x2)? | ° 


where x = f,/f;. This gives, in effect, the gain due to regenera- 
tion (or positive feedback), and a calculated curve for the Wien- 
| bridge oscillator is given in Fig. 9 which was derived from the 


Fig. 9.—Gain to the unwanted frequency (Wien-bridge oscillator). 
(a) Calculated. (6b) Measured. 


above equation for Q = 1/3. The measured curve for the 
oscillator is also shown. | This measurement is, of course, not a 
measurement of discrimination relative to the synchronizing tones 
but merely one of frequency response. It will be seen that the 
agreement of frequency response is good except at small values 
of f2 — fo, where the effects of non-linearity begin seriously to 
invalidate the calculations. 

_ It is clearly difficult in practice to separate completely the effects 
of frequency and non-linear discrimination. The results given do 
show, however, the reality and considerable magnitude of the 
non-linear discrimination. 


_ (2.3) Response to Synchronizing Signal mixed with Noise 


. The theory from which eqn. (3) was derived® can be extended 
to the case of noise accompanying a predominant synchronizing 
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| Fig. 8.—Comparison of the suppression curves for the Wien-bridge 


(5) 
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signal on the same assumptions that were made in the original 
analysis, namely that none of the components of the applied 
spectrum suffers any amplitude-frequency discrimination or any 
phase-shift in the oscillatory loop circuit. This restriction implies 
in practice that the natural frequency and the synchronizing 
frequency must be almost identical, and that the Q-factor of the 
frequency selective element in the feedback path must be very 
low. The mathematical work is given in Section 3, from which 
it will be seen that the basic relation corresponding to eqn. (3) 
is not readily expressible in explicit form. However, the nature 
of the relationship is discussed in Section 3 and shown graphically 
in Fig. 12, from which it can be seen that the behaviour is of the 
same nature as that obtained with a single interfering tone, and 
only slightly smaller in magnitude. 


Table 2 


IMPROVEMENT OF SIGNAL/NoISE RATIO IN SYNCHRONIZED RC 
OSCILLATOR (NATURAL AND SYNCHRONIZED FREQUENCIES 


EQUAL) 
Signal/noise ratio = 10dB Signal/noise ratio = 0dB 
Breede: ViilVeo = 0:0037 | ViilVeo = 0:0027 
(increments in c/s) = 
Input | Output / Input Output 
fo + 100 0-010 — 0-028 0-018 
fo + 50 0-017 0-005 0-048 0-024 
fo + 20 0-036 | 0-024 | 0-10 0-147 
fo (10kc/s) | 1 Teal raat 1 
fy — 20 0-043 0:018 0-12 0-076 
fo — 50 0-014 0-003 0:04 0-012 
fo — 100 0-009 | — 0-024 oo 


Table 2 gives experimental results for the suppression of a 
narrow band of noise (10c/s between 3 dB points) accompanying 
the synchronizing signal and symmetrically disposed about it. 
The measurements, which were taken with the RC oscillator, 
have been normalized to unity output of the wanted frequency 
(in this case fo). It should be pointed out that for practical 
reasons the measurements are made at such frequency intervals 
that the central part of the applied noise band is not examined. 
At the higher signal/noise ratios the suppression in this band 
should be no different from that in the outer parts of the spectrum, 
but at lower ratios (say 10dB downwards) cross-products ar 
formed between the noise and the synchronizing tone which 
cause the suppression in the outer parts to be less than that in 
the central part of the band. The noise suppression appears to 
be about 10dB when the signal/noise ratio is +10dB, and is 
about the value to be expected from Fig. 8 if allowance is made 
for frequency selectivity and the lower suppression predicted by 
the theory. Greater suppression could undoubtedly be obtained 
by reducing V,;/V¢o, following the same sort of law as in Fig. 8, 
but it was difficult to make satisfactory measurements under these 
conditions. Of course, in practice, the input level must be high 
enough to keep the oscillator synchronized over a reasonable 
range of frequency difference (fp —f,), so a high degree of 
suppression of the noise requires a very stable oscillator. 

Decreasing the signal/noise ratio is shown to reduce the sup- 
pression, despite the more favourable value of V,,/Vg)._ At this 
signal/noise ratio the assumption that nx? < 1 in eqn. (21) is 
no longer valid. 

Results for suppression of the noise when there is a frequency 
difference of 50c/s between the synchronizing signal and the 
natural oscillation are given in Table 3. For this value of 
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Table 3 


IMPROVEMENT OF SIGNAL/NOoIsE RATIO IN SYNCHRONIZED RC OSCILLATOR (NATURAL AND SYNCHRONIZED FREQUENCIES UNEQUAL) 
N.B. In the absence of noise, synchronization is obtained with V,,/V¢ 9 = 0-009. 


Signal/noise ratio = 10dB 


Signal/noise ratio = 0dB 


Frequency 


ViilVe 
(increments in c/s) zal Veo 


Input 


VrilVeo 
Input 


spectrum 


0-007 4 0-018 


0-01 
0-013 
0-015 


0:013 
0-020 
0-030 


fo + 50 
fo + 30 
fo + 10 


fo 10050 c/s) 


0-003 
0-003 


0:017 0-043 0-005 


spectrum 


0-0054 0-0135 


0-028 
0-035 
0:044 


0:10 
0°13 
02295 


0-022 
0-044 


0-036 


0-40 


0-048 


0-021 
0-029 
0:036 
0-071 


0-057 
0:067 
0:10 
0-10 


0-007 
0:012 
0-021 
0-045 


to — f, reference to Fig. 2 shows that V;;/V¢o must be at least 
0-009 to effect synchronization. It will, in fact, have to be 
larger than this, as the addition of noise to the synchronizing 
signal may be considered as being equivalent to a complex 
modulation which includes modulation of the signal envelope by 
the noise, and from previous work* the frequency range over 
which the oscillator may be synchronized will be determined by 
the minimum amplitude of the synchronizing signal, i.e. the 
value at the lowest trough. As V;,/Vgo nears the critical value 
(say 0:0074 in Table 3) the oscillator will alternate between the 
synchronized and unsynchronized conditions, but when not 
locked to the synchronizing tone its free-oscillation frequency 
will be modified to an extent depending on the level to which the 
input falls. (This is the effect shown in Fig. 3.) An output 
spectrum extending over the frequency difference (fp — f,) and 


Table 4 


INJECTION OF NOISE WITHOUT COHERENT SIGNAL INTO RC OSCILLATOR. 
Nois—E BANDWIDTH 10C/s. 


Frequency Input 


(increments inc/s) | spectrum 


fo + 100 
fo + 50 
fo + 20 


0-015 
0-035 
0-062 


fo (10 040 c/s) 0:10 


0:50 
0-70 
0-50 
0:40 


0-060 
0:08 
0:10 
0:20 


0-056 
0-11 
0-14 
0:28 


having a relatively large amplitude may then be expected, and 
this is confirmed in Table 3. When the oscillator is synchronized 
(V4/Vco = 0:018 in Table 3) the noise is suppressed by about 
6dB, and this is about the expected value for this ratio of 
Viil Voo- . 

The reduced suppression due to the decreased signal/noise 
ratio is again apparent. 


(2.4) Response to Injected Noise without Coherent Signal 


Table 4 gives measured results when noise alone was fed to 
the oscillator. The difference frequency (f9 —/f,) was 40c/s, 
with f, taken at the centre of the noise band. It clearly shows 
that the free oscillation is not suppressed until V;,/Vc¢) has 
reached values far too high to obtain non-linear suppression of 
the frequencies on either side of f,. In all cases, the output 


NATURAL AND NOISE CENTRE FREQUENCIES UNEQUAL.. 
Veo = 300MV 


Noise input (mY) 


0:22 
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spectrum is wider than the input spectrum. The use of the 

synchronized oscillator to change the shape of a noise spectrum 

(i.e. to make it narrower), while theoretically feasible when the 
| input noise spectrum is centred at its natural frequency, is clearly 
| pot little practical value. 


(3) THEORY OF THE REGENERATIVE CUBE-LAW CIRCUIT 
| (ie. A SYNCHRONIZED OSCILLATOR) WITH THE 


SYNCHRONIZING TONE ACCOMPANIED BY INTER- 
FERING TONES OR NOISE 
\ The arrangement of a generalized regenerative cube-law circuit 
_is shown in Fig. 10, and the basic equation for equilibrium is 
evidently 
Y = UL + UV . ° . . . . (6) 


Fig. 10.—Regenerative cube-law circuit. 
% = aid + a2v? + a3v3 

| Where v, = Applied signal. 

a Vo = Fed-back signal. 

| v, = Signal applied to cube-law device. 


__ The cube law referred to is 
ua 
f Vo —— QyvY, + ayv? -- a30} . . . . . (7) 


The behaviour of the cube-law device without any regeneration 
| ‘must first be established. If 


= V,[cos wt + x, cos (w, — Way)t +... +X, COS (Wy — Wo,)t] 
Ne oe ott: ) 


\ 

: then vp as given by eqns. (7) and (8) contains many kinds of 
output component, such as direct current, envelope components, 

‘high harmonics of w, and (w, — w,), and so on; but as narrow- 
‘band systems are concerned i in practice, assume that all w, < w, 
and that the only output components of interest are those 
around p. They are given by 


} n 
o> Ez oa asVi(a ea #)| a 


r=1 


\ n n 
ot} fav, + any}| 3% se $x,(1 aR 24) Joo (Gi = @,,)t 
rl = 
; ' nies 


n 
+ X43 Vi X 4x, cosi(w, + w,,)t 


ae n 
Wr. >) a3V7 X 3x2 cos (w, — 2w,,)t 
ae 1 
t n—-1 
+z ie 4,V3 X 3xX,X_[COS (Wy — Way + Wam)t 
a= r+ 
si + cos (w, + Wg — gmt + COS (W, — Way, — Wgm)t] 
n= 2) n—1 
+> x a,V} x X 3X,XnXq [COS (Wy + Wap — ym — Wgs)t 


r=1 m=r+1 s=m+ 
++ COS (e,, — Wy, + Wgm — Wgs)t + COS (Wy — Wap — Wyn + Wgs)t] 


| ae Be Foxe} 
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If V; cos w,t be regarded as a coherent signal but the remainder 
of the tones as a representation of noise, then all x’s are made 
equal and nis made infinite. To evaluate eqn. (9) in these circum- 
stances the number of components in each group of terms must 
be known. [Note that (6, + 6, + -+6+...+06,3 


n—2 n-1 n 
=> 03 a > 2m 30,02, Be Ss > p> 60,0,5, 
r=1 ee — r=1 m=r+1 s=m+1 


(igs or 


n terms mn—1) terms tn(n—1)(n—2) terms 


This expansion is used as the basis for eqn. (9).] It can be seen 
that there are 7 terms in each of the groups (w, — @,,), (W, + Wg) 
and (w, — 2w,,), there are $n(n — 1) components involving two 
different Wg 5, and there are 4n(m — 1)(2 — 2) components | 
involving three different w,’s. So the output from the cube-law 


circuit is 
3 
7) COS Wf 


where R, is the input signal/noise (r.m.s.) ee and 
r.m.S.) 


ey 
+38 =| . (11) 
where V,,, is the input r.m.s. noise voltage. 

It can be seen from eqns. (10) and (11)—and putting in 
numerical values will quickly confirm—that if a3/a, is negative, 
as is usual, then the output signal/noise ratio in the band around 
w, (i.e. the through-transmission band) is higher than the input 
ratio R, for small values of V,, reaching a maximum before 
falling to zero, and later recovering somewhat as V, is raised to 
large values. A typical graph of the relationship is shown in 
Fig. 11. It would prove difficult in practice, however, to make 


signal = E Vi + a, V3(q of (10) 


noise = Vail a + 3a,a,V? + aM +z eee 


SSS 


Signal /noise ratio 
w 


Oo 


thew w 


Fig. 11.—Variation of signal/noise ratio in through-transmission band 
of cube-law circuit. 


any real use of this performance as it stands; it demands a 
perfect cube law for the maximum peak to be achieved, and this 
is at one critical signal level for a particular noise level. But 
the use of regeneration, as in Fig. 10, permits a high signal/noise 
discrimination to be achieved in a (theoretically, at least) more 
attractive way. 

When regeneration is applied to the cube-law circuit, the 
possibility of self-oscillation must be considered. It will be 
shown later that the most useful condition is when the regenera- 
tion is large enough to permit oscillation, and therefore for 
stable operation the system must take the form of a synchronized 
oscillator, typically as shown in Fig. 1. The feedback is tuned 
or filtered so that oscillation, if it occurs, can only be of fre- 
quency around w,, and the applied signal acts as a synchronizing 
signal to suppress vany free oscillation. Assume that the feedback 
filtration has a flat amplitude-response and zero phase-shift over 
the band considered. Then using the symbols Vg, V; and V; 
in place of v,, v, and vp in eqn. (6), the general relation 


Vo = Vi, + Ve (12) 
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holds. Now the relationship between V;,, and V¢ 1s the same as 
that between vp and 2, in eqns. (8) and (9). Using this, Vz, 
can be obtained as a function of Vg. The working below is not 
rigorous, but is quite adequate for ordinary purposes. Thus 
using suffixes to indicate the frequencies concerned, it follows 
from eqns. (9) and (12) that 


(@) V-(p) = a,Volp) + a[Ve(—)P(3 + 


Therefore 


niw 
M = 

x 

Bis) 
Se 


Vi(p) = re(P! Saat al VolP)P(3 ae | 


(6) V-(p — 4,) = 4x,Ve(p) + ag[ rwh| 2x3 + 4x1 at > 3) | 


but m=Ar 
(where the ratios x refer to the grid voltage Vc). 
Therefore V,(p — 4q,) 
=x¥eo{t — a, —asl¥ioP| 2? +2(1 + 3.3) | 
bid ae 
‘ (14) 
(c) Vip + 4,) = 3x,a;[Ve(p) 


But this frequency is one not contained in the input V,, which 
is assumed, for clarity only, to contain only (w,, — w,) frequencies. 
The frequencies w, + w, are generated by the non-linearity of 
the circuit. It follows that 


Vi(p + g,) = 0 and Ve(p + 4,) = Ve(p + G,) = 3x,a;[Vo(p)}? 
(15) 
(d) Similarly V;(p + g, + q,,) = 0 and 


Vo(p ne qd, ste Im) = Vi-(p ae qd, ae Im) ca $X,Xin3[Ve(p) 


(16) 
(e) Similarly V;(p + 4, + 4, +4,) = 0 and 
Vo(p Ef qr, + Im aE qs) aay Vip a q at Im a qs) 
= FXXinX sy [Ve(p)]}$ (17) 


(f) The terms in w, — 2w, can be similarly dealt with, but are 
omitted here as they make no finite contribution to the noise 
power. 

There are also additional frequencies introduced, because of 
further non-linear action on the frequencies discussed under (c), 
(d) and (e) above, these being fed back to the grid; and so on, 
ad infinitum. Fortunately, the effect can safely be neglected, since, 
if nx2 <1 as it usually must be for the system to be useful 
without frequency discrimination, the contribution of these 
further frequencies to the overall noise power is negligible. 


Rg 


* fh — a, —2ealvooH(t + mi {i + seealZcCO( + pe + 7)} 


This gives the relationship between input and grid voltage for 
complex tone inputs. The output may be taken from the grid, 
in which case these relationships apply directly, or it may be 
taken from the anode, in which case the effects of a further 
passage through the cube-law device must be considered» this 
latter is not usually of great significance, since the system is used, 
as will be seen later, at low input levels. 
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It can be seen that, if there is only one interfering tone 1 
accompanying the synchronizing tone, the ratio of interfering to | 


synchronizing tone at the grid is x, and at the input it is 


xV6(p1 — a, — 3a,[Vo(p) PU + x)} . 
‘G(p{ — a, — 343]Ve(p) PO. + 2x?)} 


(18) 


Therefore the ratio by which the interfering tone is suppressed — 


relative to the synchronizing tone is 
1 — a, — 3a,[Vo(p)P 
1 — a, — 4a,[ Ve(p)]? 


where it is assumed that x < 1. 
It can be seen that if a, = 1 (ie. loop gain is unity when there 


(19) 


is no signal), the ratio of suppression is 2, ie. the interfering — 
tone is reduced 6dB relative to the synchronizing frequency. — 


If a, > 1, which is the normal condition, and since a; is negative 


in any useful practical circuit, the suppression is greater than 2, — 


reaching very high values when the injected voltage, V,, is very 


small, since V(p) is then very little greater than the free oscilla- _ 


tion amplitude, Vg», which is given by 


Lia; 
YGo =,4/ 3a, 


and the denominator of eqn. (19) approaches zero. 

When the tone w, is accompanied by noise, all x’s are made 
equal and 1 is made infinite as before. 
signal/noise ratio can be expressed as 


Bi Vip) 
/(n) Vip — 4,) 


os 1 — a, — a,[Vo(p) PE + gmx?) a 
Vinx — a; — a3[ Vo) P22 + 30 + nx))} 


Since, for synchronization to be maintained, the tone w, should 


Ry 


(21) 


predominate, it may be assumed for purposes of approximation © 


in subsidiary terms only that nx? ~ 1/R%, where Rg is the 
signal/noise ratio on the grid. Thus 


3 3 
l1—a,— alVPP(G 5. 7) 


3 


— re 1 (229) 
veo Ts a[Vo (5 a m)} 


Iisypet 


Similarly 


o t 
Rg = iftveonsy} ns 2 @lVoOK(1 ip = z)} .2(3) 


The ratio of improvement of signal/noise ratio between the input 
and the grid is therefore 


1 
besa 3a,[Vo(r) P(A ae z) 
: (24) 


Now the form of these results is inconvenient, as it is in terms 
of V,(p), which is not the known input signal. It would be 
much better to have it in terms of V;(p), which is what is given 


in a practical problem. But the relationship between V,(p) and — 


Vg(p) is given by eqn. (13), where Xx? can now be replaced by 
1/R2,, and it is clear that Vg(p) cannot readily be expressed as 


an explicit function of V;(p) but is most readily determined 


(20) 


Thus the input 
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from a family of curves relating V;(p) and V,(p) for various 
values of a, and a;/a,; Rg also is involved, but if large does not 
seriously influence this stage of the calculation. 

Although the numerical calculations are thus rather involved, 
it is quite easy to deduce the general behaviour of the system 
from eqn. (24), The improvement in signal/noise ratio depends 
on the actual magnitudes of a, and a, and not only on their ratio. 

Assume for simplicity that a;[V¢(p)]? is small compared with 

unity, as it is in the most useful practical cases, and that Rg is 
| large. Then consider three ranges of a, (the loop gain without 
| Jany signal) as follows: 


(i). a< 1. Here R,/R, is never large, and when a, <1 or 
| Vg(p) is very small then Re|R, approximates to unity. Else- 
\ where, if a, is negative, R,/R, is slightly in excess of unity. 

(il) a, ~ 1. This is the condition where, in the absence of 

| Signal, free oscillation could just commence. Here R,/R, ~ 2, 
_ so that 6dB improvement is obtained in signal/noise ratio. 
_ Gili) ay > 1. This is the synchronized- oscillation range, and 
_ best results are obtained when V;(p) is very small. In such a 
_ case, V,(p) approximates to a value 4/[(1 — a,)/3a;] and the 
| denominator of egn. (24) approaches zero. The improvement 
_in signal/noise ratio is then very great. 


It will be seen that the general behaviour is the same for noise 
as for single interfering tones, only the numerical values being 
| different. Fig. 12 shows the behaviour in graphical form. The 
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(or Vi (p) on non-linear scale) 


| Fig. 12.—Improvement in signal/noise ratio in regenerative cube-law 
Hy, device. 


} 


eves are of much the same nature whether the abscissa is the 
if grid voltage (V,) or the injected voltage (V,), but as the relation- 
' ship between Vg and V, is very non-linear, the actual shapes of 
| the curves are different on the two scales. 


| @.1) Theory of the Synchronized Oscillator with the Synchronizing 
i ~ Tone Amplitude- or Phase-Modulated by an Interfering Signal 

i The work in Section 3 was quite general, but when the synchro- 
i, nizing tone is modulated by the interference, rather special 
results are obtained which, although deducible from Section 3, 

| are more conveniently and more clearly derivable by a direct 
fe proach. Modulation of the cos w,t tone by an interference 
$ w,t means that a pair or system of side tones that have a 
\ special relationship is applied to the non-linear circuit; but the 
' work of Section 3 assumed that all tones were unrelated. 

| It will be assumed that the interfering modulation is sinusoidal ; 
| for complex modulating signals the work can readily be extended 
| as in Section 3. 


| ie 1.1) Amplitude-Modulated Synchronizing Tone. 
} Considering first the cube-law circuit without regeneration, the 


iW ) % = Vi(l + mcos wgt) cos wt . . . (25) 


Then the output in the through-transmission band, i.e. centred 
around the input band (w, + w,), is easily shown to be 


U = Vita, + $a,V2(1 + 3m?) 
+[a + ga;V?(1 + 4m?)]m cos wet 
+ $a;V 7m cos 2w,t + 643V7m3 cos 3w at} cos wt . (26) 


Since a; is usually negative, it is seen that the modulation in the 
output is less than in the input, especially if m is small. 

For the circuit with regeneration the same non-rigorous 
arguments are adopted as in Section 3 by assuming that a signal 
Vol + mcos w qt) Cos w,t exists at the grid, although accom- 
panied by other frequencies produced by non-linearity and 
returned to the grid by the feedback path. Provided m2 < 1, 
the effect of these other frequencies on the fundamental modula- 
tion component is negligible. 

Then the fed-back voltage, V,, is given by eqn. (7) with V, 
replacing vg and Vg replacing V,, Therefore, since V, = Vg 
— V;, it follows that 


V, = Vo{1 — a, — 3a,V2(1 + 3m?) 

pl lap 203 vad + 4m?) |m cos wat} cos at"! Q27) 
ignoring the effect of second and third-harmonic modulation. 

Thus, considering only the fundamental component of the 

modulation, the effective depth of modulation at the input is 

evidently 
ee REO: V2 + blieea? 
wees 1 ay 4 a3 é( im a 


“l-—a— 4a,V al + 3m) 28) 


so that the ratio of reduction in the depth of modulation between 
input and grid is 
m, 1—a — 3a,V2 
Dal Gy eee 2 


(29) 


since it is assumed that m2? <1. This can be compared with 
eqn. (19) for a single interfering tone accompanying the syn- 
chronizing tone, and it will be seen that the difference is that the 
suppression is greater for modulation. For example, when 
a, =1 (ie. incipient oscillation in the absence of signal), 
m,]/m = 3, whereas for a single tone the suppression was only 2. 
This is easily explained in terms of Section 1, since the side tone 
(w,, — Wy) is reduced (assuming, as usual, that a, is negative) by 
the non- linear i image tone [eqn. (15)] of the (w, + w,) side tone, 
and vice versa. 


(3.1.2) Phase-Modulated Synchronizing Tone. 


If the input signal to the cube-law circuit is phase-modulated 
by an interfering frequency, it can be written 


Vv, = V,cos(w f+ msinw,t) . . . (30) 


When this is substituted in the non-linear law, eqn. (7), it can be 
seen that the phase-modulation does not affect the behaviour, 
and the output in the through-transmission band is 


Vp = (a,V, + 4a3V7) cos (w,f + msinw,t). . (G1) 
since 
cos? (wt + msin w,t) =. cos (wt + msin wt) 
+ 4cos 3(w,f + msinw,t) . (32) 


Thus when the regenerative circuit is considered it is seen that 
the modulation index is unaffected by the circuit, and no suppres- 
sion of the modulation is obtained. This is confirmed by the 
fact that synchronized oscillators have been used as amplitude- 
limiters for phase- and frequency-modulation receivers.?7 The 
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behaviour to phase-modulation is thus different from that to any 
other interfering signal. 

This behaviour is, however, entirely consistent with the work 
in Section 3, and can be illustrated in terms of Section 3 thus. 
The carrier and first-order side tones of eqns. (30) are 


— cos (w, + w,)t]} 
(33) 


where Jo(m) and J,(m) are Bessel functions. Assume m? < 1; 
then Jy(m) ~ 1 and J,(m) ~ m/2. Considering the non-linear 
image frequencies, w, + w, produced from w, — w, and vice 
versa [see eqns. (9) and (15)], the resultant amplitude of each 
side tone in the output of the cube-law circuit is approximately 


V{Io(m) cos wt — Jy(m)[cos (w, — w,)t 


Tt 
TV, [a + a3V 23 — 


5 $43V?) 


m 
H]= x Vi(qy (34) 
where the 2 is reduced to ? owing to the image tone of opposite 
polarity. Since the output of carrier is 


Vi(a, + 4a3V 7) 


it is clear that the whole basis of discrimination (i.e. the coefficient 
3 for the interference and = for the synchronizing tone) has 
disappeared due to the special relationships of phase-modulation. 


(4) CONCLUSIONS 


The theoretical part of the paper has shown the origin of the 
non-linear discrimination of a synchronized oscillator against 
interfering signals accompanying the synchronizing signal, and 
the differences in performance when the interference modulates 
the synchronizing signal have been made clear. The experi- 
mental work described shows clearly the physical reality of the 
effect, and to the extent permitted by difficulties of measurement, 
particularly of system parameters (such as the coefficients a, and 
a,), there is good agreement between) theory and experiment. 
The conclusion reached is that the use of a synchronized oscillator 
as a highly-selective circuit with a centre frequency automatically 
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DISCRIMINATION OF A SYNCHRONIZED OSCILLATOR .) 


adjusting itself to the required band is quite feasible so long as’ 
a coherent and dominant synchronizing tone is applied, i.e. 
that unwanted signals have a level below that of the synchronizing - 
tone. For good selectivity utilizing the non-linear discrimination | 
as well as the frequency discrimination, a very stable oscillator | 
should be used with a very small voltage of the synchronizing 
signal, and the natural frequency should be kept as near | 
synchronizing frequency as possible. 

If there is no dominant coherent tone applied, i.e. noise alone. 
is injected, there is no practical benefit obtained by using a 
synchronized oscillator. instead of a linear filter. 
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SUMMARY 


TN detailed analysis of the propagation of electromagnetic waves in 
iceular waveguides whose walls are anisotropic is carried out. The 
physical property of the wall is described in terms of ‘ ‘anisotropic 
surface impedance” and this has two principal components, which, in 
general, do not run along the co-ordinates of the cylinder. 

It is shown that, whatever the orientation of the principal axes of 
the surfaces, all E- and Ho-modes are stable. Formulae are derived 
‘for the propagation coefficients and attenuation coefficient of the waves, 
|and these are expressed in terms of the impedance components of the 
surface. 

| Furthermore, it is shown that all higher-order H-modes are unstable 
[im such waveguides unless the principal axes of the surface coincide 
\with the co-ordinate axes of the surface: a wave that is stable in an 
anisotropic waveguide, whatever the orientation of the axes, is a 
“spinning H-wave.” 


LIST OF PRINCIPAL SYMBOLS 

r, 6, Z = Co-ordinates of the circular cylinder. 
‘a n, ¢ = Helical co-ordinates. 
ie, ys = Lay angle of the ¢-helix (see Fig. 1). 


t = Tan w. 
F /4o, €9 = Permeability and permittivity of free 
| space. 
k= = — = wy/(o€o) = Free-space propagation coefficient. 


iy % 


i Ao = Free-space wavelength. 
Zy= ‘ (ey = Free-space impedance. 


Z, = Normalized (with respect to Zp) surface 
impedance. 
Z,, Zc = Principal “components” of Z,. 
y =a + j68 = Axial propagation coefficient. 
a = Attenuation coefficient. 


== = = Phase-change coefficient. 
& 
ho = = = Cut-off coefficient of a perfect waveguide. 
=hy + Sh = Cut-off coefficient of an imperfect 
waveguide. 
s = Radius of the waveguide. 
m, n = Mode indices. 
Ay = Wave spin coefficient. 
C,, Sy, Ch, Sy = Constants. 
Jn = ey where fips is a root of J,,(hs) = 0. 
J, = py where hs is a root of J;,(hs) = 0. 
Bm 
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AG 
ae: 
Je 
Z, = — = Equivalent uniform surface impedance 
iq (for E-waves). 


Zy =JdJm = Equivalent uniform surface impedance 
(for H-wave). 


The rationalized M.K.S. system of units is used throughout and 
the time dependence exp (jwf) is implied. Furthermore, unless 
otherwise stated, all field quantities are understood to contain 
the factor exp (— yz). 

The wave numbers are connected by 


hh? = hg -— BP? = h? — y2 
h=ho + 6h 
y =JB + dy = iB + « + j5(8) 


For spinning waves we have, in addition: 


vy, =i8 + 8) =I8 + dy’ + Ay =’ + Ay 
yo =’ — Ay 


and Say! a WZ] + 0) + 7) 


La om 1- (2) 


_ 2pt h? (Z, — Z)I + #7) 


ee) 


The quantity Zp) is absorbed in the symbol H (magnetic-field 
vector) and consequently all impedances and coupling coefficients 
are normalized with respect to that quantity. 


(1) INTRODUCTION 


Wave propagation in waveguides whose walls exhibit small but 
finite surface impedance has been investigated by the author 
elsewhere,! and inasmuch as some aspects of anisotropic wave- 
guides have been touched upon, this study has for its object 
wave propagation in anisotropic waveguides whose principal 
axes of the surface do not, in general, coincide with the axes of 
the co-ordinate system employed. The only allied problem that 
has been dealt with in the past is that of propagation along 
helically conducting structures,” and this is a particular case of 
the general method of approach developed here. 

Waveguides of anisotropic surtace impedance are of moderately 
frequent occurrence in practical applications, and a corrugated 
surface or a helix? are just two examples of anisotropic impedance 
sheet. It is thought desirable to have a general method of attack 
on problems connected with waveguides of that nature, and 
the surface-impedance approach developed in Reference 1 is 
admirably suited for this purpose. 

Accordingly, the problem of wave propagation is solved for 
an arbitrary surface impedance (anisotropic) and the formulae 
obtained relate the propagation coefficients of the wave to 
the dimensions of the waveguide and its surface-impedance 
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components. In the case of stable waves an expression for the 
equivalent homogeneous and isotropic surface impedance, Z,, 
may be derived. Here, by Z, we mean that value of uniform 
surface impedance for which the waveguide would have the same 
propagation coefficient as the investigated anisotropic waveguide. 


(2) THE FORMULATION OF THE PROBLEM 


Consider a cylindrical guide as shown in Fig. 1. The co-ordi- 
nates r, ¢ and z are respectively radial, circumferential and axial 


Fig. 1.—Cylindrical anisotropic waveguide. 


co-ordinates of the cylindrical guide, and the co-ordinate r = s 
defines the guide surface, which is characterized by a uniform 
surface impedance Z,. 

In our present study this impedance is anisotropic and accord- 
ingly has two components Z, and Z-; these are defined by 


E. 
Le Me Memeer se! 18S 6((l 
? Hy|,=s 
E-| 
ee PMR rate by i b2 
and Lr A (2) 


The axes of 7 and ¢ are the principal axes of the surface and in 
the circular guide they form two mutually orthogonal helices. 
The angle 7 is the lay angle of the C-helix. 

It is convenient to develop the guide surface (as shown in 
Fig. 2), which can then be looked upon as a plane impedance 


Fig. 2.—Top view of the developed waveguide surface. 


sheet with principal rectilinear axes 7 and ¢. Figs. 3 and 4 are 
two examples of anisotropic surfaces which behave as if they 
were homogeneous provided that the period of heterogeneity is 
much smaller than the wavelength of the guided wave—an 
assumption it is convenient to make here, but which is by no 
means necessary. . 

Since the modes in circular guides are described in terms of the 
cylindrical co-ordinates r, ¢ and z, the field components elds, 
E, and H, in the problems presented here must be projected 
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| 
MEDIUM 1 MEDIUM 2 


Fig. 3.—Anisotropic surface. 


Fig. 4.—Corrugated surface. 


along the 7 and € directions and the boundary conditions of 
eqns. (1) and (2) then applied. Inspection of Fig. 2 leads to the 
following relations between the relevant field components: 


(2) - [i= 
i) [eee 


The boundary conditions to be satisfied at the surface of the 
guide are obtained by substituting eqn. (3) in eqns. (1) and (2). 
Thus ‘ 


(3) 


; E,+ E,tanys 
a pee. os (4) 
” Hy, — Hytanihio, 
Ey — E, tangs 
ZL, = 5)} 
one "  H, + Hg tan #,_, o 


(3) THE SOLUTION OF THE PROBLEM 
(3.1) E-Waves 
An E,,-wave is derived from the wave function 


sin 


ioe = Inbo( cog mo) 5) ce 


where /igs are roots of J,,(Ags) = 0 and 
kK? = 12 + BP hte | 


In the present instance, however, owing to the finite value o!' 
the wall impedance, Z,, the coefficient 4g becomes hy + dh = 1 
and the field will be, in general, contaminated by other modes! | 
Thus the total field, which is a mixture of a denumerable infinity 


ea 


a 
| 
| 


a 


i 


__ of the wall impedance, Z,. 
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| of E- and H-modes, has the following components* on the 


surface of the guide: 


(i) Bue to E-waves 


E, = > J,(hr)[C, cos vd + S, sin vd] 7] 

v 
Bis! ey.) Ic, si 1p — S, cos v 

= 57, Bo r)[C, sin vd — S, cos vd] t - @) 
/ ey, 
Hy = ae d Jr) [C, cos vf + S, sin vd] 
v 
_ (ii) Due to H-waves 

H, = > J,(Ar)[C;, cos vd + S%, sin vd] ) 

v 

ie ie ; ra 
Ey cacy LIAN, cos vb fe S; sin vo] > . (9) 
H, = Hs YvJ,hr)[C;, sin vd — S; cos vd] 

v 


In these equations C,, S,, C, and S* are constants (Fourier 


| coefficients) and m denotes the circumferential order-of the mode. 


Let us investigate the mode of order m. If we let C,, = 1 the 


remaining coefficients become the coupling coefficients! of the 
| various modes that come into existence as a result of finite value 


If, when C,,, = 1, all the remaining 
coupling coefficients are small, the mode considered will be 


| regarded as stable in the guide investigated and we can then say 
| that the guide is supporting a substantially pure mode.! 


ines 
j 


To solve for h or 6h and the various coupling coefficients, 
substitute eqns. (8) and (9) in eqns. (4) and (5), whereupon, from 
‘cross-multiplication, we get the following two simultaneous 
equations: 

{tan % XJ,(hs)[C;, cos vp + S; sin vd] 
+ LJ;(hs)[C, cos vp + S, sin vd] 


zh ae LoeJ,(hs)[C;, sin vf — S%, cos v]\Z- 


: = XJ,(hs)[C, cos vp + S, sin vd] 


+ tan bf i us XvJ,(hs)[C, sin vd — S, cos vd] 


$j Zo DSihs)[(C; cos vf + 8, sin op }} (10) 


and {= J,(hs)[C,, cos vp + S’, sin vd] 


ao He XvJ,(hs)[C;, sin vd + Si, cos vd] tan pb 


oh Ak 
th 
a. a SUNG, in 3d ~'S, cos vd 


x J(hs)[C, cos od + S, sin of \Z, 


= inZo x Ji(hs)[C, cos vd + S%, sin vd] 


— tan ¢ XJ,(hs)[C, cos vd + S, sin vd] (11) 


Eqns. (10) and (11) are solved for the Fourier coefficients in 


the usual manner. Thus, by multiplying throughout by cos mop 


* Note that these are normalized with respect to Zo; cf. list of symbols. 
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and then by sin md and integrating over the period, eqns. (10) 
and (11) will be found to lead to a set of four equations; these, 
after rearrangement of the terms and making the following 
simplifying substitutions 


PH Leaps tie. 

Was P; Et q 

J,,h8) fae se pas Bote ACID) 
J), AAs) Sil : 


lead to 


Cin Zn — 4) + Sin[— jpSi,Z, tan o] 
— C,, [Jn —jqZ,,| tan b — S,,[ipt,,| 
C.LiePJinZ, tan b] + S)[J,,2, — Ja] 

= C,,LiPImnl — SmlIm — i@Z,] tan fb 
C [FZ salted Es fpr yz] 


ae Cle — jqZ<] i Sn LiPI nr} tan ob 
ir CraliPImZ<] aie SinlFnZe i iq] tan ip 


al Cn LiPIn| tan pb oa SrilFin me iqZz| 


Since we have assumed that Z- and Z,, are small, it follows that in 
eqns. (13) 


| sy 43) 


1 EV AO) ih 


14 
and In Ze <iq ay 


and the terms can be accordingly omitted with a negligible error, 
particularly since J, is small.* 

The set of four equations (13) is homogeneous in the four 
unknowns (C,,,, Six Cis Si) and for a non-trivial solution we 
must have the determinant of the coefficients equal identically to 
zero [cf. eqn. (23) below]. This, after some lengthy but straight- 


forward eliminations, leads to the solution: 
J,A(1 + tan? b) = jq(Zz + Z,, tan? oh) 
Consequently the equivalent isotropic surface impedance is 


Im _ Ze +Z, tan? 


(15) 


2, = 2 = 09 
sat 3) = : i Wz) = i ee oe ib ‘a 
In particular,! since 5(y) = « + j6(8), 
qita tac 
and d(B) = Lk X_ +X, tan? pf oh 


sBo 1+ tan?y% 


For 4 =0, Z, = Zz and for # = 90°, Z, = Z,, which is in 
agreement with results derived elsewhere.! If ys is small 
Z, ~ Z(1 — tan? pf) + Z, tan? pb 

Vb! Zr —- (Zi, Te Zz) tan? ob 


e 


(18a) 
or 


Thus, for small values of % the performance of the guide 
depends primarily on the value of the axial component of the 
surface impedance: this, however, is increased by an amount 
proportional to the square of the lay angle ws, and the difference 
between the circumferential and axial components of the surface 
impedance. ; 

Since the problem has a unique solution in the form of 


* Im = Imbhs)/J/,(hs) and (hs) is close to the root of Jm(hs) = 0. 
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eqn. (15), the stability of the wave is unimpaired by the aniso- 
tropic nature of the guide.* 


(3.2) H-waves 
An H,,,-wave is derived from the wave function 


= Into) (on wimp) (19) 
where (/ps) are roots of J;,(iips) = 0 and 
k? = he + 8% = h? — 4? (20) 


But an imperfect guide cannot, in general, support a pure 
H,,-wave; consequently, as in connection with E-waves, we seek 
a solution in the form of eqns. (8) and (9). Here again, if we 
let C’,, = 1, the remaining coefficients (of the set C,, S,,, C, and S),) 
become the coupling coefficients of the various modes, and these 
modes come into existence by virtue of the finite value of Z,. 
Since the analysis for an H-wave is very much similar to that 
for an E-wave, the details of the analysis will be omitted. 
Eqns. (10) and (11) are solved for the Fourier coefficients in the 
manner indicated in connection with E-waves, and this leads— 
for example in the case of the mth coefficients—to four simul- 
taneous equations homogeneous in the four coefficients C’,, S,, 


C,, and S,. It will be convenient to make the following 
simplifying substitutions 
Bm 
a ez t= 
je tas ipa eee 
J’ (hs) 
Ii ==o4 (21) 
SE hs) 
and Zz =f = ZA Pp) (22) 
whereupon we arrive at the following secular determinant, t 
(ZG <a Zy)s at PZ, t, t, Jp 
IpZ,t, (2, — EH des b | guns) 


The unknown in eqn. (23) is the coefficient h (= ho + 6h), 
which appears implicitly in the symbol Z,,. The secular equa- 
tion (23) can be reduced, after some algebraic operations, to the 
following quadratic equation in Z,: 

Z2Q + 2)? — 2Z,(1 + 2) 
x [Z,(1 + pt?) + Ze(p? + £)] 
+ [Z,(1 + p70?) + Zp? + 1)? 


— 4p°(Z, — Z-) =0 (24) 
and the solution to eqn. (24) is 
Zy = [Z,01 + pt? + Zp F 7A +2). . @5) 
We note that for p = 0, we have 
Zu = [Z, + Zc071/0 + 2). (26) 
while for t = 0 = yw, eqn. (25) becomes 
| Zy = Z, + Zp? (f = 0) (27) 
and for y = 90°(t = 00), 
ees Zy = Z,p* + Zs (x = 90°) . SOLD) 


* See Section 8.1. 
+ Contrast this with the determinant of the coefficients in eqn. (13), where, provided 
that Z, and a are small, a unique solution for surface impedance is obtained. 
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Thus, unless p = 0 or os = 0 or & = 90°, Z,, has two distinct 
values, giving separate modes. 
clusion that all H-waves are unstable in anisotropic circular 
guides unless the principal axes of the surface coincide with the z 


Consequently we draw the con- 


t 
j 


and ¢ co-ordinate of the guide (tan ys = 0) or the wave is an 


Hop-wave (p = 0).* 

If we now assume that the impedances Z, and Z; are small, 
by substituing eqn. (25) in eqn. (22) and expanding the Bessel 
functions occurring in eqn. (22) in Taylor’s series about the point: 
(igs), we get the following expression! for 6(h) (= h — ho) 


Ln 
d(h) = ae ree (29) 
as 
2 
thus dy) = : _—— (30). 
1- Ge) 


Since there are two values (Z, and Z>) of Z,, given by 


Zl + 2) =Z,(1 + pe?) + Zep? + 1) + 2puZ, — Ze) i (31) 


Zl + 2) = Z,(1 + px) + Zp? + P) — 2p(Z,, — Ze) 
Z,0 + 2) =Z’ + 2ptZ, — Ze) 
Z (i+ 2?) =Z’— 2puUZ, = Zo) 


where Z’ is given by 


or 
(32) 


Z’ = R + jX' = 2,0 4 pa eee F) 
there are, therefore, two corresponding values of dy given by 
1h? Z’/ +) ioe 
8). = 5 in ae > (1 + 2p 
- (py 
= Sy’ + Ay pa 
1 W2Z’// +?) Deze: 
and d(y)2 “318 2pt Zz ) 
(is 
= dy)’ — Ay 
where S(y)’ and Ay are given by 
, Lhe eae 
syy =. 5 


—_ =) 


_ 2pt #(Z, — ZA +2) 


a 


s kp 


Furthermore, substitution of eqn. (31) back into the original 


equation yields 


($2),=-4 


Ge : 
=) eee 


(34) 
and 


The remaining coefficients (of the set C), S,, C,, S,) are, in 
magnitude, of the order of Z, or Zz, or less, and consequently 
can be neglected in comparison with C,, and S’,. Thus, the 
field in the guide may be derived from 


H, =J,,(hr) [exp (— jm — Ayz) + exp(jmd + Ayz) ev? . 


where y’ and Ay have meaning as defined by eqn. (33). 
+ See Section 8,2. : 


& 


* See Section 8.1. 
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| 
| 
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| 
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Pdermiaad the nature of the wave as given by eqn. (35), 
se for the moment that the component impedances are 
reactances. It is then evident from eqn. (33) that d(y)’ and 
are pure imaginary quantities: if, say, y’ = jB’ and Ay = jAB, 
. 35) can (neglecting a constant factor) be put into the form 


H, =J,(hr) cos (mp + ABz)ese’? . (36) 


The wave as given by eqn. (36) is evidently an unattenuated 
ave whose plane of polarization is revolving clockwise while the 
‘wave is proceeding down the guide, when Af is positive; and 


the spin of the wave is anti-clockwise when Af is negative. Now, 
a eqn. (33) we observe that 
R AB  2pt(X,, — XZ) (37) 


and consequently the sense of the spin of the wave is the same as 
| the sense of the principal helix of the surface in the direction of 
_the lower impedance. For example, if Z,>Z- the wave 
‘spin is in the same sense as that of the ¢-helix, but the rate of 
the spin of the wave is, as will be shown, much less than that 
of the ¢-helix. 
| If the guide is not loss-free the field is derived not from 
_ eqn. (36) but from 
y H, = Jp(hr) cosh (jm + Ay2env"? 
and in this case the locus of the wave polarization vector, in the 
transverse plane of the guide, is no longer a circle but a spiral, as 


(38) 


\ 3 Bee ty ee 


| y Fig. 5.—Locus of the polarization vector of the spinning H-wave. 


(A) For loss-free guide. 
ite (B) For a “lossy” guide. 


shown in Fig. 5. In addition, the wave suffers attenuation, and 
this can be calculated from eqns. (33) and (31) since 
rs y =a + JP JB + +388 
: 12 1 R’ 


store Cc= = kp rea eee * 
hs 


(39) 
(40) 
na ) is given by eqn. (40) with X’ in place of R’. The 


quantity Ay is given by eqn. (40) with 2 p(Z,, — Z;,) in place 
of R’, 


ie ed ae 2(Z, — Ze) 
ba Teepe +e <i 
) , ‘4 a 


In the case of the Ho-wave, p = 0 and consequently dy) 
= 8a, while Ay = 0 and cere the wave is stable. 


— 


d (4) NUMERICAL EXAMPLE 

Consider a circular anisotropic guide of radius (s) 2cm, 
ied at 24000Mc/s (A, = 1:25cm), and suppose that the 

e surface impedance Panlized with respect to Zp) = 

hms) has two principal components: Z, = 100Z- and 

mx 10-4, 

In the case of any E-wave the guide will behave as if it had a 
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Fig. 6.—Normalized equivalent uniform surface impedance, Ze, as a 
function of the lay angle, 7%, for a guide carrying an E-wave. 
Components of surface impedance are: Zy = 1002; and a =f 10ae 
N.B.—When | = 0, Ze = 1 x 10-4. 


uniform surface impedance given by eqn. (16); this is shown 
plotted as a function of the lay angle ¢# in Fig. 6. 

In the case of an Ho-wave the guide will behave as if it had a 
uniform surface impedance given by eqn. (26). Consequently the 
graph of Z, as a function of % is the same as for E-waves but 
with the abscissa in terms of (90° — %) instead of ab. 

All higher-order H-waves are unstable (as has been shown in 
Section 3.2), but the particular combination of the waves given 
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Fig. 7.—Wave spin coefficient Af of the Hy1-wave as a function of the 
lay angle wb. 
Constants of the guide: 
fo = 24000 Mc/s 


s = 2cm 
Zn = 100Z, 
Zr =j x 10-4 


by eqns.’ (36) or (38) can proceed down the guide without change 
of form and it represents, as explained, a spinning H-wave. 
Thus, if the wave guided’by the structure is an H,,-wave, we get 
from eqn. (41) that 


Ke = 1-4oe 10-8 oY 


I + tan? 


The quantity Af is shown plotted in Fig. 7 as a function of ¢. 
It will be observed that thef_maximum wave spin occurs when 


metres—! (42) 
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ys = 45° and for this angle the lay of the ¢-helix is 0-126m, 
but the lay of the spinning wave is 90m. 


(5) CONCLUSIONS 

A complete analysis of wave propagation in circular anisotropic 
waveguides has been carried out. General formulae have been 
derived and these relate propagation and attenuation coefficients 
of the wave to the dimensions of the guide structure and their 
impedance components. 

It has been shown that all E-waves and Ho-waves are stable 
in anisotropic guides and consequently in the case of these waves, 
so far as the behaviour of the wave is concerned, the anisotropic 
guide wall could be regarded as a uniform and homogeneous wall 
of surface impedance Z, (which can be calculated). The aniso- 
tropic nature of the wall is of no consequence except that it 
introduces a surface impedance Z, whose value depends on the 
lay angle w. 

All higher-order H-waves have been shown to be unstable in 
anisotropic guides; but a certain combination of H-waves (of the 
same order) given by eqn. (38) can proceed down an anisotropic 
guide without change of form. The stable solution is a “‘spin- 
ning H-wave’’ and this was shown to have the same sense of 
spin as that of the helix of lesser surface impedance. The lay 
of the spinning H-wave, however, is much longer than the lay 
of the helix of the principal surface impedance. 
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(8) APPENDIX 
(8.1) A Note on the Stability of a Wave Mode in a Waveguide 


The meaning of the term ‘“‘stability” as applied to a mode 
in a waveguide has been explained by the author elsewhere,! 
and here some additional aspects of the concept of stability 
will be explained, without the recourse to formal mathematical 
treatment. 

Any wave mode [e.g. that derived from eqn. (6) or eqn. (19)] 
is a mathematical possibility in a perfectly conducting waveguide 
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whose geometry is perfect, in the sense that the waveguide inner 
wall forms a right cylinder of constant cross-section. The! 
cylinder cross-section can be a rectangle, a circle, an ellipse, ete. 
However, so far as any practical applications are concerned, a 
waveguide can neither be perfectly conducting nor be endowed 
with an impeccable geometry. 

We may find, for example, that owing to a small distortion of 
the originally perfect waveguide a wave mode will split into two 
or more component waves travelling with different phase 
velocities. In addition, the wave pattern of the associated wave 
will continuously change in form. Such a wave mode is referred 
to as being unstable with respect to the particular guide perturba- 
tion. There are many examples of unstable modes: all higher- 
order E- and H-modes are unstable in imperfectly conducting 
rectangular waveguides, the Ho;- and E,,-modes are unstable in a 
curved circular waveguide, etc. 

The appropriate mathematical tool for dealing with innpertect 
waveguides and investigating the stability of waveguide modes is 
the perturbation calculus, and here the order of the quantities 
involved is of importance. For example, if the perfectly con- 
ducting walls of a waveguide are replaced by an impedance sheet 
of a surface impedance, Z, (such that Z, < 1), then, unless the 
change in some of the propagation coefficients or other field 
parameters is of the order of Z,, or larger, Z, is said to have 
a negligible influence on the field of the guided mode. In 
particular, in the case of E-waves, discussed in Section 3.1, 
it has been shown that, to the order of Z, and Z- quantities, 
all waves are stable, but that the propagation coefficients are 
changed by amounts of the order of Z, and Zr. On the other 
hand, it has been shown in the case of higher-order H-waves, 
that, to the order of Z, and Z- quantities, there are two distinct 
values of the propagation coefficient. In other words the modes 
are unstable. 


(8.2) The Stable Solution for H-Waves 


Using the coupling coefficients, eqn. (34), we find that the 
stable solutions are 


i= Tinbhr) exp (=< img — Y12) 
J Ahr) exp (imp — 22) 


These are evidently left- and right-hand circularly polarized waves 
travelling at phase velocities y, and 2 respectively. 

The modes H,, and H,, can be looked upon as normal modes 
of the anisotropic region, and we may combine them to satisfy 
any launching requirements. For example, if we specify that 
the mode is to resemble the H,,,-mode at any particular point, 
in the waveguide so that the mode can be matched to an isotropic 
waveguide, then we find that H,, and H,, must be combined in 
equal proportion. The combination solution [eqn. (35)] is a 
mode peculiar to an anisotropic waveguide and is more con- 
venient than the solutions given by eqn. (43). This single wave 
function represents, as. explained in Section 3.2, a spinning 
H-wave. 


(43) 


and Hy, = 


: 
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SUMMARY 
‘A general formula for the admittance of the junction between two 
waveguides of arbitrary and different cross-sections, coupled end-to- 


‘Schwinger’s variational procedure. It is shown that, if the dominant 


i 
u 


| modes of either waveguide have similar patterns over the coupling 


aperture, the junction may be represented approximately by a 2- 


terminal network. A general and simple definition of characteristic 


‘impedance is introduced which enables us to regard the junction as 


| an “impedance mismatch” together with a ‘‘junction effect’? owing 
_ toshunt susceptance. The restrictions required for an exact 2-terminal 
_ description are discussed. Simplified formulae, applicable when the 
| waveguides have similar cross-sections, are derived. The symmetrical 
\\junction is also considered. The approximate 2-terminal theory is 


Wi 
f 


applied to the junction between two rectangular guides of different 
E-plane dimensions and the results obtained are compared with those 
derived elsewhere by a more rigorous method. In this way some idea 


| of the accuracy of the theory and the limits of its applicability is 
| obtained. The 2-terminal theory is also applied to a circular-to- 


rectangular transition, and the results are shown to be in favourable 
agreement with experiment. The behaviour of a waveguide of hexagonal 
cross-section is analysed. Finally, various aspects of the impedance 


' definition are discussed. 


(1) INTRODUCTION 
A common form of discontinuity encountered in microwave 
circuits is the junction between two waveguides of different cross- 
sections coupled end-to-end. If such a junction lies entirely 


| Within a common transverse plane and is perfectly conducting 


‘except over the coupling aperture, it is possible to describe its 
behaviour in purely general terms. By deriving a general expres- 
‘sion for the admittance between two waveguides of arbitrary 


\ 


and different cross-sections coupled by an aperture of arbitrary 


shape, we have the key to a whole class of waveguide problems. 
In particular, all problems dealing with transverse conducting 
diaphragms or with junctions between misaligned waveguides 
fall into this class. 
Although the equivalent circuit of the junction requires, in 
general, a 3-terminal network, an approximate 2-terminal repre- 
sentation usually suffices provided that the characteristic impe- 
dances of the waveguides are defined in an appropriate manner. 
The restriction required for a 2-terminal description to be 
approximately valid is that the dominant modes of the two 
_ waveguides shall have similar patterns over the coupling aperture. 
This restriction is not a stringent one, since it will always be 


| satisfied provided that the singularity at the junction is not 


J 


extremely severe. If this condition is satisfied and if the 


. characteristic impedances are so defined that their ratio takes a 
A special form, the junction may be approximately represented by 


-a-2-terminal network. As a consequence, there exists an 
optimum definition of characteristic impedance such that the 


_ Singularity at the junction may be represented by a shunt sus- 


ceptance (the so-called junction effect) together with a “‘change in 
characteristic impedance.” 
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end by an aperture of arbitrary shape, is derived by the application of 
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If more stringent conditions than those considered are imposed, 
special cases of a simpler nature arise. Thus, if the waveguide 
cross-sections and the aperture differ only slightly in shape and 
area, the shunt susceptance or “‘junction effect’? becomes neg- 
ligible. In such a case, the singularity of the junction may be 
regarded as being entirely due to a change in characteristic 
impedance. Junctions of this type are particularly interesting 
from the theoretical point of view, as the determination of the 
circuit parameters involves very little computation. Another 
case of interest occurs when the dominant mode patterns are 
identical over the aperture, for then the 2-terminal equivalent- 
circuit representation is perfectly rigorous. Into this class falls 
the junction between two rectangular waveguides of different 
E-plane but identical H-plane dimensions, together with all 
symmetrical junctions. 


(2) THE WAVE FUNCTIONS 


Consider the end-to-end junction between two arbitrary 
cylindrical waveguides illustrated in Fig. 1. It is assumed that 


zZ——P 
Fig. 1.—Junction between two arbitrary waveguides. 


both waveguides support only one propagating mode and that 
the dominant mode in either waveguide is an H-type mode. 
It is further assumed that both waveguides enclose a common 
medium, although the results are easily generalized to include 
the case of two waveguides containing different media. 

If a unit-amplitude dominant mode is incident in guide 1, the 
singularity at the junction will, in general, give rise to a reflected 
dominant mode of amplitude R (where R is the reflection 
coefficient) together with a double infinitude of non-propagating 
H,,n and E,,,, modes. 

In such a case the longitudinal component of the magnetic 
field will be of the form 

7 ie = (e Je oe Re* seep iu Da Branbvmm 
mn 
where jf and y,,,, are the propagation coefficients of the dominant 
and non-propagating H modes respectively and where ws and 
tn are the wave functions associated with these modes. ib 
and %,,, are functions of the transverse co-ordinates only and 
satisfy the wave equations 


(divgrad + k2)s =O (divgrad + k2,)%nn = 0 
together with the boundary conditions 


Oy ay Winn 
Do” Oe 


(1) 


(2) 


=Q on the conductor 
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0/dv denotes differentiation along the normal; k and k,,,, are 
the transverse wave numbers of the dominant mode and H,,,, 
mode respectively; they satisfy the equations 
kt = w 1e FF, B?; Ks = w?n€ ay ian <} + hG) 

where w, p and ¢ are the angular frequency, permeability and 
permittivity respectively. (Rationalized M.K.S. units are 
employed throughout.) 

Similarly, the longitudinal component of the electric field will 
take the form 


E,— yy BranE?™P nn arog cs) 
m,n 
where ¢,,, is the transverse wave function of the E,,, mode 
satisfying the wave equation 
(divgrad + 02, bin = 0 
and the boundary condition i. EO) 
mn = 9 on the conductor 
Pmn and o,,,, are related by the equation 
Cz. int w* WE ri pe. o 4 ? Y ‘e (6) 


The operators “‘div’? and ‘“‘grad’”’ are transverse operators, i.e. 
they act on the transverse co-ordinate only. 

The functions %, 7, and ¢,,,, are determined by the geometry 
of the waveguide cross-section; they are real, frequency inde- 
pendent, and eigenfunctions of eqns. (2) and (5). The wave 
numbers k, k,,,, and o,,,, are also characteristic of the waveguide 
cross-section only; they are the corresponding eigenvalues of 
the operator “‘divgrad.”’ 

Furthermore, owing to the self-adjoint nature of the “‘divgrad” 
operator the eigenfunctions (x, y,,,) and ¢,,, are orthogonal. 
They may be normalized and chosen so that 


J Frnt = J Bad = 1 


where the integral extends over the waveguide cross-section. 
The dominant-mode eigenfunction will not be considered as 
normalized for reasons of convenience. In this case the ortho- 
gonality relations may then be summarized in the equations 


SPB and aa J grad b grad BrandS =) 

Kon ) Brann’ n’'IS a if grad a grad Bra’ n AS = RO ey San’ (7) 
Cele S Pn Pm'n'dS = i grad Pmn grad Pin’ AS cre Coane San’ 

J agrad bay X grad By )dS =0 


mn 


_1l m=n' 
; mm "0 m<m’ 
is a unit sector in the direction of the z-axis. 

It follows further from the monochromatic Maxwell equa- 
‘tions, curl H = jweE, curl E = — jJwpH, that the transverse 


field Coreen at the junction plane (z = 0) take the form 


| 


where 6,,,,, is the Kronecker delta (8 ) and u 


iene hale HU + R) grad b + jou YA” 


Ze, 


PmnB mn 
ux Dy 2 grad 
mn Omn 


(8) 
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H, = ase — R) grad pb SIs > ee grad Bran 


m,n ae n” 


— jweu X p> oe grad bynn 
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(3) VARIATIONAL FORM OF THE ADMITTANCE SY 


It follows from the orthogonality relations, eqns. (7), and | 
from the expression for E, x u in eqn. (8) that the amped 
1+ R, A,,, and B,,,, are given by 
jk? [ux E, grad dS 4 
wp  f (grad p)2dS onl 

As dane fux E, grad B,dS, 4 
= L]Pmn J E, grad P inn S 
These expressions may be used to eliminate the amplitude in 
eqn. (8) for H,. If this is done and the resulting equation’ 


is scalar multiplied by a x E, and integrated over the cross- 
section we obtain 


1+R= 


fi ([u x E, grad yds)? ) 
d uE, x H,dS = Ploy J (grad ps)? dS Ga at :) 
D2 uke, (fu x E, grad PpnAS)? pO 
ae 2 ie a (fF E, grad bn,4S)? 


However, E, is zero over those parts of the junction plane which 
do not coincide with the aperture A, and consequently integrals 
involving E, may be considered as being taken over the aperture 
A only. Thus we have 


[ uE, x H,dS = f uE, x Hdd | 


Thus the left-hand side of eqn. (10) is equal to the instantaneous 
power flow across the aperture. 
However, if ’, i, Pinn are the corresponding wave functions 

on the other side of the aperture in waveguide 2, the instantaneous 
power flow for the same field [eqns. (1) and (4)] at the aperture 
may be expanded as an analogous expression in #’, #’,,, and ¢,,,,. 
If such an expansion is effected and the two expressions for the _ 
power flow are equated the resulting expression may be solved | 
for the relative junction admittance (1 — R)/(1 + R) to give the | 
result | 


1—R _ fi’ J (grad pds /f u x E, grad day? | 
1+R B f (grad fPdS’\fu x E, grad dA | 


Sas 2 ju x E, grad Bind A 3 
2 4, BI, CRS ds( Ju x E, grad pdA 


pet TY cis 2 ju x E, grad Brand . 
PECs J Kerad yas ( Ju x E, grad Wedd 


jw *be 7A JE, grad Pind A 
: = Pmn® Ms) J (ere 1) Cag ay Seer ux E, grad ial) 


jo 2ue 2 ea E, grad PinndA \? 1 
2 Boia ee J (grade JuxE,grad pdA/ * | 
where S and S’ are the respective waveguide cross-sectional 
areas and A is the aperture area. 

It can be shown [cf. References (1) and (2)] that expressions 
of the type on the right-hand side of eqn. (11) are stationary 
with respect to variations of the aperture field about its correct 
value. ‘ 
Such an expression may therefore be submitted to the so-called 
Rayleigh—Ritz procedure in which the aperture field is expanded — 
in terms of a minimal sequence of functions such as the normal 
modes on one side of the junction. The unknown amplitudes — 
C,, (say) may then be determined by the stationary conditions _ 


« 


5 
rc 


q 
A 


soli) = 


(he accurate aperture field so obtained is then substituted into 
jhe expression for the admittance, and a highly accurate 
‘dmittance formula is obtained. 

| However, the expressions resulting from such a procedure are 
\: xceedingly cumbersome, and it will suffice to take the incident 
node as a first-order approximation to the aperture field. 
wing to the stationary nature of eqn. (11), this result is a 
jecond-order approximation for the admittance itself. 


i 
| @ THE APPROXIMATE FORM OF THE ADMITTANCE 


| If the incident dominant mode is substituted as an approxi- 
jnation to the aperture field, ic. if we put E, =u x grad ¢ in 
qn. (11), the approximation obtained for the admittance is 


ete a U2} 


By wel G vel | 


j meme a! PQ 
| 


where P= (13) 


BBB )s 
im 
2 = = (63) we 


on BOF in? Pmn 


fugrad b x grad b.,d4 | 
ae al 


fugrad & x grad Leah 
OO aaa 


ay my, ps! mage ee iit 


i) Ww LE 
| + 2 rete, oD 


OnaP ren 


. > Be, (hs, Wy) 4 
4 pa aoe f grad x grad ’,dA |? 
LE | 


vhere we have used the notation (%/, ¥’), to denote the inner 
oroduct of the gradients of and 7’ over A, ie. 


(bs, b&b) 4 = f grad p grad f’dA (15) 


f R’ denotes the reflection coefficient on the other side of the 
unction, then similarly 


yon 


(14) 


| eu tie (16) 
3 ,_B Ws, iG b)4 | 
fpere Be 2 he Ds LW #a (17) 


ind where Q’ is the expression which is obtained from Q by 
nterchanging the primes in eqn. (14). 

On account of the lossless condition the reflection coefficients 

R and R’ determine the behaviour of the junction completely 
including its transfer properties except in the trivial case 
R = R’ =0). The values of R and R’ are given quite generally 
iI eqns. (12) and (16) for the type of junction under con- 
ideration. 
- However, when we attempt to use the expressions for R and R’ 
n order to set up a 3-terminal equivalent circuit, the task becomes 
rohibitively complicated. We therefore seek approximations 
vhich will lead to simpler descriptions of the behaviour of the 
unction. 


7 THE APPROXIMATE 2-TERMINAL REPRESENTATION 


Before discussing the validity of a 2-terminal equivalent-circuit 
epresentation of the junction it is necessary to make some 
reliminary analytical considerations. 
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We obtain from eqns. (13) and (17) 
Cb, bY, 
VER = Fat (18) 
(x, wb) 4 (xb p) ob A 
Two facts may be noted about this expression. In the first 
place, by virtue of Schwarz’s inequality, we have 
(os, b) 4h’, wb) 4 = (i, by, 
Hence AWE EY << I (19) 


the equality sign holds when the functions % and W’ are linearly 
dependent over the aperture, i.e. when y = ars’, where a is a 
constant. 

The measure of the linear dependence of and ¢’ is given by 
the lower eigenvalue (which is always non-negative) of the 
Gram matrix I‘ where 


r= le ddl 


If this smaller eigenvalue is much smaller than (x, W)%, the 
functions may be said to be ‘‘almost linearly dependent,’”’ and 
consequently we have 


/PP’ ~ 1 


Similarly, if a constant value of « can be found such that 
= ays + 6, where 6 is a small function in the sense that 


(bs, oh) 4(6, 5)4 — (fb, 5)%, is much smaller than (, )%,, then 
APP i =e O62) (20) 


If undefined quantities Y) and Yj are introduced such that their 
ratio satisfies the relation 


Ves aie 
if 21 
Yo [ee @) 
the inequality (19) gives 
Vieni 
eign 2D 
P< Y, <a ei (22) 


Furthermore, if y and <b’ are almost linearly dependent in the 
above sense, then from eqn. (20) 


Ee + Je Y, 
In addition, under these conditions, it may be shown that 
Q’Y) ~ QYo = B (say) 
Thus eqns. (12) and (16) take the approximate forms 
Seas eB eR 


TR 7 ¥ ty Yin a 


However, these equations are just those which define the reflection 
coefficients at a 2-terminal junction of susceptance B, between 
two waveguides of characteristic admittances Yo and Yo. 


Yo, ,B 


¥: (23) 


5 


Fig. 2.—Equivalent circuit. 


Thus the approximate equations are completely equivalent to- 
those arising from the 2-terminal equivalent circuit illustrated in 


Big.) 2. 
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The relative susceptance is given by B/ Y) = Q, where Q is 
defined by eqn. (14). Alternatively, we may put B/Y¥; = Q’ 
and so define B/ Yy) as Q’ Yo/ Yj. The ratio of the admittances 
is determined by eqns. (21), (13) and (17): 


Yj) Ag J (grad f)?dS f (grad ’)?dA 
Yo A, f (grad f)2dS’ f (grad f)2dA 


where A, = 27/8 and A, = 27/P" are the respective guide 
wavelengths. 

It is evident that, if the dominant modes in either waveguide 
have similar patterns over the coupling aperture, the above 
2-terminal representation of the junction is accurate to a second 
order (when the dominant-mode aperture patterns differ by a 
first-order small function). The 2-terminal representation given 
will always give a fairly accurate description of the junction 
provided that the singularity at the junction plane is not extremely 
severe. 


(25) 


(6) THE CHARACTERISTIC IMPEDANCES 


Let us consider the nature of the characteristic impedances 
Zy and Zj, of the two waveguides forming the junction. As is 
well known, the concept of impedance as applied to waveguides 
has an arbitrary element which is decided by convention and 
which is immaterial so long as we are concerned with the con- 
structs within a guide of a single uniform cross-section, since 
then only relative impedances are relevant. Such conventional 
definitions of characteristic impedance Zo all take the form 


A, |e 
Z)= mu.) ohms . 


where M is a dimensionless frequency-independent constant; 
the differing conventions merely assign different values to M. 

When two waveguides are coupled together, these connections 
are usually incompatible with the further requirement for a 
useful impedance concept, namely that the ratio of impedances 
should account for the ‘impedance mismatch’’ part of the reflec- 
tion coefficients. It is possible to introduce a definition of charac- 
teristic impedance which does satisfy this requirement. To do 
this, it is necessary to make a slight generalization of eqn. (26) 
in that M, instead of being a constant characteristic of the wave- 
guide cross-section only, is regarded as being dependent on the 
geometry of the aperture A through which the waveguide is 
coupled to a second one. 

It is then permissible to define the constant M in accordance 
with the equation 


_ f(grad p)2dS _ f Etds 

J (grad f)2d4 ff E2dA 

where E, is the transverse component of the electric field asso- 
ciated with the dominant mode of the waveguide. The expression 
on the right-hand side of eqn. (27) is quite independent of the 


amplitude of E, (and its dependence on the longitudinal co- 
ordinate z). 


With the definition of M, the characteristic impedance Zp 


becomes 
A Ve f E2dA 


The characteristic ee of the second waveguide is similarly 


(26) 


(27) 


(28) 


Zi = 3, /P av ~ (29) 
and their ratio is i) 
Zid | Radst f Hada 
Zp \y | E2dS f Epda (50) 
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This equation is completely equivalent to eqn. (25), which defines | 


the admittance ratio. It follows that the definitions given in 


1 


eqns. (28) and (29) of the characteristic impedance are just those — 


which enable us to regard the junction as an 
match”? together with a shunt effect. 
inequalities of eqn. (22), which may be written 


Ws 
Pee A 


“impedance mis- 


it is evident that, even when the aperture field patterns differ | 


considerably, the definition [eqn. (30)] of. the ratio of the 


Indeed, in view of the 


(25) | 


impedances represents a kind of mean value which accounts for | 


the impedance-mismatch contributions to the reflection co- 
efficients on either side of the junction. Although, in the case | 
of a particular junction, it may be possible to obtain more | 


accurate 2-terminal descriptions by moving the reference planes, | 


the definition [eqn. (28)] is, in view of its generality and sim- 
plicity, a formula of some practical significance. 


By carrying out the analysis in a more general manner it is | 
easily shown that if the two waveguides enclose different media | 


whose permittivities and permeabilities are pw, € and p’, eA 


respectively, the corresponding formulae for the characteristic | 


impedances become 


[ Eds 
49 wna Road E3dA e | 
Zio a | 
0 °{ Bd 


Eqns. (31) represent the final generalized forms of the charac- 
teristic impedances. 
H modes, they are equally applicable to TEM modes. 
addition, for a single uniform waveguide supporting two different 


media, the reflection coefficient at the interface between the | 


media is given exactly by the impedance mismatch 


a 1—-R 2 AR 
a 1+ R 2) (ee 


where Zp and Z) are given by eqn. (31). 


Thus, even when the waveguides contain different media, the 
definition [eqn. (31)] of the characteristic impedance still repre- 
sents an optimum one in that the type of junction under con-_ 


sideration may be regarded as an impedance mismatch together 
with a “‘junction effect’? owing to the shunt susceptance B. 


(7) PHYSICAL INTERPRETATION OF THE SUSCEPTANCE. 
The relative susceptance of the junction is given by 


B/Y¥y =Q 
where Q is given by eqn. (14). 
The only frequency-dependent quantities involved in eqn. (14), 
are wue/Bp,,, and y,,,/8, and the corresponding primed 


quantities. However, by the use of eqns. (3) and (6) the following 
expansions may be obtained: 


Although they were initially derived for 
In) 


24 
‘= = 
i 2 Keni om 
(32) 
wee SE 4 5 
Prin be Cpe 


These series converge because wpe <k2, 


4 


If also the definition of eqn. (28) is adopted for the charac- 


teristic impedance Zp, by means of eqns. (14) and (32) we may 


obtain an expression for the susceptance B: 


and w*ye < a2, 
when there is only one propagating mode in the waveguide. __ 


‘i 


(Cw) = 4w?uwe?[f (grad )*dA]— 


‘capacitance and inductance in parallel (see Fig. 3). 


Peace. 


wl 
mee | ik 
| et Lm) 
and C, ta ae (grad ply > 21 Pmn cis gee | 
Te i = pl (grad weal x (oie ap Qian) (34) 
The quantities YS Pin Qmy and Q},,, are given by 
(f dgrad x grad ¢,,,dA)? | 
Pan o x 
mn 
; (f agrad ps « grad ¢’,,dA)? 
es a a3 cm 
Ee Bhs aan (35) 
(f grad ¢ grad y,,,,,dA)? 
On has k 
. (f grad # grad dA)? 
| ON == k’ 
C, and 1/L, are small frequency correction terms. If, as is 


usually sufficient, only the first two terms of expansion (32) are 
retained, these correction terms are given by 


Pie 
>> ian 


on te) = dore[f (grad Pda]! > 2 is 


The quantities C, and 1/L, are the major contributors to C and 
1/L, and hence the susceptance B may be represented as a 
In the inter- 


| 
| 
J 


mn 


i 


Yeu Sas 


Fig. 3.—Equivalent circuit. 


pretation of the equivalent circuit it must be borne in mind that 


both C and L vary slightly with frequency. If the contributions 
C, and 1/L, are neglected, we obtain the so-called ‘‘quasi-static”’ 
solution for the susceptance. In any case, this susceptance may 
be regarded as a simple resonant circuit in the general case 
when both non-propagation H modes and E modes are present 
in the vicinity of the junction singularity. As is evident, the 


H modes give rise to the inductive part of the susceptance B 


_of the junction is rigorous. 


whilst the E modes give rise to the capacitive part. 


(8) EXACT 2-TERMINAL . REPRESENTATION 


If the dominant-mode patterns of either waveguide are 
identical over the coupling aperture, the 2-terminal representation 
This may be seen formally by the 
following argument. The transverse electric field in the junction 
plane vanishes except over the aperture, and hence the amplitude 
of the dominant mode in guide 1 is, from egn. (9), 


jk? [ux E, grad ps dA 
wu  f (grad )2dS 
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Similarly, the amplitude at the junction plane of the transmitted 
dominant mode is 


jk? [ux E, grad p’dA 
we  f (grad ’)2dS 


Hence, if the functions % and w’ are linearly dependent over A, 
Lest die ais’, where « is constant, and if one of the above 
amplitudes vanishes, so does the other; i.e. if a short-circuit is 
placed across one pair of terminals, a short-circuit exists across 
the other pair. Hence the impedance of the series arm in the 
equivalent network vanishes. The presence of a possible ideal 
transformer element may always be eliminated by a special 
choice of characteristic impedance, and furthermore, eqn. (30) 
defines the ratio of the impedance in precisely this manner. 
The equivalent circuit reduces to a shunt susceptance. 


(9) THE COUPLING OF WAVEGUIDES OF SIMILAR CROSS- 
SECTIONS 


If two waveguides have cross-sections which differ only 
slightly in shape and area and are coupled by an aperture which 
is similar to either cross-section, the dominant mode patterns 
are very nearly identical and the 2-terminal approximation is a 
very good one. Furthermore, in this case the shunt susceptance 
B is negligible, and consequently the junction may be regarded 
entirely as an impedance mismatch. The reflection coefficient 
is given approximately by the equation 


E eeoR ary a 
ear peee a (37) 
Eqn. (30) for the ratio of the impedances simplifies to the form 
2 
Zo is A, f cas (38) 
Zy A, J Eds 


This formula is obtained by neglecting second-order small 
quantities in eqn. (30). It has the advantage that the relative 
impedances are determined (to this order of approximation) by 
the field pattern in one guide only, and a knowledge of both 
field patterns is not required. As a consequence, this formula is 
readily applied to those problems involving small perturbations 
of an original cross-section whose properties are known. In 
addition, it enables one to assess the manufacturing tolerances 
which are required to ensure that the standing-wave ratio of the 
junction is within certain specified limits. 


(10) THE SYMMETRICAL JUNCTION 


If the junction is symmetrical about the aperture plane, both 
waveguides are identical in cross-section and we have the case 
of a transversely-placed diaphragm or iris. The 2-terminal 
circuit is rigorous and the parameters simplify. Thus by putting 


op rae b, Wan ay Wen Pinn = Pans Pmn 


we obtain, from eqns. (14) and (24), 


a Yin 


ae wLe f wgrad ys x grad eat 
Yo ; py Bken, a ds] (ob, wb) 4 
ae Ymn f grad grad ¥,, al 39 
“a Bia, 2? al ba ne?) 


and, of course, we have Yo = Yo 


The susceptance B may be split into its inductive and capacitive 
parts, as has been shown previously. 
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(11) APPLICATION OF THE APPROXIMATE 2-TERMINAL 
THEORY TO THE JUNCTION BETWEEN TWO RECT- 
ANGULAR WAVEGUIDES OF DIFFERENT H-PLANE 
DIMENSIONS 


As an application of the approximate 2-terminal theory, let 
us consider the junction between two rectangular waveguides of 
identical heights b, but different breadth dimensions a and a’. 

It is evident that, when the dimensions a and a’ differ con- 
siderably, the dominant-mode patterns are not at all similar 
over the aperture, and consequently the 2-terminal theory may 
be expected to break down under these conditions. This example 
is considered, not because it lends itself to a 2-terminal approxi- 
mation, but because by comparing the results with a more 
rigorous solution it is possible to obtain some idea of the limita- 
tions in accuracy of the theory when it is applied under un- 
favourable conditions. 

From symmetry considerations we see that the only non- 
propagating modes which arise in the vicinity of the junction 
are the H,) modes with the odd m. The susceptance of the 
junction is therefore inductive (i.e. negative). To evaluate it 
we use the formula 


B 


Yo 


= Q’, which is analogous to eqn. (24) 
Adopting the co-ordinate system of Fig. 4, we have 
grad &’ = i, cos 


: 7X 
grad % = i, cos — 
a 


DA ATT 
orad is, eh os 
Brno a * a 


Fig. 4.—The junction plane. 


Applying eqn. (25) we have 


‘(a Se = sin mrt) 
g 


a=a'la 


(40) 


where 


To fix the ideas we consider the special case for which A = a. 


_ Then we have 
Ay ieee: 
rg 3 


so that eqn. (40) becomes 


aes 3 \(a4 i. 
ne / (G—=)( = sin mer) . 


(It is assumed throughout that a’ < a.) 


(41) 


If we now use the formula 


Eee ees 
Ve aie ¥; 
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for Q’ we obtain 


B 8 1 eee oar A) 
— fo eee — 
Yo SAG = sin 7a.) Pr cores cosn76) 
where 6=1-a 


For large values of n, the term in m approaches 


eal! — cos n76) 


and the series may be summed approximately and a correction 
term e computed. This gives 


Boy 58 ates 5 | 
Y aya aP = sin mt) 
Ee 8? logio ee + cos 75 +e — | e) 
where e =0-0276(1 — cos 378)[(1 — 1/9x?2)—2 — 1-34] 


Eqns. (41) and (42) give the solution of the problem in accordance | 
with the approximate 2-terminal theory. 

However, the present problem may be solved by a more 
rigorous procedure known as the equivalent-static method. In 
this method the aperture field is determined by going to the low- 
frequency limit. The fairly accurate field so obtained is then 
substituted into the stationary expression (11), and a good 
approximation to the junction admittance results. The results © 
of this theory are quoted in Reference 3. As the required shift 
in the reference plane is of order of 10~3 times a wavelength, it 
may be neglected. The circuit parameters derived by this 
equivalent-static method, therefore, represent to a high degree 
of accuracy the “‘true’’ values with which the results of the 
approximate 2-terminal theory may be compared. 

The results of the two theories are given graphically in Figs. 5 


10 


0°8 


Fig. 5.—Curves of the admittance ratio. 
(a) (Yol¥6)1 = Admittance ratio derived by equivalent static method. 


(6)  Y6/¥o)2 = Admittance ratio derived from general formula. 

and 6. They are seen to agree well except in the neighbourhood 
of a’Ja =4. The disagreement in this neighbourhood is due 
not so much to the approximations of the 2-terminal theory, 
as to the fact that, in deriving the reflection coefficients R and R’, 
it was assumed that the incident dominant mode approximates 
to the aperture field pattern. This approximation is no longer a 


| 

| 

and substitute the above wave functions into the expression, 
1 

. 

: 

: 

| 
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Fig. 6.—Curves of the susceptance. 


ica) (B/ Y0)1 = Relative susceptance according to equivalent static method. 
/(8) (B/Y¥o)2 = Relative susceptance derived from general formula. 


rood one, owing to the severe nature of the junction singularity 
vhen a’/a = 4 and owing to the fact that when a’/a =} the 
lecond waveguide is at the cut-off frequency. However, even 
ander these unfavourable conditions, the ratio of the admittances 
§ given to within 9%. 


i) 
M 
12) APPLICATION OF THE 2-TERMINAL THEORY TO THE 
JUNCTION BETWEEN A RECTANGULAR AND A 
Ny CIRCULAR WAVEGUIDE 
The approximate 2-terminal theory may be applied to the 
unction between a circular and a rectangular waveguide coupled 
an aperture, as illustrated in Fig. 7. 


Fig. 7.—The junction plane. 


"The dominant-mode transverse components E, and E;, satisfy 


EA= cost, Ej2 = Ix(kr) + I3kr) — 2p(kr)Jx(kr) cos 8 
where kc = 1-842 and where (r, 8) are polar co-ordinates. 

_ Ifthe characteristic impedances Z, and Zp are defined according 
to eqns. (28) and (29), simple Pteardtions give the following 
formulae for the characteristic admittances Yy and Yj: 

} 
cite deiowea 2 ..ml mb 1. ab 
ae he oo 4S sin™ ee igs) da (2) 


(Ag BE 
% aha lie — prcor {| 2(2) +n(%) 
Bie (2) — (26) +, 


It has been found experimentally that, by adjusting the dimensions 
d and 1, the susceptance B of the junction may be made to 


| Teeus| . (43) 


b{2 


“resonate” out at a given frequency. Such a set of dimensions 
is given by 

b_ 4 Cc 
@ 9 a oS) Cie) 


where A is of the order 1-4a for ‘“‘resonance.” 

Under these conditions the “‘impedance mismatch”’ accounts 
entirely for the reflections at the junction. The substitution of 
the above values into eqn. (43) gives, for the admittance ratio, 


¥ h 
9 = 06144 
% x 


Y5/ Yo is given graphically as a function of a/A in Fig. 8; the 
results agree well with the experimentally determined values 
indicated. 


0-6 


0:5 


0:3 


0:77 


0:69 


0°71 
a/X 
Fig. 8.—Curve of admittance ratio. 


(Y6/ a = Admittance ratio derived by means of eqns. (43). 
= Experimentally determined values. 
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(13) FURTHER APPLICATIONS AND DISCUSSION 


It is evident that the simplest and most useful applications of 
the impedance formula wiil occur in those cases in which the 
susceptance B can be neglected. As indicated in Section 9, the 
junction between two similar waveguides is such a case, and the 
ratio of the impedances reduces to the form of eqn. (38), namely 


Zo _, J E3dS 
Ze oy f E2ds’ 


If the dominant mode pattern EZ, and the guide wavelength r, 
are known for one of the guides only, the wavelength Xr; in the 
second waveguide may be determined by simple perturbation 
theory. Consequently, the ratio of the impedances as given 
above may be determined without a knowledge of the dominant 
field pattern in the second guide. 

This approach has been found to be both accurate and useful 
in many problems. In particular, the manufacture of die-cast 
waveguide is considerably facilitated by the introduction of a 
hexagonal cross-section, as shown in Fig. 9. 


The “‘taper”’ angle « is regarded as small. 

A simple perturbation calculation for the guide wavelength 
gives 
(44) 


where Ap is the guide wavelength when « = 0. 
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| 

al \ 

Vie = na] 
Fig. 9.—Hexagonal cross-section. 


We consider the junction between this waveguide and a 
rectangular one of dimensions a and b. 
From eqn. (44) we see that the guide wavelengths are equal if 


a’ = =a(1 fe ee 


In this case, by substituting the dominant mode pattern 
E, = cos (7rx/a) in eqn. (38), we obtain for the impedance ratio 


(45) 


Zi, OB a A Desig 
Equating Zp and Z) we obtain 


nee 1 2 
<b + als 9) 


Thus if the hexagonal guide has dimensions a’ and b’, as given 
in eqns. (45) and (46), it has the same guide wavelength and same 
impedance as (and so is matched to) a rectangular guide of 
dimensions a and 6. This enables one to design a hexagonal 
guide which has the same known behaviour as a rectangular 
one. Experimental results have been obtained which agree well 
with the theoretical eqns. (45) and (46). 

This “similar guide’ theory has been used to calculate the 
behaviour of a number of junctions. It is particularly appli- 
cable when we need to assess the manufacturing tolerances 
which are required to ensure that the behaviour of a junction 
lies within certain specified limits. 

A feature of the definition (31) of characteristic impedance is 
that it is also applicable when the dominant mode is a TEM 


Fay Slay eal *,) 


(46) 
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wave. A TEM wave always has a unique voltage and cument't 
and consequently a unique characteristic impedance exists for) 
such a wave. However, definition (31) is in agreement with the 
unique definition so far as relative impedances are concerned. 
Thus eqn. (31) leads to the correct impedance mismatch for) 
TEM modes as well as H modes. | 

The most important property of definition (31) is that it 
so determines the relative impedances that a 2-terminal descrip- 
tion of the junction is achieved when such a description is) 
possible either in an exact or approximate sense. However, this 
property is not possessed by the usual conventional definition 
of the impedance of a rectangular waveguide, which defines Z 
according to the equation 


Zz = 2%, |# onms 
av Ne 


From this we find that the ratio of the impedances of two 
rectangular guides of different E-plane dimensions a and a’ is 


(47) 


This formula entirely disagrees with the result given in Section 11 
[cf. eqn. (40)]. Thus if definition (47) is adopted, a 2-terminal 
description is not possible. 

As stated previously, eqn. (31) is also applicable when the two 
waveguides contain different media. In fact, for two identical 
waveguides containing different media whose dominant modes 
are either H waves or TEM waves, eqn. (31) leads to the exact 
equations for the reflections at the interface of the media derived 
by conventional methods. 
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SUMMARY 

| A quarter-wave transformer to match the junction between an empty 

aveguide and one completely filled with a dielectric may be made 
om a waveguide partially filled with dielectric. A method of design- 
g such a transformer, when all the waveguides have the same cross- 
ection, is described, and experimental results are given to show that 
his design is satisfactory. A similar arrangement can be used to 
natch the surfaces of a dielectric lens: slots are.cut on the surface and 
lesign information is given for slots parallel or perpendicular to the 
lectric field of the wave incident on the surface. Measured reflection 
soefficients for a surface matched in this way are in good agreement 
vith calculated values. 


LIST OF PRINCIPAL SYMBOLS 


a = Broad dimension of rectangular waveguide. 

6 = Narrow dimension of rectangular waveguide. 

€, = Relative permittivity of dielectric in filled 
waveguide. 

A,, Ar, Az = Wavelength of modes propagating in empty, 
partially-filled and completely filled wave- 
guides respectively. 

= Wave impedances for modes propagating in 
empty, partially-filled and completely filled 

waveguides respectively. 

p,q, r, Ss = Lengths of transmission line in equivalent circuit. 

/ = Length of matching step. 

Ao = Free-space wavelength. 

t = Thickness of matching step. 

d,, d>, d3, d, = Distances defined in Fig. 4. 


if 


Z,, 22, 2; 


For the slotted matching with the slots cut parallel to the 
direction of the electric field, 

c = Slot spacing. 

d = Slot depth. 

¢ e = Thickness of dielectric in slotted section. 


When these three symbols are primed, they refer to slots 
derpendicular to the direction of the electric field. 


() INTRODUCTION 
Junctions between an empty waveguide and one of the same 
-ross-section completely filled by a dielectric occur in the con- 
struction of dielectric rod aerials and phase changers. A match- 
ng layer to eliminate the reflection at such a junction may be 
lesigned on the same principle as a transmission line quarter- 
wave transformer. When the waveguide cross-section is rect- 
gular, the relative permittivity of the matching layer must be 
uch that the guide wavelength in this layer is the geometric 
nean of the wavelengths in the empty and filled waveguides.! 
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This assumes that the dielectric for the matching layer com- | 
pletely fills the waveguide and that only Ho, modes are excited. 
This method of matching can seldom be used in practice because 
suitable materials are not available for the matching layer. An 
alternative matching layer can be made from a waveguide 
partially filled with dielectric, the dimensions of the dielectric 
filling being calculated to give the required wavelength. A 
similar method may be used to cancel the reflection at a free- 
space/dielectric surface such as occurs in a lens aerial. 


(2) EQUIVALENT CIRCUIT FOR THE MATCHING LAYER 


Suppose the junction to be matched involves a rectangular 
waveguide of cross-section, a x b, and that the dielectric in the 
filled region has a relative permittivity, «,. The matching layer 
to be considered is formed by a partially-filled waveguide with 
the cross-section shown in Fig. 1(a): this will be referred to, in 


G_ 


ee 
WML 


Fig. 1.—Possible arrangement of dielectric in the matching layer. 


(a) Symmetrical H-plane slab. 
(b) Asymmetrical H-plane slab. 
c) E-plane slab. 


accordance with normal waveguide nomenclature, as a sym- 
metrical H-plane slab. This appears more complicated than the 
asymmetrical H-plane slab, Fig. 1(b), or the asymmetrical E-plane 
slab, Fig. 1(c), but neither of these is preferable. The asym- 
metrical H-plane slab inevitably excites the Ho, mode in both 
the empty and the filled waveguides: while this mode is evanescent 
in the empty waveguide, it may propagate in the filled waveguide 
unless the relative permittivity of the dielectric is nearly unity. 
The symmetrical H-plane slab does not excite the Hj mode, 
and the next mode—H y;—is evanescent in the filled waveguide 
for the values of relative permittivity commonly used. The 
asymmetric E-plane slab is acceptable from the point of view of 
exciting unwanted propagating modes, but its design depends on 
both dimensions a and b, whereas that of the symmetrical H-plane 
slab depends only upon a. For these reasons, the symmetrical 
H-plane slab is preferred and is the only one to be considered 
further. 

The cross-section of the waveguide with the matching layer is 
shown in Fig. 2(a) and the equivalent circuit in Fig. 2(6). The 
calculation of the parameters of the equivalent circuit has been 
described in another paper? and detailed results have been 
obtained for the particular junctions of interest here.? The 
characteristic impedances of the transmission lines in the 
equivalent circuit are taken equal to the wave impedances of the 
corresponding waveguide modes. Furthermore, these wave impe- 
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Fig. 2.—Matching layer (a) and equivalent circuit (6). 


dances are directly proportional to the wavelengths of the modes, * 
so that 


Zn =r,Z|r, 
Z3 =AZilr, 


(1) 
(2) 


The detailed calculations referred to above? have shown 
that the turns-ratios of the ideal transformers, T; and Tp, are 
within 1% of unity for relative permittivities up to 3. The 
extra lengths of transmission line, p, g, r and s, appear in the 
circuit because of reactive fields excited at the junctions, A and 
B [Fig. 2(@]. The net phase-shift at each junction is nearly 
zero: e.g. at A, [2mp/A,) + (277q/A2)] is very small. This happens 
because p is positive and q negative: similarly, at B, r is positive 
and s negative. The extra terms to be added to the length of 
the matching section, i.e. g and r, are of opposite sign, and 
since they arise from discontinuities of a similar magnitude, are 
likely to be approximately equal numerically. The effective 
electrical length of the section (¢q +/-++1r) may therefore be 
taken to the physical length, /: once again, this assumption has 
been shown to be valid by a full analysis. 


(3) WAVEGUIDE MATCHING LAYER 
(3.1) Design Procedure 


The procedure for calculating the dimensions of the sym- 
metrical H-plane matching step is quite straightforward when 
the approximations discussed in Section 2 are made. The 
impedance of the transformer section, Z,, must be equal to 
(Z,Z3)1/2 so that from eqns. (1) and (2), 

rz — A,A3)1/2 (3) 
The wavelengths A, and 4; are related to the free-space wave- 
length, Ao, by the equations 


1/2 = 13 — 1/(2a)? (4) 
1/03. = «,/02 — 1](2a)? (5) 


Since the difference between the electrical and physical lengths 
of the matching step can be ignored, 


l= A,/4 (6) 
The only remaining unknown is t, the thickness of the matching 


* The wave impedance of a mode propagating in a partially-filled waveguide is 
only proportional to the wavelength if the relative permeability within the waveguide 
is everywhere unity. The paper is concerned only with dielectric fillings so tliat this 
condition is satisfied. For problems involving relative permeabilities othet than 
unity—e.g. waveguides partially filled with ferrites—the calculations must be modified 
to allow for the appropriate values of the wave impedances, 
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step, and this must be calculated to make the wavelength » 
have the required value, which may be done from the equation’ 


1 1 1/2 | é, 1 ss 
(j-x) [G-a) 


€ eeu jap! ae ) | 
— an) = a—t)7 
(33 x) (33 ns 
The value of ¢ is found by solving this equation numerically. ; 
As an example, consider a waveguide for which a is 2:54cem 
operating at a free-space wavelength of 3:18 cm (i.e. a/Ay = 0-8), 
so that eqn. (4) gives 4 


If the dielectric in the filled part of the waveguide has a relati e 
permittivity of 2:47, eqns. (5) and (3) give respectively 


Aj = 2:20: Ay = 2:99 


so that by eqn. (6) l=0°75 
Numerical solution of eqn. (7) for the above values gives 
t=10339) 


The design of the matching step is now completed. 


MATCHING LAYER 


MAGNITUDE OF 
REFLECTION COEFFICIENT 


OS os O7 os o9 10 i 
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Fig. 3.—Dependence of reflection coefficient of matched waveguide 
junction on wavelength. 


... Experimental points. 


Both curves have been calculated for the junction specified by 
the above numerical values: the broken curve is based on the 
assumption that the wave impedances do not vary with wave- 
length, while the solid curve makes allowance for such variation. 


(3.2) Experimental Results 


A matched junction has been constructed to the dimensions 
calculated in Section 3.1, and measured values of the refiection 
coefficient are plotted in Fig. 3. The measurements have been 
made by a modification of the Weissfloch or tangent method.>® 
The experimental arrangement is shown in Fig. 4(a), the dielec- 
tric-filled portion of the waveguide being terminated by a short- 
circuit. The reflection coefficient of the matched dielectric 
surface can be calculated from an observed curve of [(2zd,/A;) 
+ (27d,]A;)] against (27d,/A,). This requires the zero field 
position to be observed for a series of values of d>, obtained, 
for example, by machining successive small pieces from the 
dielectric. The waveguide run must therefore be dismantled a 
large number of times and the measurement is a very tedious one 
An equivalent result is obtained much more simply by using a 
short-circuiting plunger travelling in an empty waveguide, as 
shown in Fig. 4(4). The location of an effective short-circuit in 
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POSITION OF 
ELECTRIC FIELD. ZERO 


a, eae do eae 


EFFECTIVE 
SHORT-CIRCUIT POSITION 


SHORT- 
CIRCUITING 
PLUNGER 
d3 me: eal 


.—Experimental arrangement aie measuring the reflection 
coefficient. 


-SHORT- 


(2) CIRCUIT 


Fig. 4 


he dielectric-filled waveguide is deduced from the short-circuit 
n the empty waveguide by using the equation 


A tan (27d,]A,) == A; tan (27rd3/A3) ° . ° (8) 
A two-step binomial transformer? has been designed using the 


fame principles and experimental and theoretical values for the 
eflection coefficient are compared in Fig. 5. As for the simple 


IBINOMIAL TRANSFORMER] 


% a 


7 tae « 
apis Seeet 7 
OS 


i 


REFLECTION COEFFICIENT 


‘ig. 5.—The reflection coefficient of a junction matched by a two-step 
binomial transformer. 


.. Measured values. 


ransformer, the agreement is sufficiently good to establish the 
alidity of the design procedure. The asymmetry evident in the 
urves of both Figs. 3 and 5 arises because of the rapid change in 
he properties of the Hj; mode in the empty waveguide as cut-off 
a[Xy = 0-5) is approached. 


4) MATCHING LAYER FOR A_ FREE-SPACE/DIELECTRIC 
SURFACE 


(4.1) Slots Parallel to the Direction of the Electric Field 


Reflections at the surface of a dielectric lens aerial result in a 
lirect loss of power from the radiated beam and may also cause 
he appearance of additional side-lobes.8 Similar reflections in 
tical lenses have been avoided by “‘blooming” or “coating” 
he surfaces, this being a direct application of the quarter-wave 
ransformer. The use of this technique to match the surfaces of 
dielectric lens is again restricted by the lack of materials with a 
ontinuous range of relative permittivity. An equivalent effect 
aay be obtained, however, by slotting the dielectric surface as 
1 Fig. 6. The slots may be directed either parallel or perpen- 
icular to the direction of the electric field in the wave incident 
n the surface, and in either case the design proceeds in a very 
imilar way to that given in Section 3.1. Slots parallel to the 
lectric-field direction are considered in this Section and those 
erpendicular to the electric field in Section 4.2. 
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Fig. 6.—Slotted section to match dielectric/free-space boundary. 


The first step in designing the slotted section is to select a 
suitable value for the slot spacing, c, which corresponds to the 
waveguide dimension a in the previous example. The only 
restriction on c is that no unwanted propagated waves should be 
excited either in free space or within the dielectric. The possible 
waves are the various orders of diffraction spectra for a grating 
of spacing c and none will propagate if c satisfies the inequality 


Ce ee ct aha) 9) 


The condition given by eqn. (9) is sufficient no matter what the 
angle of incidence, but it may be relaxed if the range of angles 
of incidence is restricted. In particular, if only normally incident 
waves are permitted, eqn. (9) may be replaced by 


€ <Agf(e,)t? (10) 


An analysis? of the reflections at the junctions between free 
space, the slotted dielectric region and the continuous dielectric 
shows that the behaviour corresponds to abrupt impedance 
changes at each junction, and that the impedance of each section 
is directly proportional to the wavelength measured within it. As 
in the waveguide example discussed earlier, the reactive fields 
excited at each of the junctions may be neglected. The wave- 
length in the slotted section, A,, must satisfy the equation 


A, = Aol(e)4 (11) 
which follows from eqn. (3) since the wavelength in the con- 
tinuous dielectric is Ag/(<,)1/2.. The depth of the slots, i.e. the 
dimension d in Fig. 6, must therefore be 


d =)J4 =AlA(c 4 (12) 

The thickness of the dielectric in the slotted section, e, is now 
calculated to give the required value of A, and must satisfy the 
following equation [derived in Section (8.1)]: 


(3 = z) an Gs = t)"7e| 
os (s = 2 tanh l(e- 2) 7 — 0 | 


This equation is similar in form to eqn. (7), and when A, is 
replaced by the value from eqn. (11), it reduces to 


(c,)1/4 tan {re[e, — /(e,)]/Ao} 
= tanh {a(c — 0) [V/(e,) — 1]"2/o} 


The set of curves in Fig. 7, showing e/c against c/A) for various 
values of ¢,, has been computed from eqn. (14). 

A matching layer has been designed to cancel the reflection 
when a plane wave of A = 10cm is normally incident upon a 
slab of polystyrene (c, = 2:56). The less stringent condition on 
c [eqn. (10)] is adequate in this case and requires that c should be 
less than 6:3cm: 4cm has been taken as a suitable value for c. 
The ratio c/Xp is therefore 0-4 and computation based on eqn. (14) 
gives e/c equal to 0:34, i.e. e is 1-36cm. The depth of the slots 


(13) 


(14) 
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Fig. 7.—Design curves for matching layer with slots parallel to the 
electric field. 


The straight line through the right-hand ends of the curves for ¢, has the equation 
clho = 1] Ver. 


as calculated from eqn. (12) is 1-98cm, which completes the 
design. 

The matching layer made to this design? has been tested in a 
parallel-plate transmission line within which the field approxi- 
mates closely to a plane wave. Measurements of the reflection 
coefficient have been carried out using virtually the same tech- 
nique as described in Section 3.2. Since no movable short- 
circuiting plunger is available for the transmission line, the 
dielectric slab has to be moved relatively to a fixed short-circuit 
to obtain the Weissfloch curve. The calculated reflection- 
coefficient curve and the measured points are shown in Fig. 8. 


COEFFICIENT 


REFLECTION 


O4 o-6 O38 1-0 12 4 16 


DESIGN WAVELENGTH 
OPERATING WAVELENGTH 


Fig. 8.—Reflection coefficient of matched free-space/dielectric surface. 
... Measured values. 


The measured values indicate that the reflection coefficient is a 
minimum at 9:9 cm instead of the desired 10cm. This difference 
is probably due to slight departures of the field within the trans- 
-mission line from an ideal plane wave. The matching layer 
reduces the reflected power from the dielectric surface to less 
than 0:25 % of the incident power for wavelengths between 9 and 
11-5cm, i.e. over a band of more than +10%. The unmatched 
surface reflects 5:3°% of the incident power. : 

The radiation efficiency of a dielectric lens aerial may be con- 
siderably increased by eliminating reflections from the surfaces. 


In such an application, the angle of incidence at the dielectri 
surface may vary from zero up to about 30°, and to ensur 
the absence of higher-order reflected waves it is essential t 
make the spacing c satisfy the inequality in eqn. (19). Th 
reflection is completely cancelled only at normal incidence, but i 
considerably reduced at other angles. An approximate indica 
tion of the reduction may be obtained by observing that a chang 
from normal incidence to an angle of incidence i is equivalent t 
changing the wavelength from Ap, the design value, to Ag sec i 
this follows from a consideration of the analogy between plan 
waves and waves on transmission lines. In the present example 
therefore, the reflected power is less than 0-25% of the inciden 
power provided that cos / is less than 0-9 at the design wavelength 
i.e. if 7 is less than 25°. 


(4,2) Slots Perpendicular to the Direction of the Electric 
Field 


The general considerations are exactly the same as in the pre 
vious Section, and in particular the restriction on the size o 
the spacing between the slots, c’, must hold. The only differenc 
in the design procedure is that the wavelength in the slotte 
section, A’, now satisfies 


S 1 Be | é, 1\1/2 | 
— an | (= —— e 
(x3 x2 (3 Kea 


= (ya = ) aah | Ges — a) me _— | an (Cle 


in place of eqn. (13). The derivation of this eqn. (15) is given i 
Section 8.2: the equation corresponding to eqn. (14) is 


tan {[e, —V/ (<,)]"/227e’/Ag} 
= («,)94 tanh {a[V/(e,) —1]"2[e’— eYAgd ae 


and curves of e’/c’ are plotted against c’/Ap for various values « 
e, in Fig. 9. | 


Fig. 9.—Design curves for matching layer with slots perpendicular 
the electric field. 


In certain radar sets, circularly polarized waves are require: 
and the aerial system must then operate for each of two pe 
pendicular directions of the electric field. A lens matching lay: 
in such a case must be effective for both directions of the electr 
field, and an obvious way of achieving this is to cut two pe 


| 
| 
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rendicular sets of slots of equal spacings and slot widths. It is 
joubtful whether the wavelength in such a structure could be 
somputed, so that the design would have to be found by experi- 
ment. The possibility that one set of slots can be used as a 
matching layer for plane waves with the electric field either 
oarallel or perpendicular to the direction of the slots has there- 
fore been investigated. There is no design which matches both 
dolarizations simultaneously, but by choosing a slot width which 
is the average of those required for the two different polariza- 
tions a reasonable performance may_be obtained. This is illus- 
trated in Fig. 10, which shows the calculated variation of reflection 


2 : 
05 06 O7 os O9 10 1 fee! 3 1.4 ho) 
DESIGN WAVELENGTH! 
WAVELENGTH OF OPERATION 


Fig. 10.—Refiection coefficient of matched free-space/dielectric surface. 


— Electric field parallel to slots. 
—~---— Magnetic field parallel to slots. 


Soefficient with wavelength for a matching layer designed in this 
way: the design wavelength is 10cm, the slot spacing is 4cm, 
and the thickness of the dielectric is 1-75cm, i.e. the average of 
l-36cm and 2-:14cm, which are the values required for plane 
waves with the electric field parallel and perpendicular to the 
slot respectively. 


(5) CONCLUSIONS 
' Matching sections for dielectric surfaces may be made by 
Sutting slots of suitable size: the dimensions of these slots can be 
calculated from the wavelength in the slotted section and formulae 
ire given for slots parallel or perpendicular to the incident electric 
ield. Measurements have confirmed the validity of the design 
orocedure. 
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(8) APPENDICES: THE WAVELENGTH WITHIN THE 


SLOTTED REGION 
(8.1) Electric Field Parallel to the Slots 


The system of co-ordinates used is shown in Fig. 6, the z-axis 
being into the plane of the paper. When the electric field is 
parallel to the slots, the only field components which are excited 
are E,, H, and H,. The two magnetic-field components are 
related to E,, by 


jwpoH, = 0E,)0z : jopoH, = — E,[dx . (16) 
both in free space and within the dielectric. 
The electric field must satisfy the differential equations 
weE 0 ) Cc 
PN gi st i 
oy es PE RSE == OF 2 eo [xp 5 (17) 
O7B,., OPE, 4 é 
Sai tage + ekGEy = 0: 0< <x] <5 (18) 


where ky = 27/Ao, the free-space propagation coefficient: 
The fields are periodic with the spacing c and are symmetrical 
about the plane x = 0, so that 


d£,/d0x = 0 for x = 0 and x = c/2 (19) 


Furthermore, £, and H,, i.e. 0E,/0x, must be continuous over 
the boundary plane x = e/2. 

If B = 27/A, is the phase coefficient in the direction of propaga- 
tion, the z-axis, then from eqns. (17)-(19) 


E, = Acos [(«,k2 — B?)1/2x] exp (— jBz): O< x< 
= Bcosh G = Ka(S — x)| exp (— jz) : (20) 
Chex < 5 i 


From the continuity of Ey at x = e/2 


Gp 


A cos [(e,k2 — B?)1/2e/2] = Bcosh |e — KBie(s = a LOAD) 


and from the continuity of 0E,/dx 
(c,k2 — B*)U2A sin [(e,k2 — B%)U2e/2] 


— (62 — k2)12B sinh G — kein’ — 5) | He(22) 


Eliminate A and B from eqns. (21) and (22). 
Then (¢,k2 — B?)1/2 tan [(e,k2 — B?)1/2e/2] 


— (82 — }2)1/2 Seepoieyeee °\ | . (23 
(82 — k2)1/2 tanh |e k2) ( 5 ‘) | (23) 
which becomes eqn. (13) on substitution for kp and f. 


(8.2) Electric Field Perpendicular to the Slots* 
The field components are now H,, E, and E, and 


jweoe,E, = — dH, [dz: jwee,E, = 0H, |x if |x| <e/2 . 24) 


* Primes are attached to those quantities which have values different from the ones 
in the preceding Section. 


jwegE, = —0H,[dz: jwegE, = dH, dx if e']2< |x| <e']2 . (25) 


H, satisfies wave equations and boundary conditions similar in 
form to eqns. (17)-(19) so that 


H, = A’ cos [ke = B87) "2x: |x| <e'/2 . (26) 
= B’ cosh [(B’? — k2)12(c'J2 — x)]: e/2 < |x| <e¢'/2 . (7) 


On the boundary x = e’/2, H, and E, are continuous so that 


A’ cos [(e,k3 — B’?)1/2e’/2] = B’ cosh G — k2)112 C ao | 
(28) 


and “(643 — B)12 sin [(e,k2 — B’)1/2e"/2] 


= BB? — k2)/2 sinh G be, Kpia(s = 4) . (29) 
Eliminate A’ and B’, so that 
(<,k2 — B’2)'2 tan [(e,k2 — B’?)12e'/2] 


= €,(B’2 — k2)1/2 tanh G — rayin(S se °)| . Cb 


Substitution for B’ and kg gives eqn. (15). 
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| SUMMARY 

| In the second volume of his “Treatise on Electricity and Magnetism” 
Dlerk Maxwell developed the theory of electric current-circuits from 
yeneral dynamical principles, and discussed the experimental effects 
hich should occur if an electric current is a true motion of some 
‘ubstance possessing inertia. Since none of these effects had at that 
ime been observed, Maxwell developed his general electromagnetic 
heory on the assumption that they do not exist, or at least that they 
)roduce no sensible effect. j 

It is now known, however, that an electric current in a conductor 
jonsists of moving electrons, and the inertia effects which were dis- 
ussed by Maxwell have been observed experimentally. They are 
%tremely small, and have not been brought within the scope of electro- 
magnetic theory. A conduction current is usually assumed to be due 
the drifting along the conductor, with a very small mean velocity, 
f all the available conduction electrons, so that the kinetic energy of 
e electrons due to this motion is negligible in comparison with the 
agnetic energy of the current. Electron-inertia effects in current 
ircuits have therefore been accepted as something outside classical 
lectromagnetic theory—a position which is illogical if, as is usual, 
e identify the kinetic and magnetic energies of a free electron. 

‘It is shown in the paper that it is possible to identify the kinetic 
nergy of the conduction electrons in a current circuit with the magnetic 
nergy of the current, so that electron-inertia effects can be included 
n the general electromagnetic scheme. In consequence, a current 
ircuit can be said to possess an electromagnetic mass whose motion, 
vhen current flows, entails electromagnetic momentum. This momen- 
im accounts for the known effects of electron inertia and also for the 
tce on the end wire of a long rectangular circuit. 

The relativistic form of the theory indicates the possibility that 
lectromagnetic laws may depart from the classical form, becoming 
ion-linear in circuits where a high inductance per unit length of 
onductor is combined with a current greater than is usually found 
1: practice. 

The inadequacy of classical theory also extends to the known electro- 
qagnetic properties of superconductors, and the present hypothesis 
uggests the possibility of a unified theory in which there would be no 
ecessity to distinguish between a superconductor and a perfect 
onductor. 


LIST OF SYMBOLS 


(Rationalized M.K.S. units) 
= 1:7 x 1072. 
A, A = Vector potential; webers/m. 
B, B = Magnetic flux density, webers/m?. 
| ¢= Velocity of light in vacuo, mfsec. 
D, D = Electric flux density, coulombs/m?. 
_ e= Electronic charge (a negative quantity), coulombs. 
E, E = Electric field intensity, volts/m. 
VY, = E.M.F., volts. 
F = Mechanical force, newtons. 
H, H = Magnetic field intensity, AT/m. 
I, i = Electric current, amp. 
J, J = Electric current density, amp/m7. 
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L = Total self-inductance of a current circuit, henrys. 
Lo = Self-inductance per unit length of a 2-wire transmission 
line, henrys/m. 
1 = Length of circuit, m. 
m, M = Mass, kg. 
Mg = Rest mass of an electron, kg. 
Mo, M = Electromagnetic mass of a current circuit, kg. 
N = Numbers of turns; effective number of conduction 
electrons per unit length of a conductor. 
P, Pp = Electromagnetic momentum per unit. volume of the 
field. 
Ptotal = Total electromagnetic momentum. 
q, OQ = Electric charge, coulombs. 
R, r = Radius, radius vector, m. 
r = Resistivity, ohm-m. 
R= Resistance, ohms. 
iS, S = Poynting vector. 
¢ =) Times sec: 
T.,2 = Mutual kinetic energy, current and conductor. 
U, W = Energy, joules. 
u, V, w= Velocity, m/s. 
x, Z = Co-ordinates. 
a, 0 = Angles. 


wee) 


€) = Primary electric constant,* 8-854 x 10-12, 
/4o = Primary magnetic constant,* 1-257 x 10-°. 
p = Charge of effective conduction electrons per unit length 
of conductor (a negative quantity), coulombs/m. 
@® = Magnetic flux linkage, weber-turns. 
% = Scalar potential function. 


e 


(1) INTRODUCTION 


It is a common practice in electromagnetic theory to regard 
the magnetic energy of a current circuit as electrokinetic, and to 
compare the expression LJ? with the kinetic energy of a moving 
mass, 472. It is the purpose of the paper to show that the 
magnetic energy of a current circuit can be identified with the 
kinetic energy of the mass-equivalent of the total electromagnetic 
energy of the conduction electrons. The concept of electro- 
magnetic momentum in a current circuit will then be used to 
determine the force on the end wire of a long rectangular circuit, 
and to bring the known effects of electron inertia in a circuit 
within the scope of electromagnetic theory. 


(2) ELECTROMAGNETIC MASS OF A MOVING CHARGED 
PARTICLE 

Fig. 1 shows a small positive charge, g, moving in free space 

with a constant velocity v in a straight line. The electromagnetic 

field at a point P(r, ~) consists of a radial electric field of intensity 

E and flux density D = ¢)F, together with a magnetic field whose 


* The idea that “free space” possesses the physical properties of permittivity and 
permeability is based on the concept of a material medium or aether, and is clearly 
incompatible with the hypothesis of this paper. 


[159] 
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Fig. 1.—Moving charge: electromagnetic momentum and energy flux. 


lines of force are circles concentric with the path of the charge. 
At P the magnetic field is vertically out of the paper, with 
intensity H and flux density B = oH. 

If the charged particle is spherical when at rest, and the 
velocity v is very small compared with c, we have 


ra q 
: Amer? () 
and H=wv xD , 
q sin « 
or H = vegE, = ( Ae )e (2) 


where E,, is the component of E perpendicular to the velocity. 
The flux density is 
DxXE 


B= f= Py) 


(3) 


If v is comparable with c the particle suffers the Lorentz con- 
traction, and becomes an oblate spheroid whose polar axis is 
(1 — v?/c?)1/2 times its equatorial axis. The electric field at P 
is still radial, but has the value 


he ie ieee (AN) 


This has components: 


q Bz 


normal to v: Vie 
: "~ Gre, (Px? ZW? ©) 
q Bx 
llel ; = 
parallel to v 15. Tne, (Bix? + FP (6) 
where 8 = (1 — v?/c?)—'/2,_ The magnetic field is still given by 


H=vxXD, B=v X Efc2, or 


MW vegk,, B= (7) 


According to classical electromagnetic theory we also have, 
at the point P, 


(a) a flux of electromagnetic energy given by the Poynting vector 


S=Ex H (8) 


which is the rate at which energy passes through unit area normal 
to S, and 


(b) an electromagnetic momentum 


p=D <B = 
per unit volume of the field. 


(9) 


a Caer 


Both S and p are shown in Fig. 1. They are directed inwards 
towards the path of the charge, at an angle 7/2 — « to the 
direction of motion. 

The classical interpretation of eqn. (8) is that, as the position 
of the charged particle changes, the electromagnetic energy at 
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stationary points in the medium or aether is maintained at, 
appropriate values by the flow, with velocity c, of energy in the) 
medium. There is, however, an alternative viewpoint which 
merits investigation. Since the velocity of the charge is constant. 
there is no change in the total energy of the system, and for an 
observer moving with the particle there is no flow of electro- 
magnetic energy at all. !f, therefore, the electromagnetic energy 
is regarded as belonging to the particle, rather than to the 
medium, it is reasonable to suppose that when the particle) 
moves it takes the energy with it, with its own velocity v. 

If we define the electromagnetic mass of the particle, M7, 
the relation (for v < c) 


$M,v? = magnetic energy (10) 
it is easy to show that 
2 | 
Hod 
a= ee 11 
Su Ga an 


where R is the radius of the charged sphere. Now let m, be thal 
electromagnetic mass per unit- volume of the field, and suppose 


a 


this mass to move, with the charge, with velocity v. We oe 
have 

45m,v* = HB 

| 

HB 2) ED (12) 

so that mM, ; es os 

v v2 c 


the last expression arising from eqn. (7). The momentum of mm, | 
is clearly q 


mp = ee "DB 13) 


p=D,xB (14) 


which is the component of the classical electromagnetic momen- 
tum, D x B, in the direction of the motion of the chargeg 
particle. | 

If we similarly resolve the Poynting vector S, we find the 
flux of energy in the direction of motion to be | 


tl 
| 


or 


(15) 
| 
We next suppose that this represents the motion of electro- 


2 
a or S, = E, xX H 


S, = EH = 
0) 


magnetic energy with velocity v, moving with the charge. Its 
volume density will be | 
H2. | 

aes um: 
Di a Eee. (So ug 


This is obviously not the magnetic energy, HB, for it is far 


greater. But if we use the mass-energy equivalence we find a 
direct relationship between these two energy densities. The 
mass of the energy U is 
Uke | 
a a ede (17) 


the electromagnetic mass as defined by eqn. (12). 


We therefore see that 


(a) The magnetic energy of the moving charged particle can 4 
completely identified with the kinetic energy of the mass of the: 
moving energy U. | 

(b) The electromagnetic momentum in the direction of motion is 
merely the momentum of the mass of the energy U. 


It should, however, be noted that eqns. (12)- (17) cannot : 
regarded as providing an accurate microscopic account of the 
energy of the field. The expression for m, given by eqn. (12) 
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loes not possess spherical symmetry about the particle, but 
ymmetry about the direction of motion, so that it cannot be 
in accurate detailed description of the energy-mass distribution 
yf a stationary spherical charge. The quantities m,, p, S, and U 
nust therefore be regarded as functions which possess physical 
dentity only when integrated throughout the complete volume 
of the field. 

Since we assume that v is small compared with c, we neglect 
n the first instance the mass of the kinetic energy. This involves 
. relativistic modification, which will be considered later. If 
he electromagnetic mass M, is the only mass possessed by the 
article (e.g. if the particle is an electron and we assume that its 
nass is entirely electromagnetic), then clearly the energy U is 
he total mass-energy of the particle, or the energy which would 
ye liberated if the particle disintegrated into electromagnetic 
adiation. 

If a charged sphere is stationary or moving with a velocity 
'<c, and if the charge is uniformly distributed on the sphere, 
he energy of its electric field is easily found to be 


Cha 


es 8iregR © 


vhich has a mass-equivalent 


(18) 


(19) 


Thus M, = 3M,/4, so that if an electron is to be regarded as a 
pherical aggregate of charge whose mass is entirely electro- 
nagnetic, it is necessary to postulate additional electromagnetic 
nergy of amount 

g? 


2477egR 20) 


t is well known that a stable spherical electron cannot exist 
vithout internal forces in addition to those of classical theory, 
ind eqn. (20) may be taken to represent the energy of the non- 
lassical, and at present unknown, forces which keep the electron 
rom exploding. 

If we identify the mass, M,, given by eqn. (11) with the rest 
Nass my of an electron, and then add the mass, m,,, of the 
nagnetic energy 4M,v, we obtain the total mass of the moving 
article 


m =m + my = M, +M.(¥5) 


a) ere eT) 
This is a first approximation, with v < cc, to the relativistic 
elation 


m = m(1 — v?/c?)— 1/2 (22) 


(3) TWO MOVING CHARGED PARTICLES 
(3.1) Energy Fluxes 


Fig. 2 shows two particles with charges g, and qg, moving 
ith velocities v, and Vv, respectively, in paths which are not 
ecessarily co-planar. At a point P the electric field is made up 
f components EF, from g, and E, from g>, and the magnetic 
eld similarly has components H; = v; X D;, Hy = v2 x D>. 
‘he resultant magnetic intensity is 


H=H,+ H>, where H?= H?+ H2+2H;.H (23) 
magnetic energy in the field has a volume density 
2 
W.,= aa = HF + H2+ 2H, . Hp) (24) 


Vo, 103, Part C. 
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44 o———— 1 
Fig. 2.—Two moving charges. 


and since the mutual energy oH; . H, is symmetrical in H, and 
H, we shall assume that equal portions of it are associated with 
each charge. 

We therefore suppose that each charge carries its share of the 
mutual energy, so that using the relation given in eqn. (15) we 
attribute to q,, in addition to the flux of its self-energy, a flux of 
energy with velocity v,, 

A,.H, (vy x D,).H, (E, x Hp). rv, 


mre 9% v1 (25) 


and to q, a flux of energy with velocity v, 


H,.H, (2X D).M, (EF, x HM). rw 


Se 
m2 
€ 0” 2 


(26) 


cov WD) 
If », and v2 are parallel or anti-parallel, these reduce to the 
simple forms 


Sit — En x Ab, S 


m2 — E,2 x A, . (27) 


where E,,, and E,,. are the components of E, and E, perpendicular 
to the velocities. 

In addition, the charge g, carries a self-energy flux S,, 
= E,, X H, with velocity v,;, and q, carries a self-energy flux 
Sw. = E,2 X Hy with velocity v,. So the total energy flux 


carried by each charge is 


Sy = Sy + Sint = Ent X = (28) 
Sy = Sy2 ac Sn2 a E,2 x H 
where H = H, + Hh, the resultant magnetic intensity. These 
energy fluxes are assumed to exist entirely independently of each 
other. Even if v,; and v2 have different values, or are in different 
directions, the two energy streams are assumed not to interfere. 
If the two charges are moving with the same velocity, their 
individual energy fluxes can be combined into one, of value 


S=(E,, 7 Ey) X H=E, X H 


and since this combination can be continued indefinitely for 
additional charges moving with the same velocity, it follows 
that eqn. (29) applies to any rigid configuration of charges in 
uniform rectilinear motion, and that eqn. (28) is valid for the 
two lines of moving charge in two parallel conductors. 


(29) 


(3.2) The Effective Mass of a Conduction Electron 


Experiments on electron inertia in closed conducting circuits 
(see Section 11.2) have shown that the ratio e/m for a conduction 
electron in a current-carrying conductor is approximately the 
same as that obtained in experiments on low-energy cathode 
rays, i.e. the effective mass: of a conduction electron is approxi- 
mately the same as the rest mass of a free electron. 

According to Section 3.1, however, the mass of the particle q, 
is a function of the mutual energy of gq, and q, as well as of its 
self-energy. Let us examine the probable order of magnitude 
of this effect for a conduction electron. 

First suppose that the component of magnetic field, H, due 
to sources other than q, is uniform. Then it is clear that the 

6 
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total volume integral of H, .H is zero. Consider two points 
diametrically opposite on a circular line of force of H,: the 
values of H,.H> at these two points are equal and opposite 
and their contributions to the volume integral cancel. Thus the 
electromagnetic mass of an electron moving in a uniform external 
magnetic field is the same as that of an isolated electron. 

Next consider the orders of magnitude of H? and Hy . Hz at 
points in the vicinity of a spherical electron. The portion of the 
electromagnetic mass of a charged sphere contained within a 
concentric sphere of radius r is 


Let r= 1000R. Then 99:9% of the electromagnetic mass is 
contained in the concentric sphere. The magnetic flux-density 
at a radius r on the equatorial plane of the moving electron, 
taking R= 2 x 10-'5m andr=2 x 10-'!*m, is 


Bi ald = (4 x 10—3)v weber/metre? 
i arr2 


Suppose a second electron to be moving with the same velocity 
in a parallel path, with a common equatorial plane, at a distance 
of 10-19 m (the order of magnitude of the diameter of an atom) 
from qg,. Then its magnetic field at the same point as before is 
about B, = (1-6 x 10~-®w weber/m?, so that B?/B,B, = 
A?/H,H, ~ 2500. 

Nearer to q, this ratio will be greater. It is therefore evident 
that the effective electromagnetic mass of a conduction electron 
will not differ, according to this hypothesis, appreciably from 
that of a free electron. 


(4) APPLICATION TO A LONG RECTANGULAR CIRCUIT 


(4.1) General Considerations 


Fig. 3 shows a long rectangular circuit, ABCD, which carries a 
constant current J. The sides AB, BC and CD are connected 


B I : A 
| ed + —>F 
c D 


Fig. 3.—Long rectangular circuit. 


rigidly together, but the end wire DA makes contact with the 
rest of the circuit by means of mercury cups, so that the force 
on this member can be measured. Then the force on this end 
wire can be calculated from a knowledge of the magnetic field, 
at points on DA, due solely to the current in the three sides AB, 
BC and CD, and calculated from the law of Biot and Savart 
for the magnetic field of a current element: 
HELE 

= re Ss Xr) (30) 
where J6s is the current element and r is the radius vector from 
the element to the point where the field is SH. The force ona 
current element J’ds’ at the point is then F = pol’(Ss’ x 8H), 
which is not, in general, equal to the force on J8s due to the 
magnetic field of the element Ids’. So the resultant force on 
the three-sided portion AB, BC, CD is not that which would be 
calculated from the magnetic field of the other portion, DA, 
alone, acting on the current in the three sides. Since thé’force 
on each side is perpendicular to the wire, the resultant force on 
the three sides is merely that on BC. But the magnetic field at 
BC due to DA alone, as calculated from eqn. (30), is very small 


and approaches zero as the length of the circuit increases. ‘Thus, 
if the circuit is very long the force on the end wire DA is due — 
entirely to the magnetic field of the two long sides, but the 
forces on these long sides are not due to the magnetic field of 
the current in DA alone. 

If, as in Maxwell’s original theory, the electromagnetic field” 
is regarded as a physical condition in a material medium or 
aether, the reaction of the force on the end wire is considered to — 
be borne by the medium in the vicinity and transmitted by 
stresses in the medium to the other end wire. It is, in fact, only - 
since the concept of a material medium has fallen into obsoles- 
cence that problems of this kind have caused discussion,!-7 for 
there appears to be nothing to take the place of the medium as an 
agent for transmitting the force. We shall show that such an 
agent is provided by the momentum of moving energy. . 

First let us calculate the force on the end wire by the usual | 
method. Assume the length of the circuit to be great in com- 
parison with its width, and let the self-inductance per unit length © 
(two wires) at points remote from the ends be Lp. Suppose the 
wire DA to move a small distance 6x under the action of the - 
force F, thus increasing the length of the circuit by 6x. Assume 
that the current J is maintained constant during the displacement. 
Then the magnetic flux linking the current increases by 6@ 
= LoIdx, so that an e.m.f. V, = — 6@/6t is induced, and in 
order to keep the current constant additional energy must be 
supplied, from the source, of amount 


SW = (—V,) bt = 


The magnetic energy of the circuit increases by an amount | 
41 I75x, and since the energy supplied must be equal to the 
mechanical work done by the force F plus the increment in 
magnetic energy, we have 


Lol?6x 


LoI?dx = F8x + 4L£o176x a 

F= 4L pI? ( ) 

or, if L is the total inductance of the circuit ; 
rege (32) 

dx 


(4.2) The Flow of Electromagnetic Momentum 


In order to interpret the force F given by eqn. (32) in terms of 
energy momentum, we distinguish the components of electric” 
field arising from the positive and negative charges in the con- 
ductors. We shall simplify the problem by assuming that the 
parallel wires have the same uniform section and negligible. 
resistance, so that the electric field between them, except near the 
ends, is perpendicular to the current flow and the potentia 
difference between them is constant. The end wire then provides 
a resistance “‘load”’ on the long transmission line. | 

Fig. 4(a) shows a portion of the circuit remote from the 
ends, and Fig. 4(b) is a cross-sectional view. We consider each 
conductor to contain the same quantity of stationary positive 
charge in its structure per unit length. The current in conductor 1 
is provided by the motion, with a mean velocity v,, of conduction | 
electrons whose charge per unit length is p,, and the current in 
conductor 2 is provided by the motion, with mean velocity v 
of conduction electrons whose charge per unit length is pp. e 
direction of motion is, of course, opposite to that of the current, 
and p, and p, are very nearly equal. Clearly pyv,; = p22 = I. 

Then at any point P we recognize four components of electric | 
field, all perpendicular to the wires, namely 

E, from the conduction electrons in conductor 1. 
E> from the conduction electrons in conductor 2. 


E; from the stationary positive charge in conductor 1. 
E, from the stationary positive charge in conductor 2. 
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Fig. 4.—Energy fluxes in long rectangular circuit. 


(a) Energy streams and electric field components. 
(b) Electric and magnetic field components. 


These components are in the direction shown in Fig. 4(a). The 
‘components of the magnetic field intensity, arising from the 
motion of the sources of FE, and E,, are shown in Fig. 4(). 

The positive charges, being stationary, carry no energy fluxes. 
The conduction electrons in conductor 1 carry an energy flux 
with velocity v,: 

( S, = E, x (HW, + A) 


or S,=|E, x M,| + |E, x H| = E\(A, + H, 00s 6) (33) 
directed towards the end DA. 


val 
But £; = aa so that 
Ci 


} s,= (H? + HH) cos 0) 


aie, (34) 


Since the velocity of this energy flux is v,, its volume density is 
S,/v, and its mass per unit volume is 


ie = = 5) en GD) 
Its kinetic energy is therefore 


my? = PH? + HH, cos 6) (36) 


Similarly, the conduction electrons in conductor 2 carry an 
energy flux with velocity v2: 


ein dig HH, cos 0 


Sy e5¥5 (37) 
away from the end DA, and its kinetic energy is 
HR + H,H. cos 0) (38) 


Thus the total kinetic energy of the moving energy fluxes, per 
unit volume, is 
tuoH? = 4HB 


i.e. the magnetic energy density. 

Consider the change of electromagnetic momentum which 
‘occurs at the end wire DA. The momentum of the S, stream, 
r unit volume, is ~ 


S,/c? = po(H? + HA cos #)/v, 


(39) 


(40) 


and this is deflected at the end wire at the rate 
MoH? + HH, cos 0) (41) 


per unit area of an infinite plane, remote from the ends, per- 
pendicular to the side wires. So the total loss of momentum per 
second is 


Ho | | (H? + HH cos 0)ds (42) 


the integration being over the infinite plane. 
stream is given momentum at the rate 


Similarly, the S, 


ly | | (H? + H,H, cos 0)ds (43) 


so that the total rate of change of momentum at the end wire is 
po | | Hds = LI? 


where Lp is the inductance of the circuit per unit length of the 
transmission line. 


(44) 


(4.3) The Force on the End Wire 


Suppose the end wire to move a very small distance 5x, thus 
lengthening the circuit by the same amount. The work done 
by the change of momentum is then LoJ#6x, and this is precisely 
the amount of additional energy which must be provided by the 
source if the current is to be kept constant. We then have: 


Work done by change of momentum = Mechanical work done 
+ the increment in mag- 
netic energy, 


or Lol76x = F8x + 4L£o1?5x 
and F= 41,7 (45) 
as before. 


We shall see later that the electromagnetic momentum can be 
identified with the momentum of the conduction electrons, so 
according to our hypothesis the force on the end wire in a very 
long rectangular circuit is entirely due to electron inertia. The 
force between the two side wires cannot, of course, be explained 
in this way, except in a short region near the corners of the 
circuit. The force between two long parallel current-carrying 
conductors may be regarded as arising from a very small 
unbalance of the mutual forces between the electric charges in 
the wires, some of which are moving and some of which are 
stationary. 

It is evident that this hypothesis of moving energy-mass leads 
directly to the conclusion that Newton’s third law (equality of 
action and reaction) does not apply to the mutual forces of two 
individual current elements unless the elements are parallel to 
each other. The hypothesis thus gives a physical justification 
to the accepted classical form for the mutual force of two current 
elements. Ampére’s law of force between two current elements, 
upon which Weber’s electromagnetic theory was based, obeys 
Newton’s third law whatever the direction of the current elements 
may be. Ampére’s theory thus treats the problem from the 
principles of statics rather than of dynamics, and for this reason 
theories based upon it fail to lead to electromagnetic radiation 
or the equivalence of mass and energy. 


(4.4) The Resultant Flux of Energy 
The resultant energy flux towards the end wire DA is, 
vectorially, 


S=S,+S8,=(€,+£,) x (46) 
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Since each side wire contains equal amounts of stationary 
positive charge and the wires have the same section, it follows 
that 


[[@ + E,) x H}.dS=0 (47) 
for we may divide this integral into two equal and opposite 
halves by a plane half way between the side wires and per- 
pendicular to the plane of the circuit. The resultant total rate 
of energy flow towards the end wire is therefore 


P=|[(+h+&+£) x H}.ds=|| Ex H).ds 
(48) 


That is, it is the same as that given by the classical Poynting 
vector E x H. This energy is converted into heat in the end 
wire. 

Any change in the resultant electromagnetic field at a point is 
effected in accord with classical electromagnetic theory, with 
the velocity of an electromagnetic wave, which in free space is c. 
For example, consider Fig. 5, which shows conditions near a 


Fig. 5.—Energy fluxes when the current is changing. 


straight conductor which carries a changing current i. The 
main energy flux, S, = E, x H, travels with velocity v parallel 
to the wire in the direction of electron flow. If the current 
increases at the rate di/dt, an induced electric field E, = — dA/dt 
is produced parallel to the wire in a direction opposite to that 
of the current. The classical Poynting vector S, = E; x H is 
then directed radially out from the wire, and represents a flow 
of electromagnetic energy moving outwards with velocity c. 
This increases the classical field energy 4(HB + ED), and may 
therefore be considered as providing the increment in the kinetic 
energy of the accelerating main energy flux. If the current 
decreases, E; and S, reverse, and the main energy flux decelerates. 


(5) THE ELECTROMAGNETIC MASS AND CONDUCTION 
CHARGE OF A CURRENT CIRCUIT 

If we attempt to apply the above detailed analysis of moving 
energy streams, whose energy density at a point is specified, to 
circuits of any shape it is clear that we shall encounter great 
difficulties; for each current element contributes its own com- 
ponent of energy flux, parallel to itself, at a given point, and 
each of these components must be considered to exist inde- 
pendently. We shall therefore proceed on the assumption that, 
in general, the total kinetic energy of the moving energy mass is 
equal to the magnetic energy of the circuit 4L/. Md 

If the mean velocity of the conduction electrons in a complete 
current circuit can be taken to have the same value, v, at all parts 
of the circuit, we can then introduce the concept of the electro- 


CULLWICK: ELECTROMAGNETIC MOMENTUM AND ELECTRON INERTIA IN A CURRENT CIRCUIT 


i 


magnetic mass of the circuit, which we may call My when v < c. ‘ 
We define Mo by the relation j 


2 ‘% 
4Mov? = 3LI*, or My = ie) . (49) | 


L being the inductance of the complete circuit. The total & 
electromagnetic momentum is then F 


Protal = Mov = LI?Jv . (50) 


If p is the charge of the conduction electrons comprising the 
current per unit length of wire, J = pv and : 


My = Lp? (51) 


We now take the radical step of identifying Mp with the total - 
mass of the conduction electrons whose motion comprises the 
current. We have already noted that the identification of the 
magnetic energy of a free electron with its kinetic energy is 
generally accepted, so it is no more than a logical extension of 
this idea to postulate the same for the electrons in a complete - 
current circuit. Indeed, a failure to do so seems to leave an 
untidy inconsistency in electromagnetism, however minute the ~ 
practical consequences of this inconsistency may be. By making — 
this identification, moreover, we can bring the known effects of 
electron inertia in a circuit into the general electromagnetic 
scheme—a unification which seems highly desirable. 

Let the charge p consist of N conduction electrons, per unit — 
length of wire, each of mass mo, so that Ne = p, where e ( < 0) 
is the electronic charge. If / is the total length of the wire, the 
total momentum of the conduction electrons is Nimpv, and 
equating this to Myv gives 


Mo = Nimy = et (52)i| 


So from eqn. (51) we obtain 
ea 
m= (YE 
wo — viEMe = (2)I 
aa 


v and J being in opposite directions, since e is negative. 
may be put in the form 


and 


We also have 


This 


Mean momentum of a current 
= electron, divided by the © 
electronic charge, mgv/e 


Magnetic flux-linkages per 
unit length of wire, L//I 


(51) 


(6) THE CONDUCTION CHARGE AND ELECTRON FLO 


From the last Section we see that, if the identity of Mj with 
Nimp is to be valid, the mean velocity of the conduction electrons, 
assumed here to be small compared with c, must be determined 
both by the current and the geometry of the circuit. The charge 
p is also determined, or quantized, by the geometry of the circuit. 
This may at first sight appear to be a difficult condition. A 
current in a wire is often taken to be due to the motion of all 
the conduction electrons in the atomic structure (of the order of 
103 per cubic centimetre for copper) drifting along the wire 
with a very low velocity which depends solely upon the resultant 


electric field in the conductor. This is not, however, a necessary 
interpretation of the theory of electronic conduction. Calcula- 
tions® based on the Fermi-—Dirac statistics, on the assumption of 
one conduction electron per atom, give the r.m.s. velocity of a 
free electron in copper as about 1:6 x 10®m/sec. This means 
that individual electrons have velocities somewhere within a 
range which extends far below and far above this figure. If we 
resolve the velocity of every electron along the wire, when no 
current is flowing, there will be equal streams of electrons in 
opposite directions, with a great range of velocities in each stream. 
When a current flows, the above hypothesis requires that it 
must be provided by the requisite number of electrons whose 
longitudinal velocities are as close as possible to the value given 
by eqn. (56). This condition is satisfied if the opposing streams 
of electrons possessing this particular mean velocity are no 

longer equal, so that the difference in their charge per unit 
length is equal to p. Provided that this theory does not lead to 
absurd results, such as a value for p greater than the total charge 
available, there seems to be no a priori objection to it. 


| (7) TWO PRACTICAL CASES 
(a) A concentric cable, of inductance 5 x 10~* henry|km. 


The inductance per metre length of single conductor is 


1G 
= Ale 2:5 x 10~7 henry/metre; 


e 1-6 x 10-19 rr 
eee TO x 10 


SO that 

e\L 
v= (—)5l= — 4-4 x 104 metres/sec 
De No, I 


where J is the current in amperes. The moving charge per unit 
length is 
p= : = — 2-27 x 10-° coulomb/metre 


and My = Lp? = 2:57 x 10713 kilogramme/kilometre. 
(6) A toroidal coil, of ring radius R=10—!m, mean turn 
radius r = 2 X 10-2 m, with N = 1000 turns and carrying 
a current of Samp. 
| The inductance is L ~ por2N?/2R = 87 X 10-4 henry, and 
the internal flux density is about 10~2 weber/m2 or 100 gauss. 
The length of wire is 1] = 27rN = 407 metres, so 


v= (2) — (3°52 x 109) 
o = 1-76 x 10’ metres/second = 0-0585c 
p=I1/v = — 2-82 x 10-7 coulomb/metre 
| My = Lp? = 2-012 x 10—!° kilogramme 


_ The effective number of moving conduction electrons per 
metre of wire is 


N = ple = 1-76 x 10! 


‘Suppose the toroid to be wound with two layers of 500 turns 
each, with wire of diameter 1mm. Then the volume of the 
conductor per metre length is 7/4cm? and the effective number 
of conduction electrons per cubic centimetre is 2°24 x 101. 
This is extremely small in comparison with the total available 
number of conduction electrons, which is of the order of 1023 per 
|cubic centimetre. 
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(8) SELF-INDUCED E.M.F. 

It is evident that the e.m.f. induced in a circuit when the 
current changes, according to this hypothesis, is merely an 
effect of electron inertia. If the conductor has no longitudinal 
freedom of movement this e.m.f., in the direction of the current J, 
is given by 

“arr {amp 
¢ dt I pv 


which from eqns. (53) and (54) gives 


dv ™Mo\ ,dv 
Ve = MGE sy ? 
e — V(EMp) dt ( e ) bide Co 
or, if the velocity v is not the same at all parts of the circuit, 
_ Mg [dv 
V, me ae (59) 


The equivalent self-induced electric-field intensity, of classical 
theory, in the conductor is evidently 


Mo dv 
calles 3 (60) 

dw 
that Ls ele 1 
so tha e Mor (61) 


which may be compared with eqn. (57). 

The classical law of conduction, J = E/r, where J is the current 
density and r the resistivity, states that the current density is, at 
every instant, proportional to the resultant electric-field intensity. 
That is, E is regarded as the cause of the current, whereas by 
the present hypothesis a current continues to flow in a short- 
circuited circuit because of the inertia of the conduction electrons. 
Classical theory requires this self-induced E because electron 
inertia is considered to be negligible or absent. The average 
force opposing the motion of the conduction electrons is —Jr 
per unit charge. The electrons are decelerated by this resistance 
to motion, and in classical theory their deceleration induces an 
electric field E which cancels the decelerating force. The 
resultant force acting on the electron, regarded as a particle 
without inertia, is therefore zero. So if we use our present 
hypothesis in a theory of conduction, we must not include a 
self-induced electric-field intensity. i 

The linking magnetic flux, if v is single-valued, is 


Oe =o (Li) (=) lv 


® = $ (72) vat 


D= p Adi 


(62) 
or, in general, 
(63) 


But since 


where A is the magnetic vector potential at the axis of the wire, 


. Wwe can put 


A= (=) v + grad p (64) 
when A is due to the current in the conductor alone, ys being 
an arbitrary scalar potential function. 


(9) VARIATION OF v IN A CONDUCTOR OF FINITE 
CROSS-SECTION* 


We have tacitly assumed that the conductor has a negligibly 
small cross-section, so that the electron velocity given by eqn. (56) 
* The case of a finite conductor is treated more rigorously in the Appendix. 
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applies to all parts of the section. Actually » must vary across a 
conductor of finite section, for from eqn. (64) we have 
e e 
curl »y = — curl A = —B (65) 
Ho Mo 


where B is the flux density inside the conductor. From eqn. (60) 
this is seen to be consistent with the classical equation curl E 


= — B. 


(10) RELATIVISTIC EXPRESSIONS FOR THE MAGNETIC 
ENERGY AND THE SELF-INDUCED E.M.F. 

So far we have assumed that the velocity v of the effective 
conduction electrons is sufficiently small in comparison with c to 
justify the neglect of any variation, with velocity, of the electro- 
magnetic mass. In the example of the toroidal coil, however, 
we obtained an electron velocity of about c/17. It is thus 
evident that, in circuits of high L// with high currents, the varia- 
tion of mass may be significant. 

If v is not negligible in comparison with c the kinetic or mag- 
netic energy is not $M pv? but 


U,, = (M — MIB)c?2 . (66) 


where MM is the electromagnetic mass of the moving energy and 
MIB is its rest mass, not necessarily equal to Mp. For simplicity 
we assume that the circuit is such that v is the same over its 
entire length, for otherwise we shall encounter great complexity. 
We require U,, as a function of the current, and proceed on the 
assumption that the relation between electron momentum and 
flux linkage, eqn. (57), remains unchanged. Since the electronic 
mass is now m = Bmp, this requires 


= Bpo - 


so that the number of conduction electrons per unit length is 
N = BNo, where po and No are the low-velocity values. 
The electromagnetic mass is then 


(67) 


M = Nim = B?M,y . (68) 
I i oatey bs iE 
We also have v = -—-= _ ml ; (69) 
LP LI2 \-1 
is BE) 
whence v vA 1+ Mae (70) 


If LI? = Moc?, then J = molcfeL > 1-7 x 10-3//L. Denote the 


latter quantity by a. Then 
L 
UBD Geo) ce? a yl 
(a) <a Ms (11) 
(©) niles as ta sc 
From eqn. (70) we obtain 
LI2 \ 1/2 
= i j— ) 
B ( 4 Me (72) 
and from eqns. (66) and (68) 
Um = BMoc%(B — 1) . (73) 


This reduces to 4L/? if I < a, but approaches LI? if J > a. 
The self-induced e.m.f., V,, is given by VI = — au,,|dt, 


whence 
dl af 2Ncalipe 
a= = 2 eet 
< { i ee) H 


oP (74) 
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_assumption that such effects do not exist, or at least that they 


ae 


which reduces to a oa if I<a, and approaches Sit I> a. 


For the toroidal coil (Section 7), //L =5 x 104anda> 85amp. — 
This is greatly in excess of the current-carrying capacity of the | 
wire. Our theory thus becomes non-linear under conditions — 
which are outside the range of normal practice, and this departure 
from classical electromagnetism must also, of course, apply to the 
forces experienced by current-carrying conductors. 

As will be noted in the next Section, Maxwell developed | 
his general electromagnetic theory on the assumption that the 
carriers of current in a conductor have no inertia. A study of | 
Chapters 5-9 of the fourth part of his Treatise will show how — 
classical theory is deeply rooted in the general principles of © 
dynamics, and Maxwell certainly regarded, magnetic energy as 
kinetic. He called the vector potential A the electrokinetic — 
momentum, but without attempting to associate with it any | 
particular velocity. Now it is impossible to conceive the ideas | 
of kinetic energy and momentum without accepting the concept © 
of moving mass, which in Maxwell’s day was uncomplicated by | 
the equivalence of mass and energy and the variation of mass 
with velocity. It should not therefore surprise us if our present © 
hypothesis throws doubt on the complete validity of Maxwell’s 
equations. 


(11) ELECTRON-INERTIA EFFECTS 


(11.1) History and Present Theoretical Position 


In his ““Treatise on Electricity and Magnetism” (Part IV, 
Chapter VI), Clerk Maxwell discussed three types of experimental | 
effect which should exist if an electric current in a conductorisa | 
true motion of some substance having inertia. 

(a) If a circular coil is freely suspended by an axial thread with | 
its axis vertical, any change in the current flowing in it should be 

accompanied by a rotation of the coil. 4 

(6) A coil carrying current should exhibit gyroscopic effects and, 
if Ampére’s hypothesis that ferromagnetism is due to atomic currents |) 
is correct, the same should apply to a magnet. 

(c) When a rapidly rotating coil, which is part of an unenergized ~ 
closed conducting circuit, is suddenly stopped, the inertia of the © 
current carriers should cause a momentary displacement of elec- 
tricity (i.e. a current) through the circuit. 


Maxwell stated that no such phenomena had ever been 
observed, and apparently performed an experiment to test (5), 
but without a positive result. He showed that all three effects 
depend on the possible existence in the expression for the kinetic 
energy of a moving current-carrying conductor of a term involving 
the product of the velocity of the conductor and the velocity of 
the electricity relative to it. He called this term T,,,, and 
concluded: i 

We have thus three methods of detecting the existence of the terms 

of the form 7},.2, none of which have hitherto led to any positive 

result. I have pointed them out with the greater care because it 
appears to me important that we should attain the greatest amount 


of certitude within our reach on a point bearing so strongly on the 
true nature of electricity. 


He therefore developed his electromagnetic theory on the 


produce no sensible effect, and they cannot be deduced from his 
fundamental equations of the electromagnetic field. 
Nevertheless, all three types of effect have now been experi- 
mentally observed.? The first successful experiments on the 
gyromagnetic effect were those of Barnett!® in 1915, who suc- 
ceeded in magnetizing an iron rod by rotating it. The converse 
effect, the production of rotation by magnetization, was observed 
by Einstein and de Haas!!-!3 (1915 and 1916). A conclusion 
from these and later experiments is that the magnetic moment 
of a ferromagnetic atom must be due to spinning electrons 
rather than to orbital electrons. In 1916 Tolman and Stewart!4 


| 


1 


| 
| 
| 


| 


) stationary circuit which includes a ballistic galvanometer. 
| circuit contains no source of e.m.f., so that when the coil is at 
| rest or rotating uniformly there is no current. 
| suddenly stopped the momentum of the conduction electrons 
\ carries them on and the galvanometer registers the charge 


Furthermore, their experi- 
ments proved that the carriers of electricity in a conduction 


| current have\a negative charge, and the ratio e/m for a con- 
_ duction electron was found to be approximately the same as 
| that for a free electron. 
/ Lodge,'® but was not detected until 1930, when experiments by 
| Barnett!” gave positive and theoretically consistent results. 
| Barnett used alternating current, tuning the frequency so that 
| mechanical resonance occurred, and measured the torque by 
' removing the oscillations by means of an equal and opposite 
| torque which could be calculated. 


Effect (a) was sought by Sir Oliver 


In the past treatment of electron-inertia effects it has been 


| usual to take the momentum and kinetic energy of the conduction 
| electrons as extra-electromagnetic phenomena, p being taken as 
/ equal to the charge of the total number of conduction electrons 
| available, so that the mean velocity » becomes very small. Fora 
| given current, so that pv is constant, the kinetic energy of the 
| electrons is proportional to v, and this older viewpoint gives a 
| kinetic energy which is extremely small in comparison with the 


magnetic energy of the circuit. It has therefore previously been 
held that it is not possible to identify the two energies, and the 
total energy in.a stationary circuit due to the current has been 
taken as being equal to the magnetic energy plus a very small 
correction for the kinetic energy of the conduction electrons.!® 
According to our hypothesis, however, the magnetic energy of 
the circuit and the kinetic energy of the conduction electrons 
are the same thing, and in a stationary current circuit the energy 
due to the current flow is exactly equal to either. It also follows 
from this theory that these very small manifestations of electron 
inertia in a current circuit are a necessary consequence of the 
‘momenta of the energy fluxes. We shall apply our hypothesis 
_to the experiment of Tolman and Stewart [effect (c)] and to the 
Barnett effect (a). Experiments on the gyromagnetic effect have 
been carried out on iron rods, which are outside the scope of the 


/ paper. 
(11.2) The Experiment of Tolman and Stewart: Production of an 


Inertial Current 
A rapidly rotating coil is connected, by sliding contacts, in a 


The 
When it is 


displaced around the circuit. _ p 
Consider the coil to be rotating uniformly, with no current, 


i with peripheral velocity w. As before, let there be N conduction 
| electrons per unit length of wire, so that p = Ne. The momentum 


of these electrons, due to the rotation, is Nmwl where m is the 
mass of an electron. If J is the current which would have the 


same energy-stream momentum, we have 

LI?|v = Lp2v = Nmwil 
Nmvwl — mwil 

b= po Ta Te (75) 


| The quantity of electricity displaced when the rotation is stopped 
| will be the same as that displaced when a current of this value is 
dissipated in a circuit of inductance L and resistance R. Since 


d 


in buch.e case ri + Ri = 0, 


; | ) 0 

L| di+R| itr =o 
ny Jf T 

Hk LI mwl 
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wl 
RO 


This is the same relation as used by Tolman and Stewart, and 
their experiment gave results consistent with a value of e/m 
approximately equal to that for a slowly moving free electron. 
More recent experiments by Kettering and Scott!® have confirmed 
this identity to a considerable degree of accuracy. 


and 


e = 
ar (76) 


(11.3) The Barnett Effect 


The experiment of Barnett,'” in 1930, confirmed that when 
the current in a circuit changes, the conductor experiences a 
very small longitudinal force. Suppose the circuit includes a 
helical coil free to rotate about its axis, which is vertical. If 
the coil is stationary and carries a current J, the angular momen- 
tum of the energy stream is Mgur, where r is the mean radius of 
the coil and Mo is the electromagnetic mass of the coil. Let 
the mass of the wire be M,; then when the current is stopped 
the electromagnetic angular momentum Moor is converted into 
mechanical angular momentum M,wr, where w is the final 
peripheral velocity of the wire. Thus 


W >= =——vV 
c 


(77) 


Let us apply this to the case of a solenoid of the same axial 
length, turn area and number of turns as the toroid previously 
considered. For a rough calculation of the order of magnitude 
of the effect we may take the inductance, and hence Mo, to 
be the same as that of the toroid. The mass of the wire will be 
about 0-9kg, so that, if a current of 5amp is stopped, the final 
peripheral velocity of the wire will be 


aie 2.x 10=19.96.1°76-< 107 
Ts 0:9 


~ 4 x 10-9 metre/second 


in the same direction as the original electron flow, and opposed 
to the direction of the original current. 


(11.4) The Self-Induced E.M.F. 


Since classical electromagnetic theory is based on Maxwell’s 
assumption that the kinetic energy of a moving current circuit 
is independent of the velocity product vw, and since the existence 
of these electron-inertia effects shows that this is not rigorously 
true, it follows that the fundamental law of self-induction, when 
a circuit is not constrained by external mechanical forces, is 
no more than a very close approximation. 

Consider the freely suspended solenoid, initially stationary 
and carrying a steady current. If the circuit is short-circuited 
the energy momentum will be transferred to the coil as a whole. 
If the total mass of the wire, M,, is taken as including the electro- 
magnetic mass Moy, and Mp is taken as constant, the total 
kinetic energy during the acceleration of the coil is given by 


Kinetic energy = 4(M. — Mp)w? + 4Mo(w + v)? 
= 4M.w* + Mowe +4LI? . (78) 


the middle term being Maxwell’s 7,,,. The total momentum is 
constant, so that 


dw dw dv 
(M, — Mo)=, + Mo ata) = 
dw dv 
and M.=, =— Mo7, (79) 
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Then since there are no external forces, we have 


Rate of increase of kinetic energy + Rate of energy conversion 
into heat = 0, and if V, is the self-induced e.m.f., it follows that 


dw dv 


dw dl 
= us ee =. =), 0) 
M.w—. + Mo wee +0) + LIS + Vel (80) 
whence from eqn. (79), 
dl Myv dw 
be La ae 
2 
dt ME NSO 
My\ dl 
= == 81 
L(1 M,/ dt GD 


from eqn. (51). If, however, the circuit is constrained by external 
forces in such a way that the conductors have no longitudinal 
freedom of movement, the induced e.mf. will suffer no 
modification. 

For the given solenoid, My/M, ~ 2:3 x 10-!6 The original 
magnetic energy of the stationary solenoid is LJ? = 10~27 joule, 
and the final energy of the rotating coil, assuming a perfectly 
free suspension and no frictional loss, is 4M,.w? = 7:2 
x 107!8 joule. Except for this extremely small amount of 
energy, all the original magnetic energy is converted into heat 
in the conductor. 


(11.5) The Force on the Conductor 


The longitudinal force on the conductor, when the current 
changes, is —Mpd(v + w)/dt, but since w < v 


du Md _ Mo ,\du 
Semee ae p dt G ; dt 
d 
= — me per unit length of wire (82) 


If the resistance of the solenoid is 2-720hms, the maximum 
value of —dI/dt when a current of 5amp is short-circuited is 
IR/L = 5:4 x 102 amp/sec. The maximum value of the 
longitudinal force is therefore about 3 x 10—® newton/m, or 
3 x 10-5 dyne per centimetre of wire. 


(12) THE E.M.F. INDUCED BY THE LONGITUDINAL 
ACCELERATION OF A CONDUCTOR 
Whenever the longitudinal velocity of a conductor changes, 
there is a very small induced e.m.f., as shown in Section 11.4. 
If the longitudinal acceleration is du/dt, in order to prevent an 
induced current the electromagnetic mass My must be given the 
same acceleration, and this requires an impressed force, per unit 
charge, equivalent to an electric field of intensity (Mo/pl)du/dt. 
The impressed e.m.f. required to prevent the induced current is 
therefore V’ = (M)/p)du/dt, and the e.m.f. induced in the wire 
by the acceleration is equal and opposite to this, i.e. 


Mo du du Mo ,\ du 
[icc eer ae Se it Bits ( 0 ) 
. p dt vi Mo) za dt Oy 
In M.K.S. units 
du 
Sais 9) 
aS nl Oe <2) ae volts . (84) 


in the direction of the acceleration. This e.m.f. is additional to 
that given by the classical laws of electromagnetic induction. 
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(13) INERTIAL CURRENT IN A PERFECT CONDUCTOR 

If a perfectly conducting ring, without current, is rotating 
with a peripheral velocity u and is then stopped, a steady “super- 
current” should be produced, since the conduction charge p 
should continue to move with velocity u. This current should 


therefore be 
oi) eg Ee I : 
I= pu (2) 78 Bloat (85) 
producing a linking flux 
Mo 
ay 86 
0,4 ( : My (86) 


The mean flux density through the ring, if R is the mean radius 
and w the angular velocity, is 
os = 2(=) w | Soe 
Tr R2 e 
It is of interest to note that this is the same as the flux density 
inside a rotating superconducting sphere as deduced from the 
London electrodynamic theory of superconductivity.2° By the 
London theory, however, the current and field should be inde- 
pendent of the previous deceleration, ie. if a ring with no 
current is rotating with constant speed at a normal temperature 
and is then supercooled, the supercooling alone should generate 
the supercurrent. This curious result does not follow from our 
theory. Although the expected effect is very small, it should be 
possible to determine the truth by experiment. 


B= (87) 


(14) THE ENERGY REQUIRED TO ESTABLISH A CURRENT 
IN A COIL ROTATING AT CONSTANT SPEED 
Consider a circular coil rotating about its axis with constant 
angular velocity, so that the linear velocity of the conductor is u, 
taken positive in the direction of the current (Fig. 6). Then the 
total kinetic energy due to the current flow is 


4M[(v — uw)? — 2] = 4LP. — Mau (88) 


Fig. 6.—Rotating current-loop. 


In order to keep the velocity of the wire constant during the 
growth of the current, a mechanical force must be exerted on 
the wire of value Modv/dt in the direction of v, or —Mpodv/dt 
in the direction of J. Thus, in raising the velocity of the electro- 
magnetic mass Mp relative to the wire from zero to v, mechanical 
work must be done by the driving motor at the rate —Mpudv/dt, 
and the total mechanical work required is —M uv. The remainder 
of the required energy given by eqn. (88) must be provided by 
the source of e.m.f. causing the current. Thus the energy 
required to establish the current, apart from ohmic loss, is 
4LI provided electrically, and —Mouv = — ul\/(LM)), provided 
mechanically (both v and J are here taken as positive quantities). 
The latter term becomes positive if u is in the opposite direction 
to the current. The e.m.f. of self-induction is —LdI/dt and is 
independent of wu. 


(15) THE LONDON THEORY OF SUPERCONDUCTIVITY 
At present the macroscopic theory of superconductivity, 
originally due to H. and F. London,?! is an ad hoc modificatio 
of classical theory, an essential difference being that account i 


- in this paper. 


-(14) ToLMaAN, R. C., and Stewart, T. D.: 


12) Ennsten, A.: 
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taken of the mertia of the “superconducting” electrons. Classical 
theory, as we have noted, neglects electron inertia. The London 
theory has some points of similarity with the hypothesis presented 
For example, it leads to the conclusion that 
“supercurrents” are quantized in a macroscopic way, for a 
conductor as a whole,?? and that for a large superconductor the 
kinetic-energy density of the superconducting electrons is equal 
to their magnetic-energy density.2> However, these two energies 
are regarded as being distinct and additive, and not, as we have 
postulated, different aspects of the same thing. 

It is difficult to reconcile the London equations with some of 
the basic relations of electromagnetic theory. For example, a 
fundamental equation of the theory is our eqn. (64), but with 
reversed sign.2! Now the vector potential A, where curl A = B, 
is parallel, not anti-parallel, to a normal current in a straight 
conductor, so that by the London theory the induced electric 
field when a supercurrent changes is quite different from that 
induced by the same rate of change of a similar normal current. 
From the form of the London equations it would appear that 
such peculiar and rather incredible features of the theory may 
be related to the inclusion of both electron inertia and the 
equivalent self-induced electric field of classical non-inertial 
theory, contrary to our conclusion in Section (8). If our present 
hypothesis should lead to an alternative theory of super- 
conductivity, one would expect it to cover both superconduction 
and normal conduction, with superconductors appearing merely 
as perfect conductors (r = 0), but further discussion of this 
interesting problem is clearly beyond the scope of the paper. 
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(17) APPENDIX* 


In this Monograph the conventional idea of field energy 
has been used, and the concept of a component energy flux of 
the Poynting form was introduced. This led to eqn. (64) for the 
relation between A and w for a filamentary circuit, and in 
obtaining eqn. (65) it was tacitly assumed that eqn. (64) is 
applicable to a conductor of finite section. To justify this it is 
necessary to express the total magnetic energy of the current in 
a way which attributes it to the interior of the conductor and 
not throughout the whole of the magnetic field. 

If T is the magnetic energy and W the total electromagnetic 
energy within any given volume which encloses the circuit,24 


a zu 
(fe. 


where J is the total current density, including the displacement 


(89) 


current. It is assumed that the current is quasi-steady, so that 
radiation of energy can be neglected. Following Livens?5 we: 

0A : : , 
put E = — — — grad ¢, where ¢ is the electric scalar potential, 
so that or 


[[fe-né——[f] C4 ree [[f eater 
ee tae lee 


(90) 


where J,, is the component of J normal to the boundary surface of 
the volume. Since div J = 0 we then obtain 


Ff) eae [I] Gt ae. o» 


* The Appendix was received 18th November, 1955. 
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The term ¢J,, represents an energy flux through the surface.* 
“If it be denoted by S,, it follows that 


dw 
oe = d, 
z {J S,ds | bJ,dS 


ra [fff ra. 


The displacement current is negligible inside the conductor, 
so if the integration is confined to the volume of the conductor 
we may take J in eqn. (93) as consisting entirely of conduction 
current. Furthermore, since there is no radiation the magnetic 
field of the external displacement current can also be neglected. 
The normal component of conduction current J, can exist only 
when the surface charges, and therefore the external electric 
field, are changing and the outward normal component of the 
displacement current from the surface is equal to J,. Thus S, 
represents the outward flow of energy through the surface 
necessary to provide the energy increase in the external electric 
field. Since E inside the conductor is negligible compared with 
the external field, we have a consistent scheme in which, to a 
very close approximation, all the magnetic or kinetic energy is 


(92) 


1393) it 


and thus 


* Compare the energy flux discussed by Slepian2® and Carter.27 

+ Since A is proportional to J, this result is the same as that given by Maxwell28 
as an alternative to the usual expression which assigns the electrokinetic energy to 
the magnetic field. He adopted the latter as being more in accord with his fundamental 
hypothesis of a medium or aether. 
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confined within the conductor and all the electric or potential — 
energy is outside it. 

Since J is entirely conduction current within the conductor 
we have 
(94) 


where n, is the number of effective conduction electrons per unit 
volume. The kinetic energy density is 4mn,v2 = 4J(m[e)v, 
m being the effective electromagnetic mass per electron. So if 
the magnetic energy of the current is to be equal to the kinetic 
energy of the effective conduction electrons we must have 


¢ 1_sm 
[-. dA =5J(=)e 

*s lym 
Jv =5(>)” 5 


the solution of which is clearly 
A= (S)e 
e s 
Eqn. (64), with the arbitrary scalar potential function % taken as 
zero, is therefore valid for conductors of finite section, and 
eqn. (65) is also valid. Furthermore, these relations are not 


restricted to a circuit with a single-valued current and apply, for 
instance, to the current in a long transmission line. 


J = en,w 


or, from eqn. (94), 


(95) 


(96) 
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SUMMARY 


During the course of an investigation of helix propagation by the 
measurement of the standing-wave pattern in a shielded length of 
helical line open-circuited at one end, it was found that the minima 
of the pattern were not equally spaced when the phase-change per 
turn approached a radians, and furthermore, this phase-change 
remained nearly stationary at 7 radians over a finite frequency band. 
This would indicate a highly dispersive region which is not predicted 
by theoretical analyses. 

However, when the results are interpreted, taking into account the 
presence of space harmonics, an explanation of the phenomenon is 
obtained which indicates that there will be a region of apparent 
dispersion for a finite length of helix, although the basic propagation 
on the infinite helix is dispersionless. Such an effect may be of 
importance in the operation of travelling-wave devices designed to 
operate through this band. 


(1) INTRODUCTION 

The work of Sensiper! on unshielded tape helices has shown 
the presence of “forbidden” regions for propagation (shown 
shaded in Fig. 1) on helices which have a finite number of starts, 
as distinct from the sheath helix which has an infinite number of 
starts. This is due to the presence of space-harmonic components, 
all of which must decay radially away from the helix for guided 
propagation to take place. The interpretation suggested by 
Stark? based on reinforcement of radiation from the current 
elements at each turn is instructive and can be demonstrated to 
agree with Sensiper’s forbidden regions in a simple manner. 

The boundaries of the forbidden regions can be labelled on this 
basis, as in Fig. 1. The radiation angle is given by 


cos 6 as BP = 2(m oz n)1 
BoP 
B,P = Bp + 2n7 


where p is the pitch of the helix, By = w/c, 8, is the phase-change 
per turn (2mp/A, , m is an integer specifying the forbidden 
region, and n is an integer giving the order of the radiating space 
harmonic. For a helix with a shielding outer conductor there 
is no reason why these regions should be forbidden, since the 
radiation is reflected back to the helix, and as suggested by 
Stark? the term “‘exceptional” rather than “‘forbidden” is more 
appropriate. A simple analysis similar to that given by Lines 
et al.3 leads to the conclusion that components in the exceptional 
regions will increase radially towards the outer conductor, and 
the group velocity of the field will to the first approximation 
still be given by c sin ys, where 7 is the helix angle. 
In the course of experimental work on the design of a tape- 
_ helix deflection system for a broad-band oscillograph, measure- 
ments were made up to a sufficiently high frequency to enter the 


(1) 


and 
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m= —1 exceptional region. However, certain phenomena 
were first observed in the neighbourhood of the point C (see 
Fig. 1), and the interpretation of these will form the major 
subject-matter of the paper. The phenomena persisted in spite 
of precautions taken to reduce to negligible proportions the 
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Fig. 1.—Sensiper’s forbidden regions for an unshielded tape helix 
with fundamental of idealized helix characteristic. 


Shading represents forbidden regions. 


effect of the measuring probe on the field, and the use of a 
specially constructed outer conductor which enabled the slot 
to close on either side of the travelling probe* (see Figs. 2A and 
2p). The same phenomena have been observed in the case of 
an unshielded or open helix, and instances have also been 
reported by Epzstein and Mourier.° 


Fig. 24.— Measuring probe and carriage, showing slot-closing device, 
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The measurements were performed with the helix open- 
circuited at the end remote from the generator, and the standing- 
wave pattern of the radial field was measured. At low frequencies 
the normal type of pattern was found, the maxima and minima 
being spaced equally along the line, and the amplitude of the 
maxima was constant. On approaching the point C (Fig. 1), a 


Fig. 2B.—Measuring line and some tape helices upon which 
experiments were performed. 
Scale: one-quarter full size. 


periodic variation in the amplitude of the maxima was observed 
in step with increases and decreases of the distance between 
adjacent minima (see Fig. 3). This effect can be accounted 


40 AS 


50 55 60 
cm {| 
Fig. 3.—Typical pattern measured near 7 frequency. 


--- Theoretical curye based on a ratio of 7-5dB maximum to minimum (funda- 
mental and first reverse space harmonic). 


for by the interference between the fundamental component 
_ and the series of space harmonics travelling in the two directions. 
Owing to the reflective termination space-harmonic components 
are present corresponding to propagation of energy in the 
reverse direction of the line, and the phase characteristics of the 


— ——— 


[PoP cosec wp Backward energy 

Forward energy 

(First reverse component) 
Serie 


(First reverse component) 


OMT 


Backward energy on 
< (Fundamental) 


~ 


Forward energy 
Se _ (Fundamental ) 


Fig. 44.—Phase diagram showing fundamental and first reverse space 
harmonics in two directions. : 


Forward energy propagation. 
-—--- Reflected energy propagation. 


fundamental and the first reverse component for both directions ; 
of energy flow for an idealized helix characteristic are shown in 
Fig. 4A. 

Each component for energy propagation in the forward 
direction can be paired with the same component in the back- 
ward direction to give a sequence of standing waves, and the ~ 
interference between the members of this sequence will be 
discussed in the paper. It is clear that the effect will first become 
noticeable near the frequency giving Bp = 7, for here the ampli- 


Fig. 4B.—Amplitude of fundamental and first reverse components. 


tude and wavelength of the first reverse components approach 
those of the fundamentals. In fact, it has been found that only 
these four components are necessary to account with considerable 
accuracy for the experimental results in this region. 

It is clear that there will be a sequence of higher frequencies 
near which these interference phenomena will occur, the im- 
portant components being the nth and (m —1)th near to 
Bop cosec ys =(n+1)7. The following discussion will be 
concerned only with the n = 0 region. 


(2) DESCRIPTION OF THE EXPERIMENTAL RESULTS AND 
COMPARISON WITH A SIMPLE THEORY 

The pattern shown in Fig. 3 is typical, and a close examination 
shows that the helix wavelength cannot immediately be deduced 
from the distance between adjacent minima, since these vary, 
and the envelope of the maxima is a periodic function of distance 
along the line. 

Let the amplitude of the fundamental and first reverse com- 
ponents be given by ap and a_,, respectively. Addition of the 
forward- and backward-travelling fundamentals gives a standing- 
wave pattern described by 


a = ay sin (nO == Gs 


where @ is defined with respect to the unknown periodic envelope 
such that 
0 = mx/1 Bae ch os a 


where / is the distance along the helix between maximum and 
minimum of the envelope, and x is the axial distance. This is 
equivalent to stating that there are m fundamental wavelengths 
in a length 2/ of the line [mm is an integer unconnected with the 
use in eqn. (1)]. ap is an arbitrary phase angle specifying the 
position of the zeros of the pattern with respect to the envelope. 
Similarly, addition of the forward- and backward-trayelling first 
reverse components yields a second standing wave, and it is 
evident that this will once more be in step with the fundamental 
pattern at a point (m + 1) wavelengths further along the line. 

Thus the total amplitude of the field from these components 
will be given by 


A = agsin (m0 + a) + a_,sin[m+1@+a«_,]. @ 


where a_, has the same significance for the first reverse com~- 
ponent as does « for the fundamental. 
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‘Eqn. (4) can ‘be written 

A = Rsin (m@ + a + ¢) (5) 
where R?=a2+2aa_jcos@#+at . . . © 
and g = arc tan an (7) 
i 2) 7, 
| — + cos 0 

a_\ 

where YW =0+a_,;—% (8) 


[The ratio of the maximum to the minimum of the envelope, ¢ 
say, is given by 
AI +a 
7 i os ae 
Co 2} 


(9) 


jand this equation can be used with the experimental curves to 
determine the ratio of the amplitude of the fundamental to the 
first reverse component, as in Fig. 5 (solid line). The zeros of 
the pattern will be given by 


sa =m + (m+ 1)oy — mae ,~+¢ . 
‘This analysis is formally identical with that for single-sideband 
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Fig. 5.—Experimental plot of a9/a—; together with assumed approxi- 
mation function. 


© Experimental points. 
— — — Approximation function. 


modulation theory,® and the function giving the variation of 
the spacing of the zeros of the pattern is sketched in Fig. 6. 

If the argument in eqn. (5), denoted by h, is plotted against 6’, 
a curve will be obtained as shown in Fig. 7. Insertion of the 
abcissae at (A = sz) according to eqn. (10) to intersect this 
curve defines the ordinates for the zeros which exhibit the 
periodic variations of apparent wavelength. It is seen that at 
& = 7, ie. near the minimum of the envelope, the apparent 
wavelength is increased, while it is decreased near the maximum 
(# = 0Oor 27). 
_ For a correct evaluation of m and thus the fundamental 
wavelength, the position of at least two zeros is required, together 
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with a knowledge of the amplitude ratio, r, of the envelope, but a 
more satisfactory procedure is to measure all zero positions and 
average Over complete periods or half periods of the envelope. 
This was done to obtain the experimental phase diagram of 
Fig. 8, up to approximately 0-95 of the 7-frequency. Since the 


d 


Fig. 6.—Phase-correction function. 


space-harmonic and fundamental wavelengths are very nearly 
equal at this point, the envelope is very long (m large), 
and exceeds the length of travel of the probe. The h, 0’ 
curve of Fig. 7 would thus have a large average gradient, and 


h=m6/+ (m+1) &g-—ma_, 


arc tan m 


Vow 
Fig. 7.—Phase-distribution function. 


the addition of ¢ increases this by a small percentage only, 
up to 6’ = z, and decreases it slightly from @ = ato2z. Over 
the majority of the envelope length the spacing of the zeros is 
constant, and in plotting the points of Fig. 8 from 0:95 to 1:05 
of the w-frequency it was assumed that this spacing gave the 
true fundamental wavelength and the correction due to ¢ could 
be neglected. This gives a phase-change per turn which is very 
nearly constant at 7 over a finite band, and thus apparently a 
dispersive region. It will be shown that the neglect of the 
discontinuity of spacing of the zeros near the minimum of the 
envelope is not permissible and accounts for this feature. 

The ratio of the apparent wavelength, X,,, measured near the 
maximum of the envelope, to the true wavelength will be given 


very closely by 
Ai ke cA ei 
r rer ( 
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Fig. 8.—Experimental phase diagram for line (shown inset) with 
uncertainty region (shaded), 


In terms of the equivalent phase constants (6,,, 8), this becomes 


Br ag: Ae (12) 
B m| dO" |e=0 
Using eqn. (7) and the fact that h = m®’ + (m + lay — ma_,+¢ 
Bm 1 
= || 
B | mala) +1 ve 


This relation can be used in conjunction with B for an idealized 
helix characteristic to predict how B,, would depart from the 


true value. Thus taking 
B = Bo cosec  . (14) 
it is readily shown that 
cosec 
Wa Bop op (15) 


Gr = BoP cosec oh 


from which the property that m, and thus the length of the 
envelope, is infinite at yp cosec = m can be seen. To obtain 
B,, as a function of By from eqn. (13), a knowledge of a/a_, is 
required in addition to eqn. (15). At low frequencies there is no 
deviation of B,, from B because all space-harmonic amplitudes 
tend to zero compared with that of the fundamental. For this 
to be so it follows from eqn. (13) that a9/a_, must tend to infinity 
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persion of the helix. A similar procedure can be carried out to” 


more rapidly than 1/m at low frequencies. Here m is propor 
tional to frequency [see eqn. (15)]. The correct dependence of — 
a /a_, requires a field theory as developed by Sensiper,! extended | 
to cover the case for an outer shield and for the helix wound on a 
dielectric, as used in the experimental work here. 

For a simple treatment a function will be chosen which has a 
sufficiently high-order pole at zero frequency, and passes through 
the point (1, 7) [Fig. 48]. It is found that 


13. ae (Bop, cosec w) 
a_; 4 


(16) 


compares well with experimental results for the particular line © 
which will be used to illustrate the phenomenon, up to the 7- 
frequency, although agreement is not so good above this (see 
Fig. 5). Using eqns. (13) and (15) with eqn. (16) gives 


Be esis 


BinP ra B 
cot3 -— +1 
Z “te 
where B = Bop cosec wb. ; 
This relation is shown in Fig. 8. The near-stationary phase- 
change at Bp = 7 is in evidence, and it can be concluded that 
the experimental results are due to this feature and not to dis- 


predict the experimental curve which would arise if wavelengths — 
were measured only near the minimum of the envelope. This 


gives 
T 
25-1) 


cot3 B/4 —1 Oem 


BP = B\I+ 
which is also shown in Fig. 8. 

The £,,p and §’,p curves enclose a region into which experi- — 
mental points would lie if the wavelength were measured at © 
random with respect to the envelope of the pattern. It was, in 
fact, the observation of a random distribution of points over this | 
area when measurements were first carried out on the trans- ~ 
mission characteristics of a tape helix in this region which led 
to an analysis of the phenomena involved. 

On the curve of Fig. 5 an experimental point has been inserted 
for the 7-frequency. This can always be obtained by changing — 
the frequency until the envelope of the maxima is constant as 
far as can be ascertained throughout the length of the line. If 
the frequency is exactly that for phase-change of a per turn, 
it is possible to rotate the helix about its axis to give a measured | 
pattern which is zero throughout the length of the line. The 
appearance of this condition is a very sensitive indication that 
the frequency is accurately that for a phase-change of 7 per, turn. 

The curve shown in Fig. 9(a) was measured with the last turn 
of the helix open-circuited 180° from the line of travel of the 
probe, and so there is a minimum of the envelope at the end of © 
the line. Rotation of the line about its axis by 180°, so as to bring. 
the open-circuit beneath the travelling probe, gives a maximum of — 
the envelope at the end of the line [Fig. 9(b)]. As the frequency 
is not sufficiently close to the 7r-frequency to extend the envelope 
beyond the length of available travel, a minimum of the envelope 
is observable. When the frequency reaches the z-condition 
this minimum falls to zero and broadens to fill the length of the - 
line along a single azimuthal angle, as indicated in the preceding 
paragraph. | 

A point A is shown in Fig. 8 which is obtained from the single» 
wide zero spacing at the minimum of the envelope in Fig. 9(6). 
It would not be expected that this would lie exactly on the 


predicted boundary, owing to the finite difference approximation 
implicit in eqn. (12). 

To summarize, it is necessary to average wavelengths measured 
\from the standing-wave pattern over integral numbers of half 
periods of the envelope in order to obtain the correct phase 
icharacteristic, but this becomes impossible at some frequency 
just below that giving a phase change of 7 per turn, for a finite 
jlength of measuring line. 
| Undoubtedly the simplest procedure is to extrapolate through 
|the 7 region, but if further detail is required it is necessary to 
jMeasure the ratio a): a_, and extrapolate this to obtain the 
\true wavelength as described. 
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(3) EFFECTIVE WAVE VELOCITIES IN A SHORT HELIX 

Although the previous Section has been concerned with 
measurements on a reflectively terminated line, the same features 
would be observed with measurements on a matched helix 
using a phase-sensitive detector. Furthermore, a travelling 
electron stream will itself be subject to disturbances from the 
same phenomenon. This may be regarded as being due to the 
finite length of the helix, within which the effect of space 
harmonics other than the desired component does not average 
to zero. 

For a travelling-wave oscillograph, for which the measure- 
ments described were undertaken, it is laborious but not difficult 
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Fig. 9.—Experimental standing-wave patterns taken near the 7 frequency for the line used in Fig. 8. 
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to calculate the deflection characteristic for .a short helix, 
assuming small sinusoidal r.f. fields, and taking into account the 
fundamental and first reverse component. However, this is of 
doubtful value, since such instruments are, in general, required 
for the observation of non-sinusoidal waveforms, for which the 
indicated calculation gives only indirect information. 

It is considered more likely that the limit to the high-frequency 
performance of a helical-line deflection system will be set more 
by the decrease in amplitude of the fundamental component 
with frequency as more of the energy is propagated in the higher 
space-harmonic fields. 


(4) PROPAGATION IN THE EXCEPTIONAL REGION 

As mentioned in Section 1, measurements were extended 
sufficiently high in frequency to cross the m = — 1 exceptional 
region. When measuring with the method used, the longest 
wavelength component is obtained which from Bp = 7 to 2m 
is the first reverse component. The corresponding fundamental 
branch is obtained by taking the image of these points in the 
Bp = 7 ordinate, but this has not been done in Fig. 8. It is 
seen that points are obtained which agree with the eo, mode 
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predicted by Stark, but the cut-off before the boundary of the. 
exceptional region is not present. 
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SUMMARY 


An approximate diffraction theory based on the Sommerfeld half- 
lane solution is developed. It is shown that, in certain regions, the 
‘lectromagnetic field scattered (in the two-dimensional problem) by a 
verfectly conducting half-plane with plane waves incident can be 
onceived as arising from the flow of electric and magnetic currents 
long the edge of the half-plane. This edge-current concept is extended 
o the diffraction of normally incident plane waves by an aperture of 
ibitrary form in a thin, perfectly conducting screen of infinite extent. 
The approximation is for large apertures and is probably asymptotic. 
nteraction between the fields scattered by different parts of the screen 
s neglected in the present treatment. 
Expressions are obtained for the tangential electric field in the aper- 
ure in terms of these edge currents. The case of the circular aperture 
s studied in some detail, axial and aperture field distributions being 
erived and compared with the available experimental and theoretical 

ta. Agreement with experiment and theory is fairly close, and 
mproves with increase of the ratio of aperture radius to wavelength of 
ncident radiation. ° 


LIST OF SYMBOLS 


Rectangular Cartesian co-ordinates of point of 
observation. 
A = Wavelength of incident radiation. 
w = Angular frequency of incident radiation. 
c = Velocity of light in free space. 
k = ac. 
E‘(z) = Incident electric field of unit intensity. 
E(x, y, z) = Total electric field. 
1(X, Y, Z), E,(x, y, z), E(x, y, Z) = Components of E(x, y, z). 
Hi(z) = ? Incident magnetic field. 
H(x, y, Z) = Total magnetic field. 
1,(x, y, Z), H,(x, y, z), Hx, y, z) = Components of H(x, y, z). 
€9 = Permittivity of free space. 
to = Permeability of free space. 
Z = V/(Hol€o). 
P = Point of observation, with co-ordinates (x, y, z). 
T = Projection of P on z = 0. 
Q = Point on rim of aperture. 
R = Distance between P and Q. 
p = Distance between T and Q. 
ds = Element of rim of aperture at Q. 
ds = Magnitude of ds. 
y = Angle between positive x-axis and TQ. 
@ = Angle between E‘(0) and ds. 
ys = Angle between Bipewlze, plane and plane containing 
ds, PQ. 
(r, 6) = Polar co-ordinates of point of observation in half- 
plane discussion. 
X = Angle between E(0) and edge of half-plane. 
E,, Ey = Electric fields scattered by half-plane when X = 0, 
47, respectively. 


(x, y, Z) = 
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Ij, If" = Electric and magnetic edge currents, respectively. 
ES, Em = Electric far fields produced by J¢, Ij, respectively. 
fe, [mn = = Edge currents corresponding to Ajeioee x. 
6 = Error introduced by considering field scattered by 
half-plane as an edge wave. 
a = Radius of circular aperture. 


II(x, y, 0) = Hertz vector of electric edge current, in circular 
aperture. 
TT G, y; 0), TE yx, ¥, 0) = Components of Ii(x, y, 0) in circular 
aperture. 
c 6) = Polar co-ordinates of point in circular aperture. 
Jeilis, Ie ree involved in calculation of II,, I, 
pB=0- 
J, = Bessel function of order m and argument x of the 
first kind. 


(1) INTRODUCTION 

The development of microwave techniques in recent years 
stimulated the study, both experimental and theoretical, of many 
problems in electromagnetic diffraction. Recent measurements 
at microwave frequencies!:*3:4 have indicated the extent to 
which the classical theory (i.e. Kirchhoff and its electromagnetic 
extensions) is acceptable, and, in particular, have shown that it 
yields an exceedingly poor approximation to the fields in the 
neighbourhood of the diffracting aperture. 

The rigorous solution of Maxwell’s equations subject to 
prescribed boundary values has been obtained for relatively few 
diffraction problems. In particular, the only such solution 
involving a finite aperture in a plane screen is that given by 
Meixner and Andrejewski5:.® for the diffraction of a normally 
incident plane wave by a circular aperture in a thin, perfectly 
conducting, plane screen of infinite extent. The method (expan- 
sion of the Hertz vector in spheroidal wave functions) lends itself 
to computations for apertures which are small compared to the 
wavelength. For large apertures, however, convergence is slower 
and the computational difficulties are formidable. 

A simple means of estimating the field components, especially 
in the neighbourhood of the aperture, would therefore seem to be 
of value. Most approximate theories that have been developed 
are useful only when the maximum dimension of the (bounded) 
diffracting aperture is less than, or comparable to, the wavelength 
of the incident radiation. Exceptions are the scalar theory of 
Braunbek7.8.9 (extended to electromagnetic diffraction by 
Frahn!°), and the geometrical-optics approximation of Bekefi,!! 
which may be applied when the smallest dimension of the 
aperture is large compared to the wavelength. Braunbek’s idea 
was to put the unknown boundary values equal to suitably 
modified quantities obtained from the rigorous Sommerfeld half- 
plane solution. Bekefi solved a boundary-value problem for a 
one-component Hertz vector, which is equivalent to the assump- 
tion of geometrical-optics currents on the screen. (Geometrical- 
optics currents are the currents that would flow in the screen in 
the absence of the aperture.) 

The new method is also based upon the Sommerfeld half-plane 
solution, but in a different way from that of Braunbek, An 
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examination of the two-dimensional solution to the perfectly 
conducting half-plane problem shows that, for incident plane 
waves, the field in part of the illuminated (in the sense of geo- 
metrical optics) region appears to radiate from the edge of the 
half-plane, and thus to be produced by currents (electric and 
magnetic) flowing along the edge. This edge-current concept is 
extended to the case of diffraction of normally incident plane 
waves by a large, arbitrarily shaped aperture in a thin, perfectly 
conducting screen. Expressions are obtained for the field 
quantities in part of the illuminated region in terms of relatively 
simple line integrals around the edge of the aperture. Although 
similar (in that they are line integrals) to the empirical formulae 


—jk 
E, = — xf 0s 0 sin yas 


E,y=1-— sec $ £08 8 os yas 


developed by Andrews! to describe his experimental results, they 
are significantly different. 

It may be worth while to emphasize the hypothetical nature of 
these edge currents, and to distinguish them from the current 
filaments introduced by Moullin and Phillips!2 to replace the 
excess current near the edge of a half-plane or ribbon. These 
authors found that the effect of such an edge on the current 
density is negligible, except at points relatively close to it where 
the density becomes singular. The effect of this excess current 
could be accounted for by the use of these current filaments 
situated on or near the edge. 

On the contrary, the present theory makes no claim to approxi- 
mate to the currents near the edge in this way. The edge-current 
concept and terminology are introduced only because of the form 
of the leading term in the asymptotic expansion of the half-plane 
field, and the strength of the edge currents will be found to 
depend on the point from which they are observed. 

Since the derivation of the edge currents is based on the 
asymptotic expansion of the half-plane field, it is considered 
likely that the approximation, where valid, is asymptotic to the 
true field. Evaluation of eqns. (8) for the aperture distribution 
by the method of steepest descents yields, in the limiting case of 
a large circular aperture, the leading term in the asymptotic form 
of the half-plane field. 

The effect of interaction between the fields scattered by different 
parts of the screen is neglected in the following treatment. The 
method is used to determine an approximation to the field on the 
axis of a circular aperture and in the aperture itself. These results 
are compared with experiment and with the available theoretical 
data. 


(2) DEFINITIONS AND NOTATION 


In the subsequent analysis, it will be assumed that the diffract- 
ing aperture and plane screen occupy the plane z =0 in an 
- orthogonal system of Cartesian co-ordinates. The incident plane 
wave falls normally on to the screen and aperture from the 
negative z-direction with z-dependence exp (—jkz). The propa- 
gation coefficient, k, is equal to 27/A, where A is the wavelength 
of the incident radiation. M.K.S. rationalized units are used, 
and time dependence exp (jw#) is understood for all field quan- 
tities. Impedance is defined in terms of the permittivity €) and 
permeability 19 of free space by Z = +/(up/eo). The incident 
and total electric fields are denoted by E(z) = E‘(0) exp (— jkz) 
and E(x, y, z) respectively, with corresponding notation for the 
magnetic fields: H(z) = H'(0) exp (— jkz) and H(x, y, z). 

In Fig. 1 are illustrated most of the symbols used in the discus- 
sion of diffraction by an aperture of arbitrary form. P is the point 
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Fig. 1.—Aperture of arbitrary form in a plane screen, with associated 
symbols. 
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of observation and T its orthogonal projection onto the apert 
plane. R is the distance from P to a point Q on the rim of the 
aperture, whilst p is the distance from T to Q. y is the angle 
between the positive x-axis and TQ, and ds is the element of edge 
at Q, oriented in the direction of increasing y. 9 is the angle 
between E‘(0) and ds, and ¢ is the angle (greater than or equal 
to mw for points on the “‘shadow side,” i.e. z > 0) between the 
aperture plane and the plane containing ds, PQ. 
In the discussion of the Sommerfeld half-plane solution, r is 
the perpendicular distance from a point P to the edge of the 
half-plane occupying z=0, x >0. ¢ is the pela angle of P 
relative to the positive x-axis. i 


(3) DERIVATION OF EDGE CURRENTS 
(3.1) Perfectly conducting Half-Plane 


The Sommerfeld solution to the two-dimensional problem of 
the diffraction of a normally incident plane wave by a thin, 
perfectly conducting half-plane (z = 0, x > 0) is first examined. | 

The electric field at a point P (z > 0, x < 0) with polar co- | 
ordinates (r, ) scattered by the half-plane is considered for two 
particular cases of normal incidence. A suitable linear com- 
bination of these two will then give the scattered field for arbitra 
incident polarization. 


Case 1.—Incident electric vector parallel to the y-axis, or 
E- polarization. 
It is well known (e.g. Reference 13, pp. 145-148) that the first 
term of the asymptotic expansion for the scattered electric fielc 
at P is 
Eg Jl4+kr) y 
Ge secdsinid . . . (i) 


with an error less than 47763 if P lies outside the parabola 
2162kr cos? 4p — 477) = 1. 

For small error this condition implies that kr cos? 4(¢ — 4m) 
s> 1. Therefore, as well as being in the far field (kr s 1), F 
must not be too near the edge of the geometrical shadow 


(¢ = 37). 


E, ae (0, iN 0)—_—_— 
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Case 2.—Incident magnetic vector parallel to the y-axis, or 
I-polarization. 

In this case the incident electric vector is parallel to the 
-axis, and the scattered electric field at P is 


e-iGa/4+kr) 
V (akr) 


vith the error again less than 4763 for P situated as before. 

The far fields radiated by an electric current /¢ and amagnetic 
urrent J7', both independent of y and flowing along the y-axis, 
re as follows: 


E, = (sin ¢, 0, cos ¢ —___— sec cosh. . (2) 


kZ ree —j3r/4+kr) ) 
ai / (arkr) 

= oknls— i) ©) 
nd Er = (sin ¢, 0, cos Pyalt Gk | 


Thus the fields E, and E, at (r, 4) with 7< ¢< 3n, are 
ist those that would be produced by electric and magnetic 
pac I¢ and J" respectively, flowing along the y-axis, where 


= (0, 1, 0) 


k= ae 22) sec $ sin 4p 


a (4) 


Im = — 


sec f cos 4h 


An bias ibstataeed normally-incident plane wave may be 
epresented by E‘(0) = (sinX, cos X,0), where X is the angle 
etween E(0) and the positive y-axis. E(z) is thus the sum of 
wo waves: one H-polarized and proportional to sin X, and the 
ther Z-polarized and proportional to cos X. 

By superposition of the previous results, the electric and mag- 
etic currents flowing along the y-axis that correspond to this 
ncident electric field are, respectively, 


Pees ae 


cos X sec d sin dd 


ja= — 


kre, 5) 
co. ©) 
k 


sin X sec cos 4h 
with the same limit to the error in the field as before. 


(3.2) Aperture of Arbitrary Form 


The foregoing results will now be extended to the case of an 
perture of arbitrary form in a perfectly conducting screen 
yeccupying the plane z= 0. The following seemingly plausible 
ssumptions are made: 

(a) In the part of the illuminated zone (z > 0), not too close to 
the edge of the geometrical optics shadow and: not too far from the 
plane z = 0, the field scattered by the screen is mainly an edge wave, 
which could be produced by the flow of electric and magnetic currents 
on the rim of the aperture. 

(b) The hypothetical currents flowing in an element ds of the rim 
of the aperture [where ds makes an angle % with £%(0)] are the same 
as were derived previously for a half-plane lying in the plane of the 
screen, with edge making an angle % with Ei(0). 


Although the far diffracted field (i.e. the difference between the 
otal and geometrical-optics far fields) of the half-plane is an 
dge wave in regions of space other than the illuminated portion 
yf z > 0, discussion in the case of an arbitrary aperture is con- 
ined to the latter zone because of difficulties in the extension of 
he edge-current concept across the shadow boundary. 

If P were too far from the plane of the screen, or too near the 
dge of the aperture, effects not attributable to these simple edge 
urrents would become increasingly important. 

The second assumption, which identifies the aperture edge 
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current in an element ds with that for a correspondingly oriented 
half-plane, should be qualified somewhat. It will be valid only 
if the curvature of the edge of the aperture is small. In other 
words, at each point on the rim, the edge is assumed to be 
locally straight. 

With this assumption, the equivalent edge currents flowing in 
an element ds (see Fig. 1) of the edge of the aperture to produce 
the scattered field at P are given by eqns. (5), with X = 0,6 = #. 


je —2V i 
kZ 


opus pare eee 926) 


sin @ sec 5 cos 4% 


cos @ sec # sin 44 


jm — 


Each current element produces a field at P, the total scattered 
field being found by integration over all such elements, or from 
the Hertz vectors of the currents. (In this latter case, % should 
be considered constant as regards differentiations with respect to 
the co-ordinates of P, since the factors dependent on % should 
enter only into the final expressions for E and H.) 

For a point P in the aperture, 


sec’ sindy = — 1, secycosts =0 


which implies that, in this approximation, the field is obtained 
from an electric edge current only. In fact 


ae 


le = — COU TIE AO OS te Ae, 


With E10) = 
p. 440) is then 


1 
/ 2a 


(0, 1, 0), the total far field at P (e.g. Reference 14, 


E,{x, y, 0) = 


Ee Jke ‘ 
$ ‘i cos (y — 9) cos @ sin yds 


- (8) 
1 


4/2 


The similarity between Andrews’s formulae quoted in Section 
1 and eqns. (8) is at once evident, but two significant differences 
are noticed, namely a phase difference of 7 in FE, and an added 
factor 1/2 cos (y — 9) in the integrands of eqns. “(8). Although 
measurements of |E,| would not resolve the question of phase 
difference, the additional factor should produce a measurable 
difference between predictions of the two theories. This will 
be discussed in more detail in Section 5, 


E,(x, y,0) =1 


— jie 
-— * cos (y — 8) cos @ cos yds 


(4) CIRCULAR APERTURE 

For the remainder of the paper the diffraction of normally 
incident plane waves by a circular aperture of radius a will be 
considered. The origin of co-ordinates is taken at the centre 
of the aperture, and the incident electric field is given by 
E(0) = (0, 1, 0). The electric field only is calculated on the 
axis—calculations for the axial magnetic field being very similar 
—and in the aperture itself. 


(4.1) Axial Field 


If the point P is on the axis, the electric far field may be found 
most easily by integration over all the current elements. The 
is-dependent factors are now independent of the variable of 
integration as follows: 


sec & sin ty = - sl (1 +5) 


( 
sec fs cos 4h = 5 /(1 A R= V/(@ + 2?) 9) 
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The differentials of the electric and magnetic current contribu- 
tions to E, [see Reference 14, p. 440, eqn. (2)] are 


ae @Y KR cos? Od0 
mv (1 +5) JER COS 


~zA/(1 = ae e—IKR gin? Od 


respectively. @, defined previously as the angle between EO) 
and ds, is also the polar angle of the variable point on the rim 


with respect to the positive x-axis. Hence 
E—IKR a a\ Zz 
2S 5a a = te es See pa 
pe ee 2 RG rR) + v(: al BoM 
whilst E,(0, 0, z) = E,0,0,z) =0. (11) 
Similarly 
airs Ae 1 
ZH{O, 0, z) = — e-# 4 Ja- > val + £)3 
(12) 
with H,(0, 0, z) = H,(0, 0, z) =0 . (13) 


It is of interest to examine eqn. (10) in more detail, since the 
transmission coefficient, ¢, of the aperture may be simply related 
to the far axial field (see References 15 and 16). For a circular 
aperture of radius a in a thin, plane screen, irradiated by normally 
incident plane waves polarized parallel to the y-axis, the relevant 
theorem states that 


t =lim a, EO) 2 (14) 
z>ao ik ee 


If |z| > a, the expression for E,, may be expanded in powers 
of a, giving 


ke ee 4 0( 5) 


E,0,0,2) = = 3 


(15) 

On inserting eqn. (15) for £,(0, 0, z) into eqn. (14), the value 
t = 1 is obtained for all values of ka. Little significance can be 
attached to this, however, because for large values of z/a the 
point of observation approaches the border of the geometrical- 
optics shadow, the first assumption of Section 3.2 is violated, 
and the approximation method is suspect. 

To obtain an improvement over the geometrical-optics value 
of unity it seems likely that the previously mentioned interaction 
must be taken into account, and an approximation valid for 
large values of z/a must be used. 


(4.2) Tangential Electric Field in the Aperture 


Approximate expressions will now be obtained for the (tan- 
. gential) components of the electric field in the aperture at a 
point not too close to the rim. As noted earlier, only the electric 
edge current contributes to the scattered aperture field. This 
will be calculated from the Hertz vector, II, of the edge current 
in order to illustrate the alternative approach, and because the 
resulting integrals were found more suitable than egns. (8) for 
numerical integration. 

The electric Hertz vector for the scattered field has components 


Il.(x, y, 0) = — 1) sin 26, 


Z; 2 aR 
227 (16) 
1G, Oe SR Sah cos? 6, + I, sin? 6,) 


Inges a 
and div II(x, y, 0) = ink SHY ht fo a ) 
(see Section 8) 
on ikke 
where Le | cos? BdB 
rea 
a ie 
-| —— sin? BdB ah, aa 
Pao 


2m 


n= | = a cos BdB 


0 


p? = 12 + a2 — 2r,acos B, B +0 — 4, - » 


(r = 6.) are polar co-ordinates of the point P in the aperture. 

“Exact evaluation of the integrals J,, J, and J, in infinite series 
is possible by methods similar to those employed by Bekefi!! 
and Stenzel!7. However, to obtain the greatest accuracy with the 
fewest terms, approximate methods are used. 

The integrals may be evaluated approximately for r,/a < 1 in 
terms of Bessel functions. Different approximations. to p and 
1/p are made, depending on the values of 8 for which the moduli 
3 the integrands are greatest. For J, and J,, the approximations 

~ a(l — rJacos B) and 1/p ~ (1 + rJacos B)/a are appropriate. 
Salada ~ ala — r[(ax) cos Bl, 1/p ~ [1 + r](ax) cos B]/(acx), 
with «2 = 1 + (r/a)2, is chosen for Jp. 


With the above approximations and use of the relation 


poe nets 
Loe ee [ eixcosb+inbgB , (20) 
0 


the following results are obtained: 


eg ska ‘; r 
2 Le {iver — J,(kr,) ar a. _ Iycrp]} 
h~ nie sur, Joe) + In(kerg|o) + 7 cadalalkr we] (21) 
—jka ; 
I, = aj tte) +3 “2[Jo(krp) — aah 


Hence the total tangential electric field in the aperture, cal- 
culated on the edge-current hypothesis, is as follows 


sin 20, 
Df 


| etal er — Ja(kr,) +5 “2135, (kr ) nae J,(kr rol} 


E(x, y, 0) = 


Eg Jkaa 


— a olka) + Is(kr,f2)] tee. a. a 


oe 


E(x, y, 0) = =1— 2; 


[em cos? 6 [othr ) — Lykr,) +4 “135 (kr, ) — J,(kr,)] 


Ee dkax 
+ 


sin? 6,[Jo(krp/a) + Js(kr,fa) 4 op, ). (23 
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Fig. 2.—Axial intensity of the electric field for circular apertures.” 


Edge-current theory. 

@ e Experimental points of Andrews. 
© © Experimental points of Silver et al. 
+ + Experimental points of Severin. 


(a) Radius 4). 
(b) Radius 3). 
(c) Radius 3A. 
(d) Radius 5). 
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Fig. 3.—Aperture distribution of the intensity of the electric field alon 
electric and magnetic diameters of circular apertures. 


2 
(a) and (6) Radius 4A. 
@ and (d) Radius A. 


e) and Radius A. 
(g) and (h) Radius 2A. 
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Edge-current theory. 


e@ Experimental points of Andrews. 
© © Experimental points of Silver et al. 
x 


x Experimental points of Bekefi and Woonton. 


Fig. 3—(continued) 
(i) and (j) Radius 4). 
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Fig. 4.—Comparis 


yla 

3on between exact, edge-current, half-plane and geometrical optics-currents theories for the aperture distribution 

of the intensity of the electric field along electric and magnetic diameters of a circular aperture. ka = 10. 
Exact theory of Andrejewski. 


——_—— —— Edge-current theory: result of numerical integration of eqns. (16) and gradient of eqn. (17). 
-~ ——-W— Edge-current theory: numerical evaluation of eqns. (24) and (25) respectively. 
—----— Sommerfeld half-plane thevrye #- and H-polarizations in (a) and (6) respectively 
-------- Approximate theory of Bekefi. 
(a) and (c) Along magnetic diameter. 
(6) and (d) Along electric diameter. 
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On the electric (x = 0) and magnetic (vy = 0) diameters, these 
expressions reduce to 


EO, y, 0) = 0 | 

eee 1 . (24 
E,(0,y,0) = 1 ~ T"[elko/a) + Ith lod] + O(zz) | ) 
and 
E,(x, 0,0) =0 , 
E,(x, 0,0) =1— ay (kx) — In(kx) I. a5) 

1 
+3 [30 (kx) a sy} 4 (E,) 


(5) DISCUSSION AND CONCLUSIONS 

Figs. 2(a)-2(d) show the axial electric-intensity distribution 
computed from eqn. (10), for several values of a/A, in comparison 
with the experimental results of Andrews,! Severin,? and Silver, 
Ehrlich and Held.? Fairly close correspondence exists between 
experiment and theory, even down to a/A = 4. The divergence 
between the two is appreciable in the immediate neighbourhood 
of the aperture, at the centre of which the theoretically determined 
E, takes the value 1 — 1 |/2 exp (—jka). 

“Agreement for such small apertures as afA = 4 was not 
expected from this theory. Andrejewski,!8 in a more recent 
publication than Reference 6, notes that on the axis certain 
terms in the exact solution vanish. These are, in fact, the terms 
determined by the permissible field singularities at the edge of 
the aperture, and off the axis they determine the field structure 
especially as regards the influence of the incident polarization. 
Thus it is to be expected that closest agreement between exact 
and approximate theories—the latter not necessarily satisfying 

n ‘edge condition’—will be obtained on the axis. In this 
same publication Andrejewski demonstrates the variation with 
ka of the electric-field intensity at the centre of the aperture in 
the range 0< ka< 10. This is found to agree well with the 
corresponding values from the edge-current theory for ka 2 4, 
but the two diverge widely for smaller values of ka. The apparent 
validity of the edge theory for small apertures is probably largely 
due to the above characteristic possessed by the axis. 

The complete lack of agreement in the case a/A = 5 was also 
unexpected, and may be due, on the experimental side, to non- 
uniformity of the incident wavefront across this large aperture. 
Recently Ehrlich et al.,!9 recognizing that their incident wave is 
spherical, suggested this as a possible cause for the behaviour of 
the axial field for a/A = 5. If Ro and R, are the distances from 
source to centre and edge respectively, of the aperture, Ry — Ro 
= @?/(Rz + Ro). In the case Ry + a (as would be expected 
in the experimental arrangement), Rp — Ry & a2/2Ro. Thus 
the phase difference between the incident wave at the centre and 
edge of the aperture varies as a2, and an effect negligible for 
a/X =3 [Fig. 2(c)] might be quite noticeable for a/A =5 
[Fig. 2(d)]. 

The present theory may be simply modified for an incident 
spherical wave if R,/a is assumed large enough, so that E? is 
still essentially parallel to the y-axis over the entire aperture. In 
general, the modified theory predicts displaced maxima and 
minima, and smaller amplitude for |E,|? in relation to predic- 
tions of the incident plane-wave theory. Little quantitative 
information can be obtained without knowledge of Rp. 

Figs. 3(a)—3(j) illustrate the variation of the electric intensity 
along electric and magnetic diameters of circular apertures with 
radii 4, 1, $, 2 and 4 wavelengths, computed from eqns. (24) 
and (25), and compared with the measurements of Andrews,! 
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Silver et al.,3 and Bekefi and Woonton.4 Since eqns. (24) an¢ 
(25) are mand only for small values of r la, the numerical calcul 
tions are restricted to the range r,/a < 0-7. Again the difference 
between theoretical and experimental results is appreciabl 
alse == yy == (0) 

The results of a numerical integration of eqns. (16) and th 
gradient of eqn. (17), for ka = 10 is compared in Figs. 4(@) an 
4(b) with the exact theoretical values of Andrejewski.© A com 
parison is made, in Figs. 4(c) and 4(d) between Andrejewski’ 
results, the approximate theory of Bekefi,!! and numeri 
evaluation of eqns. (24) and (25), all for ka =10. Clo 
correspondence between the exact and edge theories is obtained 
except near the edge of the aperture. In this region, as seen in 
Figs. 4(a) and 4(5), the field is similar to that of a half-plane 
with edge parallel to the adjacent edge of the rim. For ka = 10, 
the intensity along x = 0 given by the edge theory if y/a < 0- [ 
and given by the half-plane field if y/a = 0-75 is within a few 
per cent of the exact values, while along y = 0 the error is 
somewhat larger. 

The effect of the previously mentioned amplitude difference 
between the edge theory and Andrews’s equations is mo 
noticeable at the centre of the aperture. Here, Andrews’s 
theory gives E, = 1 — 1/2 exp (—jka), which is also given to the 
same order in a |(Ka) by Bekefi. On the other hand, the edge: 
current theory, and, to the same order, Frahn’s theory base 
on half-plane fields, give E, = 1 — 1/1/2 exp (—jka). The first 
terms in Bekefi’s solution for the apertag electric field are 


f __ 8in 20) ska 
E, Heh {kr,) + 0(;-) 


e ska 1 
y = 1 — ——Dolkr,) — J€krp) cos 265] + 0(;-) 


by 
I 


whilst, for rpla < 1, the edge-current theory gives 


_ sin 20 
—jka 
/2 Et oe Balk) + Og ) 


eo 1 
E, = 1 — ry [olkr) — Ja(krg) c0s 28] + 0(;) 


The similarity between eqns. (26) and (27) is immediatel} 
obvious. For apertures with diameters equal to an integra 
number of wavelengths, all available measurements of the 
intensity at the centre tend to support eqn. (26), but for ka = 10 
eqn. (27) gives a value much closer to the exact one of Andre 
jewski. It is also of interest to note that neither the geometrical 
optics theory of Bekefi, nor Andrews’s equations yields 
correct amplitude of the field scattered by a half-plane; both a 
in error by a factor of 1/+/2. 

In the foregoing, the edge theory has been developed to give 
the axial and aperture fields only. However, it should provi 
possible a treat some more general cases. or instance, for ¢ 
point (r,, 0,, Z,) situated slightly off the axis, so that ¢ is still 
ett constant around the aperture, a term dependent O1 
kr, cos (@—@ ») enters into the exponent of the integrand, and 
Bessel functions result on integration. On the other hand, whe 
r, is not sufficiently small to ignore this variation of ys, expansiol 
of the % part of the integrand in powers of rp, and term-by-term™ 
integration is possible. 

Another possibility is generalization to oblique incidence, bu 
a number of added complications arise. The edge currents mé 
again be deduced by appealing to the theories of Clemmow? 
and Copson?! on the quasi three-dimensional half-plane problem 
and integrals analogous to those in the present case may 6 
developed. The only feasible method for evaluating these seen 
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be by expansion of the integrands in powers of the sine of the 
le between the propagation vector of the incident plane wave, 
| the normal to the aperture. 
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(8) APPENDIX 


Evaluation of div II. 
From eqns. (16), (18) and (19), and with the variable of 
integration @ rather than f, 


Tceaso Lid Sar 
(x, y, 0) Ta | 5 sin 0 cos 
(28) 
27 ; 
Il, y, 0) a OEE aosz 00 
where p? = x2 + y2 + a2 — 2a(x cos @ + ysin @) (29) 


Then div II(, y, 0) = 


4 Prin cos BP — cose oP) 4 (2) a9 
7a | (sin cos 6— — cos saat ; ) 


jp  x—acos? :?  y—asin# 


Since 


Ox p > oy p 
therefore 
2m : 
a (x sin 8 — ycos 6) d se—ske 
eee d@ 

div II(x, y, 0) Tae | cos 8 ; PAE ) 

dp _ a(x sin 8 — ycos 8) 
But de p 


(30) 


2m 
1 d se —ske 
Hence div II (x, y, 0) = a) amk | er 0a( p ) # 
0 


An integration by parts now, yields eqn. (17). 
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PEAK-VOLTAGE MEASUREMENTS OF STANDARD IMPULSE VOLTAGE WAVES | 
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SUMMARY 


The frequency spectrum of a 1/50 microsec impulse wave is obtained 
by the use of the Fourier transform, The corresponding frequency 
spectrum of the output from a simple capacitance potential divider, 
suitable for use up to 300kV, is calculated from the input frequency 
spectrum for a 1/50 microsec wave and the frequency response of the 
divider, measured up to about 3 Mc/s. From this output frequency 
spectrum the output at a time of 1 microsec is calculated, and thus the 
divider ratio, suitable for peak-voltage measurements, is estimated. 
Consideration is given to errors due to the limited frequency range of 
the measurements, and the accuracy of the measurement of the divider 
ratio is estimated to be better than +1%. 


(1) INTRODUCTION 


The problem of faithfully recording very fast transients has 
been the subject of a number of investigations during recent 
years.!.2,3,4,5 The main considerations have been to analyse 
the defects of existing types of impulse voltage dividers!.2,3 and 
to attempt to produce distortionless dividers.4-> These investi- 
gations have required knowledge of the frequency spectra of 
impulse waves and of the frequency responses of potential 
dividers. In these investigations interest has centred mainly 
on attempts to obtain frequency responses which remain level 
up to the highest frequencies required to give undistorted records. 
If the frequency-response curve of a-potential divider is not 
level, the output will be distorted. The size of the distortion 
can be calculated, for any time ¢, from the frequency spectrum 
of the applied impulse and the frequency response of the divider. 
This method has been applied to determine the appropriate ratio 
of a simple capacitance potential divider for peak-voltage 
measurements on standard impulse voltage waves. 

Measurements of the peak values of standard 1/50 microsec 
impulse voltages up to 300kV were required during investigation 
of the impulse breakdown characteristics of uniform-field spark 
gaps. The impulse voltages were recorded by a high-speed 
cathode-ray oscillograph and a simple capacitance potential 
divider, as shown in Fig. 1. The capacitance divider C and the 
resistor R produce the required wavefront of 1 microsec nominal 
duration. The resistors necessary to give a wavetail of 
50 microsec were incorporated in the generator, and also acted 
as charging resistances. Tripping of the generator was controlled, 
so that a delay cable in the oscillograph circuit was unnecessary. 


(2) THEORY 

The ideal impulse wave, assumed to be applied to the divider, 
was represented by a simple mathematical function. This 
function was suitable for transformation by the Fourier trans- 
form into a frequency spectrum showing the relative amplitudes 
and phase angles of the continuously distributed frequency 
components. The transfer function of the divider, giving the 
relationship between the output and input, was measured for a 
wide range of frequencies. The frequency spectrum of the out- 


Correspondence on Monographs is invited for consideration with a view to 
publication. _ 
Mr. Aked is at the Royal Technical College, Glasgow. 


[ 186 ] ; _ 


Monograph No. 153 
Nov. 1 


It was published as an 


WAVEFRONT 
RESISTOR R 


WAVETAIL 
RESISTORS 
MATCHING 
RESIST TEST 
GAP 
MULTI-STAGE 
IMPULSE 
GENERATOR 
TO CHARGING 
CIRCUIT 
TO TRIPPING HIGH-SPEED 
CIRCUIT < “CATHODE: RAY 


~TOScILLOGRAPH 


Fig. 1.—Multi-stage impulse generator and recording circuit. 


put is the product of the input frequency spectrum and 
transfer function. From this output frequency spectrum, th 
output at time ¢ = 1 microsec was calculated by the use of 
the inverse Fourier transform, and thus the divider ratio suitabl 
for peak-voltage measurements was obtained. 


(3) EQUATION OF THE THEORETICAL IMPULSE WA 


The impulse wave was a nominal 1/50 microsec wave. For 
analytical purposes it was assumed that the wave could b 
represented by an equation of the form 


UV, = V(e7 tt eee ee 


the peak of the wave being at t; = 1 microsec and half the peal 
value occuring on the tail at t; = SOmicrosec. The constant 
in the equation are a, = 0-0142, a, = 6-073 and V = 1:0167v, 
The equation of the theoretical 1/50 microsec wave is therefore 


0, = 1-016 7u4(e-9-0142¢ — g-6-0734) | |, ( 
where f is in microseconds. 


(4) FOURIER TRANSFORM 


The magnitudes of the components of a time function f 
are given by the Fourier transform F(w). 


foe) 


In general, F(w) = | fed for O20" 2 
and FO) = | f(jdt forw = 0 a best oy 


_AKED: PEAK-VOLTAGE MEASUREMENTS OF STANDARD IMPULSE VOLTAGE WAVES 


or the function f(t) = e— 


F(w) = | e—%e—Jotdt 


— oo 


. for w +0 By ae (5) 
I = 1/@ + jw) 

= Roba 

FQ) = | e—atdt 

. ne mre s . 6) 
| =I1/a 


_ The R, and 6,’curves to a base of w/a are shown in Fig. 2. 
he transform of the impulse wave, represented by e—¢1t — g—42r, 
3 the difference of the transforms of e—2!¢ and of ¢—42t, For 


| 120 “120 


PERCENTAGE OF Ro 


Fig. 2.—Fourier transform of e—4 to a base of w/a. 


F(@) = 1f(a + ja) = 


Ra/ Oa 


he 1/50microsec wave the frequencies at which R,, and R,> 
ll to 1°% of their maximum values are 226kc/s and 9-67 Mc/s, 


‘espectively. The maximum value of R,, is only 0:23% of the 


FO) == 1/a a) Ro/ 80- 


| During the preparation of the paper the frequency spectra 
of standard impulse waves were given by Miles.’ His analysis 
yroduced an expression similar to that given above, but the values 
of a, and a, were slightly different and gave small errors on the 
k value and on the value at SOmicrosec. In concluding that 
he significant frequency range is 0-0-1Mc/s for a full 
/50microsec wave, Miles ignored wavefront components which, 
Ithough apparently small in magnitude, are very significant in 
letermining the shape of the impulse wave. These components 
lso make a small contribution to the peak value of the output 
oltage. The range, to include wavefront components down to 
-Y of their maximum value, would have to extend to nearly 
0 Mc/s. 


5) FREQUENCY RESPONSE OF THE POTENTIAL DIVIDER 
The frequency spectrum of the 1/5O0microsec impulse wave 
ows that a recording system would require a constant response 
ip to some 10 Mc/s if it were to record faithfully the shape of 
e impulse wave. Since the main consideration was to measure 
values of 1/50microsec impulse waves, the frequency 
esponse of the divider circuit was peeecenred up to about 3 Mc/s 


ye 


6) THE CONSTRUCTION OF THE POTENTIAL DIVIDER 
The simple capacitance potential divider had an upper-arm 
apacitance of approximately 300upF, and five lower arms 
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were used to cover the range 30-300kV. Each lower arm 
consisted of five to ten capacitors connected in parallel between 
two brass discs, with the cable terminating resistor placed in 
the centre of the ring of capacitors, as shown in Fig. 3. This 
design reduced the self-inductance to a very low value, and the 
symmetry prevented spurious oscillations occurring between the 
individual capacitors. 


HIGH- VOLTAGE 
OIL-FILLED 
CAPACITOR 


LOWER ARM 


TERMINATING 
RESISTOR Rz 


CABLE CLAMP 
COAXIAL CABLE TO CRO. 


Fig. 3.—Diagram showing construction of the capacitance divider. 


(7) MEASUREMENTS AT 50c/s 
The ratio and phase-shift of the potential divider were measured 
at 50c/s by the high-voltage bridge circuit shown in Fig. 4. To 
check the bridge, the ratio and phase-shift of a standard potential 


FROM HIGH- 
VOLTAGE 50c/s) 
SUPPLY 


VIBRATION 
GALVANOMETER 


Fig. 4.—High-voltage bridge circuit. 


C_ Capacitance potential divider. 
R; Standard 1-megohm high-voltage resistor. 


divider, using a 100upF air standard capacitor as the high- 
voltage arm and a 0:03 uF shielded capacitor as the lower arm, 
were measured and the results agreed with those obtained by 
calculation from previous calibrations of the two capacitors. 


(8) MEASUREMENTS AT HIGH FREQUENCIES 


Fig. 5 shows the bridge circuit used to measure the transfer 
function of the divider at frequencies between 50 and 400kc/s. 
The standard branch of the bridge contained two radio-frequency 
decade resistors, R; and R», and a variable air standard capacitor 
C,. Above 400kc/s R, was replaced by a small air capacitor in 
series with a resistor, and R, and C, by a variable air capacitor; 
this circuit was used for measurements up to 2-7Mc/s. The 
output from the potential divider was fed directly to one side 
of the detector, the other side being switched to one of the points 
1,2 on: 
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HIGH-FREQUENCY: 
SUPPLY FROM 
AMPLIFIER 


TO DETECTOR 
Fig. 5.—High-frequency bridge circuit. 


C Capacitance potential divider. : 
R; and R2 Radio-frequency decade resistors. 
C2 Air standard capacitor. 


CATHODE — 
FOLLOWER 


CATHODE- 
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DIFFERENCE 
AMPLIFIER 
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LOCAL 
OSCILLATOR 


AMPLIFIER 
AND CRO. 


NED AMPLIFIER 
AND C.R.O 


Fig. 6.—Block schematic of the detector in the high-frequency bridge 
circuit. 


A block schematic of the detector is given in Fig. 6. Cathode- 
follower input circuits were used to give the high input impedance 
required. The amplitude and phase-shift circuits were used in 
standardizing the detector. The signal from the capacitance 
divider was applied to both sides of the detector, and the ampli- 
tudes and phases were adjusted until zero output was obtained. 
The difference amplifier was a tuned-anode pentode, with the 
signals applied to the cathode and the control grid. A detection 
sensitivity of 0:1°{ was achieved. 

In the resistance bridge the major source of error is the stray 
capacitance C; in parallel with R,. If the divider under test has 
_ zero phase-shift, then at balance R,C, equals R,C,, and the 
bridge can be balanced for varying values of R, by altering R> 
only. This condition was obtained using the standard capacitance 
divider, and thus C, was estimated. 

A typical transfer function obtained with the simple capacitance 
divider is shown in Fig. 7. A simple equivalent circuit with a 
frequency-response curve approximating closely to the experi- 
mental curves could not be found. However, if both the upper 
and lower arms are represented by a series connection of R, 
L and C, a rising characteristic with increasing phase-shift is 
obtained if the natural frequency of the low-voltage arin is 
higher than that of the high-voltage arm. The natural frequency 
of the upper arm of the divider was approximately 6 Mc/s. 


RATIO OF OUTPUT TO INPUT AMPLITUDE 


FREQUENCY, Mc/s 


Fig. 7.—Typical divider transfer function. 


© Ratio of output to input amplitude. 
@ Phase-shift. 


(9) INVERSE FOURIER TRANSFORM 

At a given frequency, f, the component of the input wave is 

Rat VAL i, Ra VALOs 

If we consider the component R,; VAL the divider transfe 

function at this frequency is K Lo: and therefore the correspond- 

ing component of the output is R,,K ip + 64, = G. 

Let G = A, + jB, where A, is an even function and B, is an 

odd function, the phase-shift being negative at negative fre- 
quencies. 

The magnitude of the output at time f is 


ee) 
0, = | (A, + jB,)e/'deo 
7 
—20 


ioe) 
= | (A, + jB,) (cos wt + j sin wt)dw 
— 0 


ioe) . 
=e x| (A, cos wt — B, sin wt)dw + x (A; sin wt 
27) 7). +B, coswt)da 


ae | (A, cos wt — B, sin wt)dw 
2a 


For t <0, v, =0 


Therefore 


=| (A; cos wt + B, sin wt)\dw = 0 
420 


foe) co 
Therefore | A, cos wt dw = — | B, sin wt dw 
—o — oo 


ice) 
2 
Thus v= =| A, cos wt dw 


co 


4 
= at A, cos wt dw 


se jl A, cos 2aft df 
0 
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nd for the component a, 
[ee 
= 4| 4,008 Inftdf eee ete. (9) 
t 
0) 
the difference of these two functions gives the output at time rf. 


| In determining the output of the potential divider at 
= 1 microsec the above integrations were performed graphically. 


| (10) ESTIMATE OF ERRORS DUE TO LIMITATION OF 

| FREQUENCY RANGE 

| The graphical integration was carried out over the range of 
Theoretically the integration 


lrequencies of the measurements. 


‘ange introduces errors. These errors were calculated by 
issuming that the impulse wave was passed through an ideal 
circuit having a transfer function of 1 /0 from zero to a frequency 


and thereafter a transfer function of zero. The output from 

hi circuit at 1microsec was found by graphical integration 

nd compared with the actual input at that time. This gave an 
estimate of the possible error due to measurements not having 
been made at frequencies above /. 

The estimated error for an input of ¢—°-9!42 and a cut-off 
frequency of 1 Mc/s is only 0:16%. Measurements were made 
up to 3 Mc/s, and thus errors due to the limited frequency range 
are negligible for this input. 

To reduce the error in the estimate of the 1 microsec value of 
he wavefront function e—6 973 to a very small value, the cut-off 
Tequency would require to be about 10Mc/s. For this cut-off 
Tequency the true value of the function at 1 microsec is 0-23°% 
of its maximum, and the estimated value is 0-16%. The measure- 
nents were, however, only made up to 3 Mc/s, and an estimate 
nust therefore be made of the possible errors from the divider 
‘esponse to frequencies above 3 Mc/s. 


11) POSSIBLE ERRORS FROM THE DIVIDER RESPONSE 
TO FREQUENCIES ABOVE THOSE OF THE MEASUREMENTS 

For an input of fixed amplitude, the output from the divider 
‘ises at the higher frequencies owing to the approach to series 
esonance in the upper arm. The greater error in the calculated 
jutput will be due to the components of the wavefront 
xponential. Measurements could not be made above 3 Mc/s, 
ind attempts to extrapolate the curves by determining an 
-quivalent circuit were unsuccessful. The order of magnitude 
yf the possible error was investigated by assuming a simple 
quivalent circuit containing series resistance, inductance and 
‘apacitance in the upper arm, and a pure capacitance in the 
ower. This circuit was arranged to have an output, at resonance, 
f ten times the output calculated from the ratio of the 
apacitances of the two arms. The resonant frequency was 
ipproximately the same as that occurring after the breakdown 
yf a spark-gap connected to the divider by a very small loop. 
[he error produced by integrating to 3 Mc/s instead of to 10 Mc/s 
vas only 3%. For the ideal impulse wave considered the 
components at the higher frequencies will be larger than the 
orresponding components of an actual impulse wave, owing 
o the effect of the circuit inductance on the initial rate of rise 
yf the voltage. Thus the effect of the peaking of the output 
tthe higher frequencies will be reduced. The effect of the 
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peaking would be to produce oscillations on the recorded impulse 
waveshape, but the smooth waves actually recorded show that 
the amplitude of these oscillations is negligibly small. 


(12) ACCURACY OF THE PEAK-VOLTAGE MEASUREMENTS 

An estimation of the accuracy of the peak voltage measure- 
ments must include consideration of the accuracy of the 
measurement of the divider ratio, and also of possible errors 
occurring in the associated oscillography. The results of the 
tests on the standard divider and consideration of the smooth- 
ness of the recorded impulse waves indicate that the accuracy 
of the divider-ratio measurements is better than +1°%. The 
errors involved in calibrating the cathode-ray oscillograph and 
measuring the oscillograms are estimated at about +1%. The 
overall accuracy of the peak voltage measurements for 1/50 
microsec waveforms is therefore within +2°%. 


(13) CONCLUSIONS 

The simple capacitance potential divider, with the self- 
inductance of the lower arm reduced to a minimum, has been 
entirely satisfactory for peak-voltage measurements on standard 
1/50 microsec impulse waves. The frequency response of the 
divider used was not level, but the method of analysis enabled 
the ratio required for the peak voltage measurements to be 
calculated to within +1°%. For the theoretical impulse wave 
the components above a frequency of about 200kc/s are all less 
than 1% of the maximum value of R,;, but they cannot be 
neglected; and for peak voltage measurements on a 1 microsec 
wavefront, it would be desirable to know the frequency response 
of the divider up to about 10Mc/s. If the waveform recorded 
is smooth at the peak, a knowledge of the response up to about 
3 Mc/s only is quite sufficient for an overall accuracy of +2%. 
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AN INTRODUCTION TO THE ANALYSIS OF NON-LINEAR CONTROL SYSTEMS ~ 
WITH RANDOM INPUTS 
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(The paper was first received 11th December, 1954, and in revised form 2nd August, 1955. It was published as an INSTITUTION MONOGRAPH 
in November, 1955.) 


SUMMARY 


By way of introduction, the Wiener method of optimization of 
linear control systems with noisy inputs is briefly set out, and attention 
is called to the reasons why this method cannot be used directly for 
systems containing non-linear components. It is then shown that the 
difficulty with random inputs arises because the probability distri- 
bution of the output can be calculated only when that of the error 
signal is known; but in order to obtain this quantity the distribution 
of input and output must be combined. Thus it is not, in general, 
possible to obtain explicit expressions for either the error function or 
the output. If all the distributions were Gaussian, spectral densities 
could be used to obtain a solution of the problem, and this is the basis 
of Burt’s approximation (not previously published), which is given in 
detail. Unfortunately, when the input of a non-linear component is 
Gaussian, the output will be non-Gaussian, but in some cases it is 
possible to make the necessary approximation. 

The mathematical justification for this approximation and for 
Booton’s approximation is given in the Appendix. Booton’s approxi- 
mation consists in dividing the non-linear characteristic into a linear 
part and what he calls “the distortion factor.” The slope of the 
linear part is adjusted to give the best fit on a mean-square-error 
basis, and the distortion factor is then neglected. 

A method of obtaining an explicit solution to any required degree 
of accuracy by approximating to the non-linear characteristic by a 
number of linear domains is given in the Appendix. 

Finally, the possible use of topological methods to determine the 
stability of non-linear systems with random inputs is discussed, and it 
is shown that for useful control systems the phase-plane diagram of 
error for no input can almost certainly be used in the design of non- 
linear systems, provided that the bounds of input and output and 
their derivatives can be determined. 


INTRODUCTION 


The study of non-linear control systems with random inputs 
is necessary because for them the principle of superposition does 
not apply. In a linear system, if the performance is known in 
terms of a step-function, it can be converted into the frequency 
response, and conversely. Further, the work of Wiener! has 
shown how the performance for a random input can be calculated 
from the frequency response, provided that the frequency spec- 
trum or autocorrelation function of the input is known. Thus 

_the design of control systems to fulfil predetermined criteria 
under conditions of random input has become possible for linear 
systems, even in the presence of unwanted disturbances or noise. 

In non-linear systems with random inputs, however, the 
probability distribution of the input has to be combined with 
that of the output in order to obtain the probability distribution 
of the error function on which the output depends. When this 
is attempted it is found that simultaneous integral equations 
are obtained which cannot be solved by simple means. It is 
the object of the paper to show how these integral equations 
arise and to review the methods of approximation which have 
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been used to date. In the Appendix these approximations have 
been formally justified by the authors under certain conditions 
the nature of which is then evident. Since a great deal of the 
analysis of control systems is concerned mainly with stability, it 
is the presence of a random forcing function (the input) which | 
makes a rigid solution difficult or impossible to attain in many 
cases. The possibility of using topological methods to investigate 
stability is also discussed, and it is shown that for second-order 
systems a phase-plane method will yield useful information con- 
cerning stability when the input and output and their derivatives 
are bounded as in all practical systems. It is evident that the 
arguments employed can be extended for systems of higher order. 


having impulse response /j(f), is a function of time x(), 
output y(Z) is the sum of the responses of the system to all the 
unit impulses which go to make up x(t). This is expressed by the 
convolution integral 


response of the open loop is A(t) it follows that 


so that y(t) = | ho(r) [x(t — 7) — x(t — 7) dr 
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(1) LINEAR SYSTEMS WITH RANDOM INPUTS 
The basis of this analysis is that if the input to a linear system, 


co 


y(t) = | A(axtt—adr. . . 
0 


Fig. 1.—Simple linear control system with random input. 


In a linear control system (Fig. 1) in which the impulse 


oO 


TON ‘ have ae 
0 


e(t) = x(t) — WA) 


0 


feo} oO 


= { hor) x(t — r)dr — [ hor) y(t — 7) dr 
0 


0 
It is quite easily shown that if eqn. (3) is written 


ioe) 


y(t) =| hit) x(t= adie es 
0 


(@), the impulse response of the closed loop, is given by 
[Ho(p)] 

Hi pee ae LON 

| HHO! = 0] 


vhere [H(p)] is the Laplace transform of A(1). 
| It is usually some function of e(f) that will be used as a measure 
»f performance, and it is convenient to write 


Meee dicen et.) (5) 


ioe) 


| e(t) = x(t) — y(t) = x() — [ h(r)x(t—T)dr. . (6) 


0 


vhich is an explicit expression for e(f) in terms of x(t) and 1, 
‘ince A(t) is a known function of ¢. Further, knowing the spectral 
Jensity of x(t), it is in general possible by the calculus of varia- 
ions to find the function h(t) which minimizes any desired 
‘unction of e(t). If, however, the system contains an instan- 
aneous non-linear element, f(e), which transforms the error 


Fig. 2.—Simple non-linear control system with random input. 


unction e(f) into f(e), as in Fig. 2, before it is operated on by 
he linear network, /(7), then 


y(t) = | te Mee — ner Mee) ciel ce 


e(t) = x(t) — y(t) 
iving x(t) = e(t) + | hoa) flet—7)|dr . . . (8) 


0 


which does not yield an explicit expression for e(f) in terms of 
<(t) and ¢. 

From the point of view of performance it is interesting to 
nvestigate some norm of e(t), such as the average value of |e(7)|, 


jenoted by Je(A], or the time mean value of e%(r) defined by 


if 
lim aby e*(t)dt. or the present purpose it will be more 
T—> 2 2T _T 
-onvenient to take the time mean value of e?(t), denoted by e°(1), 
is the measure of performance. 

The square of the error is given from eqns. (2) and (4): 


[e(r) = x()x(t) — 2xco | h(r)x(t — t)dr 
bal) 


+ [ [reromease — 7)x(t — T2)dr,d7, (9) 
0 ; 
raking the mean of both sides gives 
p(0) = $,(0) — [werden 
pei! 0 
| (10) 


+ i i hr )h(z2)$,(7; —T)d7,drz 
o> 0 
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where ¢,(7) is called the autocorrelation function of x(#) and is 
defined by 


T 
$,(7) = x(Dx(t +7) = lim es x(t)x(t + r)dr (11) 
T—->© oe 
sothat 4,00) = x@x@ = [x(DP and ¢,0) = eX) . (11a) 
It is quite easily shown that 
i | Ma) yxE = FOR = Ty) ,dr 
0 ~o 
= | $,(7)[$,(7) + $,(— 7) dr (12) 
0 


where ¢,(7) is called the filter correlation function? of A(t) defined 
by 


co 


(7) = | A(t)h(t + 7)dt (13) 
0 
Provided that x(¢) is a stationary function of time 
Of) = 9,0) (14) 


Eqn. (10) becomes 
(ee) 


e>(t) = 6,0) = ,(0) 2 h(n)¢,(r)dr + 2] b(7),(7)dr . (15) 
0 “0 


which can, in general, be quite easily evaluated when h(1), $,(7) 
and $,(r) are known. 

It is now evident that, since ¢,(7) is a function of A(r) and 
therefore of Ao(7), it is, in general, possible to find a theoretical 
impulse response /ip(t) which will reduce e2() to a minimum; 
but this may not be physically realizable. 

Suppose that noise is present in the system; in a linear system 
it can, by suitable transformation, always be referred to the 
input, no matter where it occurs in the system. It is convenient, 
therefore, to represent these unwanted disturbances (noise) by a 
function n(f), at the input, which will be taken to be stationary. 
The wanted signal, also a stationary function of time, will be 
denoted by s(t). The input, x(f), is now given by 


x(t) = s(t) + n(t) (16) 


In the simple case shown in Fig. 1, in order that the output may 
follow the wanted signal s(t) as nearly as possible, the error can 
be defined by 


e(t) = s(t) — (4) (17) 
But yA) = | dep erGe— aaa 21 (om lia seeG) 
0 
so that e(t) = s(t) — [ A(t) x(t — t)dr 
0 
Hence ; 
fe)? = [si ? — 250 | h(r)x(t — 7)dr 
0. 
+ il | h(r,)h(7.)xX(t — 7)x(t — T2)dr\d72 (18) 
0 ~0 
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and taking the mean of both sides 


f{0) = ¢,(0) — 2 hy (T)AT)dt + 2 blt)p,(7)dr . (19) 
0 


0 


If the closed-circuit impulse response is to give the minimum 
mean square error, replacement of A(t) by A(t) + f(t) must result 
in a larger value of ¢,(0), denoted by N, so that 


N = ¢,(0) — 2] (7) h(r)dr 
0 


co 


a | | h(r)h(r2)x(t — 7) x(t — T2)dt,d72 


0 ~0 
oF 2] POF (Oar + | | ff ar)hry)x(t — 7) x(t — T2)dr dry 
0 0 ~0 


-- | [ h(t) f(r.) x(t — 7) x(t — T2)d7,dTz 


ne 
ue | “| repreraxt eee (20) 
eh 
> $0) — 2] rerb.tere 
: 
2 [| reonease — 7)x(t + T,)dt,dr, 
ee 
-- [| reomenxe — 7)x(t — Ty)dr,dr2 (21) 
es 


since the last integral of eqn. (20) is the ensemble average of 
0 2 
| f@x(t — ed , which must be >0. Since the term neg- 


lected is of the second order, the minimizing condition is 


0 


-- 2/ f(r)$,..(r)dt 
0 


2 i [ Fr )R(ry)x(t — 7) x(t — T2)drdr,. (22) 
0 ~0 


2] fn)| — Bea jek [ 
0 


hr )xe = aE = 7 7dr ar 
0 


since the last two terms of eqn. (21) must be equal, because the 
variables can be interchanged. The minimizing condition for 
all impulse functions f(t) thus becomes 


l 


ie.e) 


$a(t) = | ir) = aE = tara (23) 
0 
=| h(r),..(74 = adr Gy, = 0): (24) 


0 
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(2) CLOSED SYSTEMS INCLUDING AN INSTANTANEOUS 
NON-LINEARITY 


If the methods of Section 1 be applied to the simple non: 
linear case shown in Fig. 2, it follows from eqn. (7) that 


[e(t)]}? = [x(n]? — 2x(0| f [e(t — 1) g(r) dr 
0 


(25) 


(oo) 


ot | | holt )ho(72) f [e(t — 74) f [et — 72) |dr dr . 


O50 


and it is immediately seen that this does not yield an explici 
expression for [e(7)]?. 

Physically the problem is that, if the probability distribution 
P(x) of the input function x(t) to the system shown in Fig. 2 
known, then, in order to obtain the probability distribution P(e) 
of the error function e(f), it is necessary to combine P(x) with the 
probability distribution P(y) of the output (7). Even if this 
probability function were known, it would be difficult, and 
might be impossible, to carry out, but in any case P(y) is 
dependent on the probability distribution P(e) of e(f). Now 
even though the non-linear device is instantaneous, the output 
will be delayed by the linear filter io(t) and so it will be necessary 
to combine two probability distributions of quantities displaced 
in time. 

If all the probability distributions coutd be taken as Gaussian, 
it would be possible to work in spectral densities and correlation 
functions and so obtain an explicit solution, but, unfortunately, — 
even if the error function had Gaussian distribution, the output 
from the non-linear device, and hence the output y(t), would 
not have Gaussian distribution, and so the combination with 
the input would not be possible. Even if it were, it follows that 
unless the input had some special non-Gaussian distribution the 
error-function distribution would not be Gaussian and ae 
original assumption would be false. 

This does, however, suggest that it might be possible to find a 
probability distribution of the input which would make the error- 
function distribution Gaussian; it should then be possible to 
determine the performance of the system on the basis of a random — 
input having this arbitrary distribution. Since the probability 
distribution of the input to a system is not usually known with 
any high degree of accuracy, in many cases this might provide a 
useful criterion for comparing systems with the same charac- 
teristic function but different parameters. Unfortunately, if the 
characteristic function of the non-linear device is changed, a 
new input probability distribution will have to be used, but even 
so, comparison for inputs of constant variance might still be 
useful. 

If the non-linear device is followed by a linear filter with a 
narrow passband, as the bandwidth is narrowed so the output 
more nearly approaches Gaussion distribution, no matter what 
the distribution of the input. In effect, this is the assumption 
made in describing function methods, and Burt has made use 
of this in developing a method based on autocorrelation functions 
and spectral densities which is given below. 


(3) BURT’S METHOD* OF OPTIMIZING CERTAIN NON- 
LINEAR SYSTEMS WITH NOISE 

If the autocorrelation function ¢,(r) of the input to an 
instantaneous non-linear device be known, it is possible to find 
the autocorrelation function of the output Pe(7) by integrating 
the bivariate probability density of x(f) and x(t +7) over the 
domains allowed by the non-linear device. If x(t) and x(t + 7) 


* Contained in a privately circulated note dated November, 1951. 


‘stribution, the joint probability distribution is, by definition, 
[x(), x(t + 7)] = PCy, x2) 


— (nb22 = By) 1? ee P22XF — MarX3 + 2p 
| 2a 2(Mi1M22 — P49) 


| MTs ac (20) 


by = 4 = ,(0) 

22 = x3 =a ,(0) 

Paz = XX. = $,(7) 

The autocorrelation function of the output of the non-linear 
evice ¢-(7) is the average value of C(r){(t +7), any one 
alue of which will be decided by the non-linear characteristic 
‘x). If the input values are x, and x>, the output values will be 
‘X;) and f(x,); the probability of the value /(x,)f(x2) will there- 
ore be P(x;, x2) and the mean value of f(x;)f(x2) = d(7) will 
© given by 


‘here 


oe) ive) 


(7) -| dx, | dx f(x) f (x2) POX, X2) 
5 i dx | = heal il 


= POF + x3) + 26,7) x1x2 
[2¢,(0)? — fx(7)?] 


“his integral can be evaluated as an infinite series in ¢,(7) as 
hown in the Appendix, and in some cases the first term alone 
ives an adequate approximation. Alternatively, in a number 
f simple cases, some of which have been worked out by Rice,* 
Miiddleton,> etc., the non-linearity can be approximated to by a 
umber of linear domains as shown in the Appendix, where an 
n/off device is used as an example. 

In the Appendix it is shown that, for an on/off device with 
jaussian input, the autocorrelation function, ¢-(7), of the 
utput is : 


exp (27) 


are sin 

be) = 3(“—*) (28) 
vhere p is the normalized autocorrelation function of the input 
».(7)/b,(0) and +X is the output of the on/off device. 

It is also indicated how the integral can be evaluated for 
ther non-linear functions, when they can be approximated by 
number of linear domains, and it is worth noting that, if the 
on-linear function is approximated by 7 linear domains, n? 
ntegrals must, in general, be evaluated. 

Thus, either of these methods gives a definite expression for 
(7) in terms of d,(7). 

In general, the probability distribution of the output of a 
ion-linear device will be different from that of the input, and 
o the spectral density can be obtained from the autocorrela- 
ion function only by assuming it to be of the same shape as 
hat of the input changed in magnitude alone. This is the 
ssential approximation made by Burt. However, in many 
ases this may be a reasonable approximation, and Burt has 
hown that it is for a linear rectifier; some of Middleton’s* 
vork leads to the conclusion that in some cases it certainly is 
or a limiter. Further, a narrow passband linear filter after the 
ion-linear device, as is assumed when the describing function 
nethods are used, will tend to reduce the effect of the approxi- 
nation on the overall system of Fig. 2. The justification for 
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‘e random and correlated variables, each having Gaussian 
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this approximation and the conditions for its validity are given 
in the Appendix. 
If now the complete system shown diagrammatically in Fig. 3 


Fig. 3.—Non-linear control system with random input plus noise. 


be considered, first of all in the absence of the unwanted dis- 
turbance n(ft), 


e=x-—y 

L(E) = Y,(p)L(e) 

where L(E) and L(e) are respectively the Laplace transforms of 
E(t) and e(t). 

It is assumed that the non-linearity does not change the 


form of the spectral density of £ but only reduces its magnitude 
in the ratio of the output to input mean square values given by 


o2/0%, = $(0)/$_(0) 


and it therefore follows that it can be taken as an amplifier of 


gain 
_ (PO) \ 1? _ 
o-/og = eae = R say 


+ @9) 


It is now possible to write 
Ly) = “ Y,(p) Y(p)L(e) (omitting noise) 
E 
L(x) 
1 + RY,(p) Y2(p) © 


In order to evaluate R it is necessary to know of, which can be 
obtained by recourse to the spectral density functions G(w), etc. 
From eqn. (30) 


or L@) = (30) 


1 \2 
C6) = | Ry GN YTID| G1) 
a! Y,\(jw) 2 
and so G,(@) j is RY,Go) Fie, GEO. - saa(32) 


Pie) 


En =| Geode = | | 
<0 


0 


% G w) 
T+ RY,Ga) Yajo) 


“Ges - (33) 


$e(0) ]'" 
Re 3,0) can be found in terms of og = [¢,(0)]'/2 by 
one of the methods given in the Appendix, and eqn. (33) can 
then be solved for og when G, is known. G;,(w) is immediately 
obtainable from o,f and hence G,(w) = G,(w)/ Y,(jw)?, as of 
has been determined, and the value of R is known; hence G,(w) 


can also be determined. By the relationship o? = | Gdw the 
variance of both e(t) and y(t) can be calculated. 0 

If now the input to the system be considered as a slowly 
changing function of time, x(1), such that the system can quite 
easily follow this input except for an acceleration lag, and that 
rapid unwanted fluctuations denoted by n(1) are superimposed 
on the input function x(r), then if the mean value of x(t) be 
taken as X it follows that 


x(t) = X + n(t) ) 


34 
et) =x +n(t)— y } oe 


ih 


and 
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where x — 7 is sensibly constant and dependent only on the 
lags of the system, 7 being the mean steady state value of the 
output. 


By writing e =é-+e(t) where@é=x— yp (35) 
it follows that L(E) = L[E + E()] =Y,(p~)L[é +e] . GO 
Now for the system as a whole 

a ee Y,(p) 
L(E) = Y(p)L(e) T+RY,p) Viper 
¥i(P) ie-)| 2, . 107) 


~ 1+ RY,(p) YP) 


from which, as before, E and E(#) can be calculated, provided 
that ¢,(7), the autocorrelation function of the noise, be known: 


wa NO) Yi) 
1 + RY,(), Y() 1+ RY,(p)Y(p) 


If the amplitude distribution of the unwanted fluctuations E(?) at 
the input to the non-linearity is P[E(t)], the amplitude distribution 
of E will be P[E(1) — E] and this must be used in obtaining the 
two-way probability distribution P[E,, E,] of eqn. (26). It will 
be seen that this results in a different value for by (rT) of eqn. (27) 
and hence for R in terms of E and [¢,(0)]!/?._ In this way a 
modified transfer function for the whole system is obtained in 
terms of the mean value of E and the variance of E, og= 
[¢,(0)]'/2.. From eqns. (37) and (38) the values of E and [¢,(0)] 
can be obtained in terms of p (= jw), X and G,(w), and hence 
the new transfer function can be determined in the form of a 
frequency-response function. 


x and L(E) == L(n) . 38) 


(4) BOOTON’S METHOD 
Booton,® on the other hand, has approached the problem 
from the point of view of distortion by the non-linear device 
and by a quasi-linearization approximation. Thus, if the non- 
linear device is defined by 
= f(x) 


where y is the instantaneous output for an instantaneous input x, 
he writes 


Y(t) = Kx(t) + xy) (39) 


where K is the equivalent gain and x,,(f) is called the “‘distortion 
factor.”” The equivalent gain K must depend on some charac- 
teristic of the input function and should be chosen so that the 
approximation is an optimum in some respect, such as that the 
mean square error is a minimum. The linearizing approxi- 
mation then consists in choosing the best value of K when x;,(t) 
is ignored. 
(4.1) The Equivalent Gain 


For a particular value of the input, x, the squared error is 
(y — Kx)? = [f(x) — Kx]? (40) 


_ and the mean square error M is obtained by averaging the right- 
hand side 


Ve | [f(x) — Kx]2PQ)dx . (41) 


where P(x) is the first probability density function of x(t). This 
tae can be expanded to give 


M a ic F(x) f)P(x)dx — 2K i xf (X)P(x)dx 


===.) 
co 


se xe x2P(x)dx 


— oo 


“(@) 


BARRETT AND COALES: AN INTRODUCTION TO THE ANALYSIS OF 


Differentiation with respect to K gives 
ioe) ioe) 
a | xf (x)P(x)dx / | x2P(x)dx . 
—« —o~ 


In this expression the denominator is the mean square value of 
the input. 
In the Appendix, K2¢,(7) is obtained as the first term of the 
expansion of Pelt) which indicates the mathematical nature of 
Booton’s approximation. 
Booton gives as an example the case of a limiter with an input | 
having Gaussian distribution about zero, but he does not take | 
noise into account. 


(4.2) Application of Booton’s Method 


Booton and others have applied this linear approximation to a 
servo mechanism with a limiter,!° under Gaussian input. € 
method will apply equally to any servo mechanism with a single 
amplitude-sensitive non-linear element of the type shown i 


NON-LINEAR 
AMPLITUDE - SENSITIVE 


Fig. 44.—Non-linear control system with random input. 


Fig. 4B.—Equivalent linear control system to Fig. 4A. 


Fig. 44. The system analysed is the corresponding linear 
system in Fig. 48, under the same Gaussian input distribution. 
Since this is linear, the signal in all parts of the system is 
Gaussian.!! The gain K is varied until the standard deviation | 
of its input corresponds to the value of K calculated in the 
previous Section. There may be several values. The investi 
gation of the variation of this quantity o with input powers 
can be carried out and is assumed to approximate to the values — 
for the non-linear case. 
If Y,(jw) and Y,(jw) are the frequency response functions of 
the linear parts of the circuit, 


yy =K Y2(jw)E; = KY,(ja) Yo(jan)e; (44) 


where the bar denotes a Fourier transform for a finite signal. — 
But 


x ee Vi + Bi 
Therefor oa 
, “1 T+ KY,Ga) YG) 
is G(w) 
pag Cl) = TRY GaGa? 


Therefore o2 -| G,(w)dw = | eal (47) | 


| [PF RY, Ga) YG)? 


—2o 
Also from the Appendix 


foe) 
K= zf(e—7Edz. 8 


1 
op (27) ( E 


ice) 


o2 = | G,(w)dw -| |Yi(iw)/?G(@)dw. . (49) 


— 0 


"rom eqns. (47)-(49) K and o, can be eliminated and the 
‘elation between o, and o,, obtained. 


| (5) THE STABILITY OF SECOND-ORDER NON-LINEAR 
CONTROL SYSTEMS WITH RANDOM INPUTS 

For a control system of the type shown diagrammatically in 

“ig. 5 the following equations hold: 


e=x-—y 
ee wpe (50) 
Y(p)y = f(E) 
which give 
Y,(p)e + f¥,(p)e = Y2(p)x (51) 


f now Y,(p) is a second-order transfer function of the form 


Fig. 5.—Second-order control system with random input. 


[p* + Kp + L, as it will be for a simple motor and load, and 
’(p) is first order, eqn. (49) will be of the form 


é+ké+le+fle,é) =X +kxX + lx (52) 
vhich can be rewritten 
é4+Fe,d)=x+kitk (53) 


3y one of various methods of construction the phase-plane 
rajectories can be drawn for the equation 


é+ Fe, é) =0 (54) 
y rewriting in the form 
We A APE, é) Miuyudd 
ean Tae ince € = €— (55) 


_It is now seen that if there is a finite input x(f), the effect on 
he gradient of the trajectory is to increase it by 


Ped kx + Ix 
oe 
ince from eqn. (51) 
dé F(le,é) *+kx 4k 
de é 7 é >) 


t is reasonable to consider the input as made up of small steps 
f acceleration 6X and if the system is initially at some point Po 
29, €9), With input conditions X9, Xo, Xo, the representative 
joint will move in the direction PpP,; instead of along the tra- 
sctory. After a small interval of time 6dr, the representative 
joint will have reached a new trajectory at P, and will travel 
long a path making an angle with this new trajectory dependent 
mn the new values of x, x and x. Now since random behaviour 
or x(t) has been assumed, these values will be continually 
hanging, and the variations of actual gradient from that of the 
rajectories drawn for x(t) = 0 will be sometimes positive and 
ometimes negative, and the representative point will follow a 
irunkard’s course about one of the drawn trajectories. Now if 
he system is a sensible system for the type of input assumed, 
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it is an essential condition that wherever the system starts 
initially after a sufficiently long time it will tend towards the 
origin (e = 0, é = 0) of the phase-plane diagram. Thus, what- 
ever the fluctuations the resulting trajectory must always have a 
bias towards the origin in Fig. 6. In any practcial system there 


+l ng oe 


+e lmax 


Fig. 6.—Phase-plane diagram of possible second-order system showing 
limits of error and error rate. 


must be upper and lower limits for the input x(¢), and so no 
matter how the input varies it must always perform some sort of 
drunkard’s walk with reflecting boundaries at the upper and lower 
limits of x(t); and therefore the greater the modulus of x and x the 
shorter the time they can continue without changing sign. Thus, 
the greater the value of the correcting term 


X+t+kex +l 
é 


the shorter the time it can operate without changing sign. This 
sets a definite limit to the magnitude of the excursions from 
one of the trajectories drawn for x(t) = 0. Now not only will 
x, x and * be bounded, but for physical reasons the output 
quantities y, y and ¥ will also be bounded, and under the very 
worst conditions therefore 


lel max a, lies ae eae leer a Painad =o 12 poe 


and Peres =a Bl pe aie it bias $ (57) 


must also be bounded. In practice, owing to the nature of the 
system it may be possible to put lower limits on |el,,,,,. and 
\é| ax Which can be shown on the diagram. Further, there will, 
in general, be some small value |e|,,;,, of ¢ below which it does 
not matter how e varies, and this being so é can be just so large 
that the system will always run into alignment so that e does not 
exceed |e|,,;, aS shown in the diagram. In this way the required 
values of |é|,,;, are determined. 

If now the phase-plane diagram for x(t) = 0 exhibits limit 
cycles, the limit cycles will be alternately stable and unstable, 
and it will be necessary to ensure that a stable limit cycle (or a 
stable point) is enclosed within the box made by 

tlele and) 


min Glynn 


and that the box made by 


ana and + | 


e| max Chives 


is enclosed within the next limit cycle, which will be unstable. 


Then, provided that at some time the representative point starts 
within the e¢,,,,, box, it will come out of it only when xX exceeds j 
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for a considerable period, j being limited by the available out- 
put power. Provided that this extreme value of x cannot operate 
for long enough to take the representative point outside the 
unstable limit cycle, the system must always tend to run back 
to the origin by a drunkard’s course about one of the trajectories. 

Reference to eqn. (54) shows that when é approaches zero a 
transformation in e can be made such that 

Fi(e,, 0) = Sp heer (58) 
which is equivalent to a shift of the phase-plane diagram along 
the e-axis by an amount, which, for a system in which / = 0, 
will be the sum of the velocity and acceleration lags. This 
indicates that some adjustment of |e|,,;, must be made to take 
into account these lags, and the stable limit cycle must, in fact, 
lie entirely within these reduced limits. Similar adjustments 
must be made to the values of |el,,,,, and |é|,,,.,, and just how to 
assess these adjustments is one of the outstanding problems. 

Thus, given the limits of |e|nin. [lmntas 12lmaw’ AOL ela 
the problem in designing a system is to alter the parameters in 
such a way that the trajectories run by the shortest possible 
paths from any point within the outer box to some unspecified 
point on the boundary of the inner box. This implies the fewest 
possible crossings of the é-axis, but it must be remembered that 
it is the time taken for the representative point to reach the 
inner box which is important rather than the actual distance. 
The presence or absence of limit cycles is then unimportant, 
provided that no part of one lies in the region between the inner 
and outer boxes. 

With regard to the values of |e|,,., and |é|,,... if the proba- 
bility of large values can be calculated it will usually be found 
that the probability is very small indeed for the occurrence of 
values of e and é that are more than very small fractions of 
at Pipe and Ee ae I [ying 


| x | max 


except under conditions of switching on. It may therefore be 
possible to arrange for some debasement of the system on 
switching on, e.g. by reducing the gain or increasing the damping, 
so that it runs into line more slowly and then automatically 
reverts to the high-performance state when the representative 
point lies within the dangerous limit cycle of the high-performance 
condition. It may then be expedient to arrange for the system 
to revert to the lower-performance state in the event of e and é 
attaining values which bring the representative point dangerously 
near the unstable limit cycle. 


(6) CONCLUSIONS 


Booton’s approximation for the analysis of non-linear control 
systems with random inputs has been described and is justified 
in the Appendix. It has been found by numerical computation 
that, for a control system in which the motor and load is of 
- second order and in which a phase advance network is included 
before a saturating amplifier, Booton’s approximation gives 
excellent results. At present, however, no means are known of 
applying Booton’s method to a non-linear system with a random 
input in the presence of noise when it is required to optimize 
the system so that the output follows the wanted input as closely 
as possible, the statistical nature of both wanted input and noise 
being known. Burt’s method, on the other hand, can be used 
for this purpose, as has been shown, and it has been successfully 
employed in practice for a system containing a saturating 
element. Details of these results are not yet available for publica- 
tion, but it is hoped that a paper from Mr. Burt will be available 
shortly. 

The problem of how to determine performance criteria for 
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non-linear systems still remains. From what has been said (| 
appears essential to find criteria which are applicable to random | 
inputs if the comparison of non-linear systems is to be meaningful, - 
The mathematics developed for statistics is mostly based on the 
assumption that the variates involved are unbounded, and given 
a long enough time infinite values will be recorded. In physical — 
control systems this is not the case, as both the input and output 
and their derivatives, and therefore the error function and all its” 
derivatives, are bounded. 
A possible approach which is being investigated is to consider a __ 
control system as transforming a bounded set of all possible 
messages at the input into a second bounded set of messages at 
the output, some suitably chosen norm of the difference being 
taken as the measure of performance. How this may be achieved | 
has yet to be discovered and may, of course, be beyond Be 
bounds of possibility. 


(7) ACKNOWLEDGMENTS 


The authors wish to acknowledge with thanks the encourage- | 
ment and assistance of their colleagues in the Engineering | 
Department of Cambridge University, with whom and with 
Messrs. C. A. A. Wass and E. G. C. Burt of the Ministry of 
Supply, they have had many useful discussions. 


(8) REFERENCES 


(1) WieNER, N.: ‘“‘The Extrapolation, Interpolation and 
Smoothing of Stationary Time Series” (Wiley, New York, — 
1949). 

(2) LAMPARD, D. G.: “‘The Response of Linear Networks to 
Suddenly Applied Stationary Random Inputs,” Journal 
of Applied Physics (to be published). 

(3) Rice, S. O.: ““Mathematical Analysis of Random Noise,” 
Bell System Technical Journal, 1944, 23, p. 282 and | 
1945, 24, p. 46. 

(4) Rice, S. O.: ibid., 1944, 23, p. 35. 

(5) MIDDLETON, D.: “The Response of Biased Saturatell : 
Linear and Quadratic Rectifiers to Random Noise,” 
Journal of Applied Physics, 1946, 17, p. 778. 

(6) Booron, R. C.: ““Non-linear Control Systems with Statistical 
Inputs,” Dynamic Analysis and Control Laboratory 
Report No. 61 (Massachusetts Institute of Technology, | 
March, 1952). 

(7) CouRANT, R., and HILBERT, D.: ‘““Methods of Mathematical 
Physics”’ (interscience, New York, 1953). =| 

(8) LAMPARD, D. G.: ““‘The Minimum Detectable Change in the 
Mean Noise-input Power to a Receiver,’ Proceedings 
ILE.E., Monograph No. 80 R, November, 1953 (100, 
Part IV, p. 118). 

(9) LAMPARD, D. G.: “‘Generalization of the Wiener-Khintchine 
Theorem to Non-stationary Processes,” Journal of | 
Applied Physics, 1954, 25, p. 802. 1 

(10) Booton, R. C., MATHEws, M. V., and SEIFERT, W. W.: 
‘Non-linear Servomechanisms with Random Inputs,’ 
Dynamic Analysis and Control Laboratory Repo 
(Massachusetts Institute of Technology, August, 1953), 
p. 15). 

(11) SeicertT, A. F. J.: “The Passage of Stationary -Processes, 
through Linear and Non-linear Devices,’’ Berkeley 
Symposium on Statistical Methods in Communication 
Engineering (Berkeley, California, August, 1953). 

(12) THomson, W. E.: “The Response of a Non-Linear System | 
to Random Noise,” Proceedings ILE.E., Monograp 
No. 106 R, September, 1954 (102 C, p. 46). 


NON-LINEAR CONTROL SYSTEMS WITH RANDOM INPUTS : 197 


(9) “able 


9.1) Evaluation of the Integral [fre F (x2) p(%1, X2)dx dx 


where p(x1, Par isa Fetimncnsional symmetric probability 
density function. 


The two methods mentioned in the text are 


(a) Series expansion with possible approximation. 
(6) Exact evaluation. 

Exact evaluation is possible in only a few cases. The series 
sxpansion method is most conveniently used if p is a function 
only of the variables, x,/o, x,/o and p, where o is the standard 
deviation of x, and x, and p is the autocorrelation function 
normalized). 


9.1.1) Series Expansion. 

This method is very convenient when p(x,, x2) is a two- 
dimensional Gaussian distribution, since Mehler’s expansion 
(see below) may be used. Analogous expansions exist also for 
other probability distributions. * 

OF + x33 — ceed 


271024/' i 5 NP | 20°%1 — p?) 
1 5) XP ~  Gibe pie Cases) 
~ Inoh/0 — AL 92) 
&, = i. &,=x,/0 . 
Theorem (Mehler’s Expansion). ; 


1 SE a — 2pxy 
Ant ek a) 


= exp — G2 +9) 


(9.1.1.1) The Gaussian Case. 
Here 


PO, %2) = 


where (59) 


H,(0)H,Q) _, 
20a \\/ a 
where H,,(x), the nth Hermite polynomial = (— 1)"ed»/dxre—*°. 
The result may be shown by the following straightforward 
method or, equivalently, by a two-dimensional Fourier trans- 

formation of both sides: 


(60) 


a ral exp (— u2 + 2jxu)du (61) 


Therefore ees 


Hx) = (— ven 


as x2 
ay ur exp (—u2 + 2jxu)du . (62) 
AQAA Y)p" _ © (2j2npruwn oa 
n n x2 + y2 
Therefore >) ne a) caine. 
x exp (—w?— v2 + a jxu + "9 jyv)dudv (63) 
lel <p, <1 
but y Bi) = Eg 2euv 
n=0 ny 
2 2 
Therefore, rhs. = eo ee us an [: exp (— u? — 2puv 


— v2 + Qjxu + 2jyv)dudv 


* All these seem to be Mercer expansions of the kernel P(x1, x2, 9)/V/[P(%1)P(2)]. 
See Reference 7, pp. 134 er seq. 


using (61), | exp (— v2 — 2puv + 2jyv) =+/m exp fy +-jup)} 


3 loo} 

© 

iis) — |= exp 
7 


— 0 


Therefore [— (1 — p2)u? + 2j(x — py)uldu 


and again using eqn. (61) 


This: == 


2 D 
exp (x2 + y?) ( (64) 


Vt =P) ex 


Mehler’s expansion now follows on multiplying both sides by 


3) Sy Paya, 
iL =syoe ) 


exp = (x2 + y?) 


In probability applications it is convenient to use a form of 
the theorem based on €~7/2,_ This follows by putting 


didegd bit £ 
a/2 0p) 
and introducing the erase polynomials X,,(€) based on e~*/?, 
namely Yel eer! VW cia a STEN ate OU pean (G5)) 
The first few functions X, are Xo(€) = 1 
X(6) = > 
X(6) = Sxl =) 
pay a ey 3 — 
X3() a 36) 


Mercer’s formula now becomes 


— &+ & — »€€, 
2(1 — p?) 
eG ED2 © 


as x, X AE) X(E2)p” 


a= 


1 
Dray pe | 
(66) 


Changing the variables in the required integral to €, and €, and 
putting in this value 


{ Is Spf 2), Xp)dxdx2 


OO ae) 


4 a2 | feéorot de SeDI2Y prX (ED X,(EaddE al 


aS pr| | foé) flot je-G+BIAX (&) X (Ende de 
n=0 Mey 
= > azpn . (67)* 
n=0 


where 4, Je f(cX,(He-FPdE since the double 


= yen co) 


integrals split up into the product of two identical single integrals. 
a, is the coefficient of X,,(€) in the expansion of f(c&) in terms of 
these polynomials. If fis an odd function, i.e. f(— x) = — f(x) 
the terms, a,, vanish when 7 is oss since X,, is odd or even 


nm 
with 7. 
* Since the paper was written a similar method of obtaining the autocorrelation 


function of the output of a non-linearity in terms of that of the input has been published 
by Thomson. !2 
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Connection with Booton’s® Approximation. co © 
« = | HaCrr | p(r)dr(o3 — Ko?) . Ge 
as | flof)ée-#Rdé = 0K... (68) oe | 
77 
— © where 03 = $,(0), and gives a rough upper limit for the err or 


where K is Booton’s constant which he called the equivalent im $3(7). In practice, the error may be expected to be m ch 
gain of the element. Thus for a symmetrical device (f an odd smaller as p"(r) tends to a function g(r) where g(0) = 1, g(7) = 0; 
function) the expansion of the output autocorrelation function is 7 # 0. 


2 = (oK)*p + terms in p of degree > 3 ; (69) (9.1.1.2) Extensions of the Above Method. 


: ; square-law envelope (Lampard).8 

aoe $ and 2 are the input and output autocorrelation func- An extension of the method can be used to give the higher o 
tions. Consequently Booton’s approximation, which would be put moments f ...f f(x) f(x2)..- f(x, p04... x, dx... de, 

equivalent to retaining only the first term of this expansion, is ite base lot a Matkott process. 4 
justified when the remaining terms are negligible. This will be Lampard? has also given an extension of the method fon 
the case when the non-linear element is followed by a low-pass 
: eel , calculating moments for non-stationary series. 
filter with bandwidth which is small compared with that of the . eA 

error signal, as shown below. x 
Suppose that the output signal of the non-linear device is 9.1.2) Explicit Evaluatio of | ey 

passed through a filter of impulse response A(1). Let the auto- (9.1.2) Explicit Evaluation IGoF (x2) p(41X2)dx1dx2. 
correlation function of the. output of this filter be $3. This is : af Pats } 
related to the input autocorrelation function by The integral has been explicitly evaluated, i.e. in terms of 
tabulated functions, in only a few cases. If f(x) consists of 
( atta, straight segments, the integral may be expressed in terms of the 
$37) = | bor Hr — 7')dr one-dimensional distribution function—in the Gaussian case an 
error function. 


Analogous expansions exist also for other distributions, e.g. 


ive) 
where AG) = i AG’ +7°)W7' dr” —. Sw SS (0) ~Ss Example (a). 
ats On-off with Gaussian input 
is what Lampard has called the filter autocorrelation function. + octet 
It has some properties of an autocorrelation function f@) { & (74) 
— Xx 
i) HO) > H(s) all 
@) HO) > HO) allt Keyan 


(i) H(7) > 0as 7 -+ 
Substituting Since fis odd, the integral splits up as follows: 


Pe ioe) co 00 72 po co 20 (oe) } 
(7) = npr) the result is $3(7) -| X a2on(r’)H (1 — 7dr’ | | = | | ae J [+ fi Je te = | | ss 2) is . 
0 B00 “9 *q “9 FS 


= = Sa] pir 7 )dr (p replaced by —p) . (79 


n=0 
—@ 


2x% li | 
= exp — (£2 + &3—2p€,€,)dE dE, 
The change of summation and integration is justified by absolute an (ep 5| 0 ‘ 
convergence of Xa2p", 


Now assuming f(x) is odd, all terms in the summation corre- “i 
sponding to even n will vanish and the error in assuming a a exp — (67 + £3 + 2pfiSo)dé dé 2 |20/(1 — p2) 
first-term approximation will be 0 


oo 2x2| (7 — wh) — ; 
2 Ge | POAG—T) dt 3 2 eee) i | ; t) where pe ae oo) 
MS S58 Lsjcinn ae 
be 2x6 8 » (are sin p F 
In absolute value this is less than or equal to ND ) 3 ( 7) (i? 
ss a| |pr(r)| |r — 7dr It remains to justify the last step but one. If % 4 0,7, 
n=3,5,7 } 
a 4. © co 00.00 
<HO > @| lon(z) |r | | e—€}485 +2812 cos WdE, dE, = cosec al | e-(i+ dn dng 
n=3,5,7 "J 0 “0 0 “0 
x 4 (7 /) 
< HO @| p2 ; 
\ Sati P a where 71 = COS aC ali E,), Lip == sin H Pez, & te £9) 
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Now put r2 = nf + 73, 8 = arc tan ra \ 
, 00 00 v/2 pn© ih f (x) 
i | E—ui+tadn dn = | { e—"rdbdr =". (78) 
0-0 —/2"9 
Similarly, by changing y to 7 — & x 
co 
J | eG te—BiecosWqe dé, = — 5 b 
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Heer ©. Fig. 7.—Functi isting of ber of straight-li 
If f(x) consists of a finite number of straight-line segments Pie its Oita matte et on se eyo cal iMolines seesnonts: 
(Fig. 7) the integral reduces to a sum of integrals of the types 


by pb2 In the Gaussian case, the following integrals are useful :4 
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SOME TERMINOLOGY AND NOTATION IN INFORMATION THEORY 
By I. J. GOOD, M.A., Ph.D. 


(The paper was first received 18th July, and in revised form \0th September, 1955. 
November, 1955.) 


SUMMARY 


The main purpose of the paper is to stimulate thought concerning 
terminology, notation and exposition of some basic parts of infor- 
mation theory. The notation used here is intended to be simple, nearly 
self-explanatory, readable in words from left to right, and suggestive 
of new applications. Moreover, sufficient generality is. preserved to 
ensure that entropy can be interpreted without necessarily depending 
on the frequentist definition of probability (as a limiting frequency in 
an infinite sequence of trials). Mention is made of some connections 
of the theory with inverse probability and with mathematical statistics 
in general. 


(1) PREFERENCE FOR THE TERMINOLOGY OF THE MORE 
FUNDAMENTAL SCIENCES 

A serious difficulty in the unification of science is that different 
branches use different words for the same thing and the same 
word for different things. A principle that would help to over- 
come this difficulty is that the words (and notations) used in 
the more fundamental branches of science should generally be 
preferred when there is a choice. For example, the word 
“average”? would be better replaced by ‘‘expectation’” (or 
“‘expected value’’) when that is what it means. It is also desirable 
to define technical words in terms of fundamental sciences: 
an ensemble could be defined as a population of infinite sequences 
of trials, and in fact could in most contexts be called a popu- 
lation. If an instructor does not wish to run counter to estab- 
lished usage he can at least point out where established usage is 
unsatisfactory. For example, the word ‘‘expectation’’ in the 
theory of probability is unsatisfactory, but once this has been 
emphasized it no longer leads to confusion. 

It is too much to hope that engineers will be prepared to 
accept the terminology of probability and statistics, but perhaps 
some engineers may be interested to see how information theory 
can be expressed in such terminology. If two languages must 
be used it may be helpful to show that.translation is possible. 

Within the theory of probability itself there is further room 
for improvement. When applying Bayes’s theorem, the ex- 
pressions a priori and a posteriori are unnecessarily pompous 
and have, as Jeffreys! has pointed out, misleading philosophical 
associations. The only justification for them is that they are 
*‘O.K. words” in the sense of Potter.2 Jeffreys shortened them to 
prior and posterior and at a recent meeting of a philosophy of 
science group he used the even better terms initial and final, 
previously suggested by von Mises.2 These terms have the 
further advantage that one can interpolate intermediate prob- 
abilities in sequential problems: the Latin for intermediate is 
not known to every schoolboy.4 


(2) PROBABILITY NOTATION 


One of the main apparent dichotomies of notation in the theory 
of probability is concerned with probabilities of propositions on 
the one hand and probabilities associated with random variables 
on the other. Although probabilities associated with random 
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variables are of more direct interest to most engineers, the more 
fundamental idea is that of the probability of a proposition, and 
all other types of probability are on that basis special cases, 
provided that the word proposition is taken in its most general 
sense.* All that is required of a proposition,is that there should 
be a meaning in saying that it is true or that it is false;8 the\ 
meaning of meaning will not be discussed here. Propositions 
are part of the stock-in-trade of logic, a subject that is regarded 
as more fundamental even than probability. We shall therefore 
regard the notation P(F | G), where F and G are propositions, as © 
the fundamental notation in probability theory. This notation 
is used, for example, by Jeffreys! and is read ‘“‘the probability 
of F given G.” Probabilities themselves may be interpreted in 
the most general sense, i.e. in the subjectivistic sense, as in 
References 7 and 9. The proposition G can sometimes be taken — 
for granted and omitted from the notation without confusion, — 
although its omission sometimes does cause confusion. : 

Hypotheses will be regarded as a special type of proposition. ’ 
If H is a hypothesis and E is the proposition describing an event 
or experimental result, then P(E |H) is a more familiar expression 
than P(H|E); but both types of expression will be permitted in 
the paper, because P(F|G) is regarded as existing for every pair 
of propositions. Only the six symbols E, F, G, H, K, L (possibly 
with. suffixes) will be used for propositions, and & and H when it 
is required to suggest the intuitive interpretation of propositions 
as experimental results (or events) and as hypotheses. Any such 
suggestion will be made only because of the general interest in 
experiments and hypotheses, and it will always be legitimate to 
use F and G, for example, instead of E and H, and to interpret 
F and G as quite general propositions. 

The notation P(x), meaning the probability that a random 
variable, X, takes the value x, will be used in the later Sections. 
In the propositional notation, P(x) should be written P(X = x), 
and P(x) is best regarded as an abbreviated notation. 

For continuous variables with probability densities, there is” 
something to be said for the notation p(x), meaning 


.. Pw kK Seo 
lim 
5x0 bx 


but other notations, such as P(dx) or P(x), also occur in the 
literature.t In the present paper discrete variables only will be 
used: this reference to continuous variables is made in order 
to show that probability has its need of accepted conventions 
just as much as information theory. 


(3) AMOUNT OF INFORMATION IN A PROPOSITION? 


Continuing with the fundamental, i.e. simple-minded, approach, 
we may define the amount of information in a proposition F 
as minus the logarithm of its probability, —log P(F), or as 
—log P(F|G) when some hypothesis, G, is regarded as given.®7 
It is only when we come to the notion of entropy (defined in 


* The use of random variables has the same generality as that of propositions, but 
only in an artificial manner. 4 ] 
+ Jeffreys! (2nd edition, p. 120) gives reasons for the notation P(dx), meaning 
P(x)dx. 3 a : 
t Not to be confused with the amount of information, available in a sample 
concerning a population parameter, as defined by Fisher.5 


Section 5) that expectations will be taken. 
'(F) = — log P(F). 

The information may be regarded as the amount received, 
toncerning F, when we discover that F is true, i.e. when its 
srobability becomes unity in virtue of new evidence. 

It is sometimes thought that the measure of the amount of 
nformation in a proposition should depend on the utility of 
he proposition if true. We might, for example, say that the 
amount of information in the Proceedings of the Second London 
Symposium on Information Theory was 65 shillings’-worth. To 
2»xclude utilities from the definition of amount of information 
jepends simply on a decision. If we decide to make the amount 
of information depend only on probabilities and if we insist on 
ts having the additive property for probabilistically independent 
dropositions, then minus the logarithm of the probability is the 
only possible definition. The base of the logarithms determines 
‘he unit of measurement, while the minus sign is inserted merely 
n order to make the. measure non-negative when the base is 
reater than unity. An amount of information may more 
pecifically be called an amount of probabilistic information. 
xtensions to “utilitarian information’? would also be of 
interest.!5; 22 


We may write 


4) AMOUNT OF INFORMATION IN ONE PROPOSITION 
| CONCERNING ANOTHER 

Denote by E the proposition stating the result of an obser- 
vation or experiment (the evidence). Suppose that, when E is 
ziven, the probability of H does not become unity, i.e. that 
P(H|E)~1. Then the extra amount of information that 
would be obtained if H were now found to be true would be 
— log P(H|E). Hence it is natural to say that the amount of 
information concerning H provided by E is 


— log P(A) — [— log P(H|E)] units, 
Ke, log ae ) units, 
e ee raits 
a “P(E)P(H) 


f E has non-zero probability, a condition that will always be 
satisfied in practice. The last expression is the logarithm of 
what may be called the association factor between E and H. 
[t is symmetrical in E and H. This natural generalization of 
the above definition of the amount of information in a proposi- 
ion is used by Woodward!° and Goldman,!! but with different 
erminology from that used here and with less apparent desire 
‘or philosophical generality. We may say that 


P(F and G) 
108 SHPO) 


where F and G are arbitrary propositions of non-zero proba- 
jilities, is the amount of information in G concerning F, and is 
ilso the amount in F concerning G, in virtue of the symmetry 
of the expression. If F and G are probabilistically independent, 
2ach gives no information concerning the other, since then 
?(F and G) = P(F)P(G). Another special case is when F = G, 
he consideration of which is left as an exercise for the reader. 
A very simple example of a communication or information 
system occurs when someone tells you that H is true. If he is 
‘eliable, and is known to be reliable, then the amount of infor- 
nation received concerning H is —log P(H#), but if he is unreliable 
or dishonest then it is only —log P(H) + log P(H|E), which is 
ess than —log P(A), where E is the proposition or event that the 
man has told you that A is true. An unreliable or dishonest 
nan is an example of a noisy transducer. Moreover liars and 
writers of bad prose change the statistics of language itself and 


= I(F : G), say 
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therefore make it more difficult for their betters to convey 
information. 

The definition of /(F : G) connects up with that of a sufficient 
statistic. If E is an experimental result and @ is a statistic, i.e. a 
numerical or vector function of E, then @ is said to be sufficient 
for @ (a population parameter) if P(E|6) = P(E|@ and 6). (The 
values of other population parameters may be taken for granted 
throughout.) It can be deduced that 1(6: E) = 1(@: 0), and 


this gives rigorous meaning to the familiar statement that @ 
provides all the information concerning @ that is provided by 
the experiment or evidence. This connection between infor- 
mation theory and sufficient statistics is simpler than one that 
has been suggested previously, using expected amounts of 
information.?6 

An application of the association log-factor has been made 
to the theory of contingency tables, especially for the estimation 
of the probabilities of events that have never happened before. !2 
Contrary to a crude definition of probability that is sometimes 
given, these probabilities are not zero. This work!2 makes use 
of the after-effect function originally tabulated for an electro- 
dynamical application.!3 

It is of some historical and logical interest to note how inverse 
probability is related to the amount of information in a proposi- 
tion concerning another one. 

Let A; @ = 1, 2,3,...) be a sequence of possible hypotheses, 
and £ a proposition describing an event. By Bayes’s theorem, 
which is itself an immediate consequence of the product axiom 
in the theory of probability, P(H; |E)/P(H;) = P(E|H))/P(E), 
and this is proportional to the ‘“‘likelihood”’ P(E|H; ), When E 
is fixed. Thus the amounts of information in E concerning the 
H’s form a set of relative log-likelihoods, also called “‘relative 
log-factors” or “‘relative weights of evidence” in favour of the 
various hypotheses.7 The word relative is used here to mean 
that any constant can be added to all the expressions, not that 
they can all be multiplied by a constant, without a change in the 
base of the logarithms. 

A further relationship between information theory and inverse 
probability is of interest in the problem of fair fees to be paid 
to experts who estimate probabilities, such as meteorologists, 
technical advisers to firms, and other tipsters.14,!5 A still further 
relationship is mentioned below. 


(5) ENTROPY 

Suppose we have a number of mutually exclusive and 
exhaustive hypotheses H,, H,, H3,... In some communi- 
cation systems these hypotheses correspond to the letters of the 
alphabet or of a generalized alphabet, sometimes called a “‘sample 
space.” Suppose that we intend to make an observation that 
will decide definitely which of the H’s is true. If H; is found to 
be true, the amount of information received concerning H,, 
i.e. concerning the truth about the H’s, is —log P(H;). There- 
fore, before the observation is made, the expected amount of 
information concerning the H’s, to be obtained from the obser- 
vation, is —))P(H,) log P(H;), usually called the entropy. 


Ll 

More fully it may be called the entropy of the H’s provided by 
the method of observation. It seems desirable that it should 
never be called simply an amount of information but rather an 
expected amount. In a long series of trials that are essentially 
the same and are probabilistically independent, the average 
amount of information received per trial will be approximately 
equal to the expected amount. This statement follows from the 
law of large numbers in the theory of probability. The word 
“‘average’’ is intended here in its usual arithmetical sense. Since 
the average in a finite series of trials (and all actual series are 
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in fact finite) is only approximately equal to the expectation, 
it is a little misleading to confuse the average and the expectation, 
as has often been done in the literature both of information 
theory and of theoretical physics. 

The approximate equality of the average information per 
trial and the expected amount per trial extends also to Markovian 
sequences of trials, where the influence of the past extends only 
over a bounded time. 

Suppose, now, that apart from the hypotheses H,, H», H3,... 
there are a number of mutually exclusive and exhaustive experi- 
mental results E,, E>, £3, . These are not intended to 
represent the results of a sequence of trials, but simply the 
possible results of a single trial. In communication theory, 
which is a branch of information theory, the H’s are hypotheses 
describing, without reference to the meanings, what were the 
symbols or messages sent, and the E’s are the propositions or 
hypotheses for the possible symbols or sequences of symbols 
received. The amount of information in E, concerning H, is 
P(H;, and E;) 

P(H;)P(E;) 

and if H; is true (and perhaps later discovered to be true) we 
may describe this expression as the amount of information in 
E; concerning the truth about the H’s. If E; is observed, the 
probability of H; is P(H;|E)); hence the expected amount of 
information in E; concerning the H’s is 

P(H, and E)) 

P(H;) P(E) 

This is a function of j but not of i. It may be denoted by 
ent (H': E;), where H is the class of H’s. We may read this 
expression as “the entropy concerning the H’s provided by &;.” 
The simpler form of entropy previously mentioned may be 
written ent H. Those who do not like the word entropy may 
prefer to replace ent by @J, read “‘expected amount of informa- 
tion concerning’; Bar-Hillel is understood to advocate this 
notation. 

We have used a colon in ent (H: E;), instead of a vertical 
stroke for the following reason: In the probability notation 
P(G) there is almost always some proposition, K, often very 
complicated, that has been taken for granted and omitted from 
the notation, i.e. P(G) is an abbreviation for P(G|K). Similarly 
P(G|L) is often an abbreviation for, say, P(G|K and L). Thus 
—))P(A;) usually means —)P(H;|K) log P(H;|K), for some K, 


T l 
and if we wish to bring K into the notation we are virtually 
forced to write ent (H [K), meaning “‘the entropy of the H’s (or 
of H given K.” So we must distinguish between ‘“‘entropy 
in...” or “entropy provided by .. .” on the one hand and 
“entropy given...” on the other. Notation like ent (H: E,|K), 
where K represents a single proposition since it is not in bold-face 
type, is now self-explanatory. 

The expectation of ent (H: E}), before E; is observed, is 


> P(E) ent (7: E;) 
J 


log 


> PAE) log 


which is a function of. neither i nor 7, and may be denoted by 
ent (7: E). It may be described as the entropy concerning the 
H’s, or concerning the matter under investigation, provided by 
the E’s, or provided by the method of observation, or provided 
by the experimental design.* It is equal to 


P(H, and E;) 
H,and E)) | ees ae 
2 PU and £108 Pan PE) 
= ent (H) + ent (£) — ent (H and E) 
and by symmetry it is equal to ent (E : H). cf 


* H and E may be regarded either as classes or as random propositions that take 
values Hj and Ej. They can be taken as the abstract definitions of “the matter under 
investigation” and “‘the experimental design.’’ 
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If we now imagine the whole experiment to be one of a long 
series of independent trials, then the average amount of infor- 
mation concerning the H’s is approximately equal to the con-— 
ditional entropy provided by the method of observation. This — 
statement naturally has its Markovian generalization. 


(6) ENTROPY AND INVERSE PROBABILITY 
Suppose that the number of possible experimental results” 
E,, Eo, ..., E,, is finite and let Hp be the equiprobable hypothesis, 
which makes P(E;| Ho) independent of j and therefore equal to 
1/n. Then Hy maximizes ent (E|H) and in fact makes it equal 
tologn. Let H, be some other hypothesis. Consider a sequence 
of independent trials each of whose results can be Ej, or E>, 
or £3, ..., and consider how we may evaluate the evidence 
that Hj is true rather than Hp. When £; occurs, H, receives a 
factor, on its odds,* of nP(E;|H). The expected log-factor in 
favour of H,, per trial, when H, is true, is 


oy P(E;|H;) log [nP(E,|H,)] = log n — ent (E|Aj) 
A = ent (E|Hy) — ent (E| A) 


This remark establishes a further connection between informa-_ 
tion theory and inverse probability. At the same time it forces © 
expressions like 5) p,(log p,)* on one’s attention, when investi- 


T 
gating the variance and higher moments of the log-factor or 
of the amount of information.!17 In fact, every generalized 
moment of the form >) pj (log p;)’ may be regarded as a measure: 


tl 
of heterogeneity of a multinomial distribution for which the 
chances of the various categories are pj, Pz, P3,-. -18 
If our two hypotheses are both general, i.e. neither is Ao, 
the above discussion can be generalized by the use of “cross- 
entropy,” i.e. an expression of the form ' 


a P(E;| A) log P(E;| A>) 


The significance of cross-entropy in statistical mechanics had 
been foreseen by the author!® and has since been confirmed by | 
Professor B. O. Koopman. On the other hand Bartlett has” 
pointed out that the last sentence on page 75 of Reference 7 is 
incorrect. 


(7) THE RANDOM-VARIABLE NOTATION : 

So far, our notation has been propositional. The formulae 
become a little shorter if expressed in terms of random variables 
Shannon”? uses x and i corresponding to H and H; in the above 
discussion; more precisely his x is a random variable that takes 
values i. In the theory of probability it is quite customary to 
denote random variables by capital letters. We may accordingly 
write X for Shannon’s x, and x for his i, Y for his y and y for 
his j. Corresponding to ent (H : E), ent (H : E;) and ent (H|E)) 
we write ent (X: Y), ent(X:y) and ent (X|y), the last two 
entropies, but not the first, being functions of y. As an example 
of the random-variable notation we have 


ent (X ; Y)'= ent (Y 7X) 
cn P(x and y) 
~ F108 P@PO) 


= Y P(x and y) log 


XV 


P(x and y) 
P(x)P(y) 


* The odds corresponding to a probability p are defined as the number p/(1 — p); | 
and the Bayes factor in favour of a hypothesis H is the number by which its initi: 
odds are to be multiplied to get its final odds. When there are only two simple | 
statistical hypotheses, this factor is equal to the likelihood ratio,7»16 which is her 
P(Ej|H;)/P(E;|Ho). The log-factor is also called the “weight of evidence in favour 
Ay” or the “support for Hj.” 
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| = — ¥ P(x) log P(x) — & Py) log PO) 


y 
+ ¥ P(x and y) log P(x and y) 
x,y 


=ent X + ent Y — ent (Xand Y) 
=ent X — & ent (X|y) 
v 


=ent Y — € ent (Y|x) 


nce & ent (X|y) = — & @ log Ply) 

* st P(x and y) 
PY) 

=ent (Xand Y)— ent Y 


We may write ent (X| Y) for & ent (X|y), not to be confused 


ith ent(X:Y). As before, ie vertical stroke may be read 
given” and the colon may indicate “‘provided by” or “in.” 
he use of the capital letter for a random variable (or Clarendon 
ype in the propositional notation) means that expectations have 
een taken with respect to that variable. The notation of colons 
nd vertical strokes may be used, in a sense that is now self- 
xplanatory, for the “unexpectated” information J, and it can 
> easily proved that 


= — >) P(« and y) log 
x,y 


I(x and y|z) = I(x|z) + I(y|x and z) 
I@eyandz) = I(x: y) + I: 2|y), 


oth of which relationships have a clear intuitive meaning, 
specially when read in words. By taking expectations in 
rious ways we may obtain identities concerning entropies. 
or example, 


ent (X : Yand Z) =ent(X: Y) + ent(X¥:2Z|Y). 
he special case Z = X gives the relationship between entropies 
‘oved above, with X and Y interchanged. 


Table 1 


Random variable notation Shannon’s notation 


Propositional notation 


Vas X % 
as Me y 
156 4 i 
Ej y ti 
P(Hij) P(x) Pj 
PE) PO) a 
P(H; and E)) P(x and y) Pi, j) 
(Ej| Hi P(y|x) pi(j) 
ent (H) ent X A(x) 
ent (H and E) ent (X and Y) A(x, y) 
ent (E|H;) ent (Y|x) H; 
ent (E|H) ent (Y |X) H,(y) or H 
ent (H|E) ent (X| Y) H,(x) 
nt (H: E)=ent(E:H) | ent(X: Y)=ent(Y: X)| R = rate of 


= entropy concerning 
the H’s provided by 
the method of obser- 
vation 


ent (H: Ej) ent,(X : y) — 
ent (E: Hj) ent (Y : x) — 
ent (H: E|K) ent (X : Y|z) — 
ent (H: E;j|K) ent (X : y|z) — 


= entropy concerning 
X provided by the 
method of observa- 
tion 


ent (H: E|K) ent (X: Y|Z) 


Table 1 shows the equivalence of terms in the propositional 
ytation, the present random variable notation, and Shannon’s 


tation.2° 
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(8) CONCLUSION 

The notation used in the paper seems to be more self- 
explanatory and more consistent with the theory of probability 
(of which information theory is a branch) than other ‘notations 
in current use. If so, its use would make it easier for mathe- 
maticians to communicate with those who wish to apply informa- 
tion theory, and in particular with communication engineers. 
It is unlikely that this notation will be acceptable to a majority 
of readers, but its exposition will perhaps bring some extra 
clarification into information theory. 

None of the notation depends on a frequentist theory of 
probability, though it can all be interpreted in terms of such a 
theory just as easily as in terms of a subjectivistic one. 

Starting with the notion of the amount of information received 
when we discover that a proposition is true, the development is 
logically natural and leads to flexible notation and terminology 
that seems fruitful outside the field of communication theory 
proper. Support for this view is derived from the various 
relationships with mathematical statistics that are mentioned. 
The discussion is of course not intended in any way to detract 
from Shannon’s notable work. 

Previous work has been done on the nomenclature of infor- 
mation theory by MacKay.?! His work may be regarded as 
complementary to the present paper, since there is hardly any 
overlapping. Some unpublished works by Lindley23 on informa- 
tion theory in mathematical statistics, and by McGill and 
Quastler on terminology have come to light as the paper goes to 
press; the published works of McGill24 and McMillan?5 should 
also be studied. 
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SUMMARY 


Measurements of the attenuations produced by air-filled rectangular 
waveguides of nickel, mild steel, Mumetal, Radiometal and Rhometal 
nave been made in the frequency range 9000-9675 Mc/s. The 
permeabilities of the materials have been determined from these 
measurements and a knowledge of the roughness and resistivity of each 
waveguide internal surface. The effects of temperature on the h.f. 
permeabilities have also been studied, and some qualitative results are 
oe on the effect of superimposing a steady magnetic field on the 
.f. one. 


LIST OF PRINCIPAL SYMBOLS 
‘Short internal dimension of waveguide. 
Long internal dimension of waveguide. 
c = Velocity of light. 


a 
b 

Kr, : 

Ky2 > = Surface-roughness factors in attenuation formula. 
oO 


= Conductivity of waveguide wall metal. 


[kp = Permeability of waveguide wall metal. 
A, = Wavelength in unbounded dielectric. 
Ney ritical guide wavelength. 


= 
¢ = Guide wavelength. 
a = Attenuation produced by wall metal. 


(1) INTRODUCTION 

Many investigations have been made of the dispersion of 
apparent magnetic permeability with frequency. The results of 
such measurements are of great value for understanding the 
elementary magnetization processes by providing more informa- 
tion in connection with the domain-structure theory of ferro- 
magnetic materials. 

In 1903 Hagen and Rubens! deduced, from measurements of 
reflection coefficient, that in the frequency range from 10!3c/s to 
3 x 10!4c/s the permeability of iron is unity, and in 1919 
Arkadiew2>3 calculated the permeabilities of iron, steel and nickel 
wires at frequencies of 2910, 2970 and 22900 Mc/s. 

In 1945 Allanson+ comprehensively reviewed and critically 
discussed the majority of measurements dealing with the per- 
meability of ferromagnetic materials, including alloys and dusts, 
at frequencies ranging from 100kc/s to 10000Mc/s. At high 
frequencies the permeability of a specimen may be obtained by 
methods which fall into two distinct classes. In the first, a 
measurement is made of the resistive losses in a circuit containing 
the ferromagnetic material, while the second depends on the 
>ffective reactance of a similar circuit. The permeability deduced 
from measurements in the first group is generally denoted by juz 
and that from the second category by p,. It has not always 
been realized, as Kittel has pointed out, that the two different 
pes of measurement inherently disclose different aspects of the 
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same physical phenomena. The difference between wp and uz 
can be treated formally by considering the permeability to be a 
complex quantity. Thus, the impedance of a circuit element 
containing a ferromagnetic material may be defined> as 


Zeal\Mst) = Reals f) + IX cals f) 


If the results of a series of measurements on a particular circuit 
element give experimental values 


Fe) el) eg) 


then the effective permeability can be defined as the value of pu 
which makes 


Least) = Las) 


Therefore jx will generally be a function of the frequency f and 
will be complex. 

If only R,,,(f) is measured, the permeability is taken to 
make R,q(Ur,f) = Rexp(f), this relation determining the real 
function pp(f). Similarly, if only X,,,(f) is measured, the real 
function 4,(/) is determined by 


Xeai(Hi»f) oa enh) 


There is no simple and direct connection between frp and pz 
and the complex permeability, but Millership and Webster® have 
developed expressions connecting these variables for the specific 
case of a coaxial transmission line which enables the complex 
permeability to be calculated from measurements of jp and py, 
at the same frequency. When jp and pu; are determined for the 
same specimen it is found that jp is larger than 4z. Dispersion 
in p,, occurs at frequencies well below those at which the varia- 
tion of fre is greatest. In fact, preliminary investigations by 
Millership and Webster® indicated that for iron, steel and 
Mumetal jx, was unity at 1500Mc/s. It is the resistive per- 
meability 2p which has been measured during the investigations 
described in this paper. 

Since 1945 several investigators have made measurements on 
ferromagnetic materials in the microwave region.>-!2_ Hodsman,7 
Millership,®.7 Eichholz? and Webster® have found the resistive 
permeabilities of wires at frequencies from 2290 to 10084 Mc/s 
by comparing the attenuations of a coaxial transmission line with 
first a ferromagnetic specimen and then a non-ferromagnetic 
reference material as the inner conductor. Millership and 
Webster® have also determined the inductive permeabilities for 
various materials from a measure of the wavelength in the line. 
The majority of other recent measurements have been performed 
at one particular frequency and not over a wide band. Simon’? 
has given figures for the permeabilities of nickel films and wires 
in the range 1500-9375 Mc/s, and Eichholz and Hodsman!® 
have concluded from theoretical and experimental studies of the 
reflection of microwaves by a ferromagnetic plate or film that the 
permeability cannot readily be obtained in this way. Senyal and 
Chatterjee!! have deduced the apparent permeabilities of soft iron 
and nickel plates at 9375 Mc/s by comparing the resonant fre- 
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quency and quality factor of a cylindrical cavity with non- 
magnetic and magnetic end-plates. 

It has been shown previously by one of the authors!? that 
attenuation measurements on ferromagnetic waveguides can give 
accurate values for the high-frequency permeabilities of the 
materials used, provided that the roughnesses of the internal 
surfaces can be estimated with reasonable certainty. An attempt 
has also been made!” to determine the permeabilities of nickel 
and mild steel at 9375 Mc/s from attenuation measurements on 
waveguides of these materials. Prior to this work permeability 
had not been determined from measurements on a ferromagnetic 
waveguide, with the exception of some calculations made by 
Kittel> from figures obtained by Maxwell!3 at 24000Mc/s on 
electroplated iron, cold-rolled steel and nickel. It has even been 
stated that this method is unsuitable for determining permeability 
at frequencies lower than about 24000 Me/s.7 

The wide variation between the results of the individual 
investigators and the consequent need for further measurements 
has prompted the present investigations. Measurements of the 
attenuations produced in ferromagnetic waveguides have enabled 
the permeabilities of nickel, mild steel, Mumetal, Rhometal and 
Radiometal to be calculated over the relatively narrow band of 
frequencies 9000-9 675 Mc/s. In these calculations the necessary 
allowance has been made for internal roughness of the waveguide 
surfaces. The effect of temperature on the h.f. permeability of 
these metals has also been studied, and some qualitative results 
have been found on the effect of superimposing a unidirectional 
magnetic field on the h-f. one. 


(2) CALCULATION OF ATTENUATION AND PERMEABILITY 
OF FERROMAGNETIC WAVEGUIDES 
It has been shown previously by the authors!4 that the attenua- 
tion in an air-filled rectangular waveguide carrying the normal 
Ho; mode and having irregularities on its surfaces which are, in 
general, much greater than the skin depth can be expressed as: 


ge: (Sie) aeybanl (Kr 2 BB = rs Koy (1 a 
(1) 


The surface roughness factors Ky, K;2 and Kp are the ratios 
of actual to ideal surface lengths for the long and short sides 
transverse to the axis and inthe longitudinal direction respectively. 


Stabilized 
power 
supply 


Klystron 
oscillator 


Padding Absorptio 
lattenuato? waverneter 


Fig. 1.—Schematic of measuring equipment. 
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It is therefore evident that, if the attenuation in a length of ferro- 
magnetic waveguide is measured at a given frequency and the 
conductivity o and the roughness coefficients K7;, Kyp2 and Kp 
are found, the permeability of the wall metal, frp, can be cal- 
culated provided that the assumption made in deriving eqn. qd) 
about the magnitudes of the irregularities is valid. 

If the depths of the surface irregularities in a specific case are 
small compared with the skin depth, the surface finish would be 
expected to have very little effect on the losses. A theoretical 
study of the power dissipated by eddy currents in a metallic 
surface at microwave frequencies in the presence of regular 
parallel grooves or scratches, whose dimensions are comparable 
to the skin depth, has been made by Morgan.!> He concludes 
that the power dissipation in corrugations of various sizes and — 
shapes transverse to the direction of induced-current flow is 
increased by about 60% over its value for a smooth surface when 
the r.m.s. deviation of the grooved surface from an average plane 
is equal to the skin-depth. The exact shape of the grooves, 
according to Morgan, is not critical. Loss caused by grooves, 
parallel to the current flow is shown, in a particular case, to be | 
about one-third as great as the increase caused by transverse 
grooves of similar size. The special kind of surface studied by 
Morgan, however, has never been approximated to by any of 
the large number of surfaces examined by the authors during the 
present and previous!* investigations, and it seems that it would 
rarely be found in practice. 


(3) EXPERIMENTAL PROCEDURE 


(3.1) Attenuation Measurements 


The attenuations produced in nickel, mild steel, Mumetal, 
Radiometal and Rhometal waveguides have been measured using 
the arrangement shown schematically in Fig. 1. The method is 
similar to that already described by one of the authors,!® the — 
attenuation per unit length being determined from voltage 
standing-wave ratio (v.s.w.r.) measurements, although certain 
modifications have now been introduced. A reflex klystron 
(type CV129) was used, thus allowing measurements to be made 
over the frequency range 9000-9675 Mc/s. The grid of the 
klystron is amplitude modulated by a tunable square-wave 
generator operating at about 1250c/s. The rectified signal from 
the standing-wave indicator is amplified by a selective amplifier, 
whose pass frequency is identical with the frequency of the 
modulator, and displayed on an indicating meter. This system 


Variable 
short- 
circuit 
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3 very sensitive,and enables small attenuations to be measured, 
hus eliminating the need for excessively long lengths of wave- 
tuide which were needed for the earlier work.16 
The v.s.w.r. of the test sample is found as follows. First, the 
‘elative amplitudes of the minima are found as the variable short- 
‘ircuit is moved over a distance ry Then the y.s.w.r. is measured 
vith the short-circuit in the position giving the minimum of least 
implitude and again with the short-circuit piston moved a 
listance of A,/4 from its first position. The v.s.w.r.’s may be 
neasured either by the Roberts and von Hippel method!7:18 or 
by a modification of this employing a precision variable atten- 
lator, as described by Vogelman.!9 The attenuation is then the 
nean of those calculated from the v.s.w.r.’s at the two points. 
7rom this is deduced the attenuation produced by the short- 
‘ircuit alone, which is found by the same method. 
The ferromagnetic samples examined were as follows: 
(a) Commercially-pure-nickel drawn waveguide. 
(6) Electroplated nickel on precision-drawn brass waveguide. 
(c) Mild-steel waveguide carefully machined from the solid and 
joined down the centre of the long sides. 
(d) Mumetal, Radiometal and Rhometal waveguides fabricated 
from 0-015in sheet with junctions along the centres of the long 


sides, a method which is now being used commercially for producing 
lightweight waveguides. 


The internal dimensions of all the waveguides were 1 in x 4 in. 


(3.2) Surface-Roughness Measurements 


The surface finish of each waveguide was observed to compare 
he magnitudes of the irregularities with the corresponding skin 
lepths. It was confirmed that, in general, the skin depths were 
mall compared with the dimensions of the irregularities, so 
xact values of the coefficients K;,, K;2 and Kp for all the speci- 
nens were found using the microscopic technique developed by 
he authors.'4 Such measurements are necessary if the precise 
alues of permeabilities are to be calculated from the attenuation 
neasurements using eqn. (1). Even in the Mumetal waveguide 
vith a skin depth of over 100 microinches at a frequency of 
1675 Me/s, the irregularities, which were few, were still larger 
han the skin depth. 


(3.3) Resistivity Measurements 


Accurate figures for the d.c. resistivities of the waveguide 
naterials used are also essential in order to calculate the per- 
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meabilities from eqn. (1). The resistivity has therefore been 
determined for each material as accurately as possible by 
measuring the resistance of a known length of waveguide and 
ascertaining its cross-sectional area by a method previously 
described.!© The resistivity of each material has also been 
found at temperatures up to 1 000°C, since this information is 
required for the determination of the variation of permeability 
with temperature. 


(3.4) Temperature Effects 


To study the effects of increase of temperature on the attenua- 
tions and permeabilities of the various ferromagnetic waveguides, 
the attenuation of a short length of each guide has been measured 
as its temperature was increased from room temperature to 
1000°C in a muffle furnace. Cooling of the remainder of the 
measuring equipment was effected by the use of subsidiary non- 
magnetic waveguide connecting junctions whose attenuation was 
subsequently subtracted from the total attenuation, giving that of 
the magnetic sample alone. 


(3.5) Effect of External Superimposed D.C. Field 


The effect of superimposing a unidirectional magnetizing field 
on the h.f. field has been studied by making the test piece 
one arm of a rectangular magnetic yoke. The current through 
a coil of many turns placed on one of the other limbs of the 
yoke may be changed so as to provide a varying flux-density in 
the sample. After each specimen had been demagnetized by 
passing a decaying alternating current through the magnetizing 
coil, its attenuation was measured as the direct current through 
the coil was varied. 


(4) RESULTS 

Figures for the attenuation produced by the various specimens 
at 9300 Mc/s, together with the measured d.c. resistivities and 
surface-roughness factors, are given in Table 1. Allanson* has 
pointed out that it is difficult to compare the results of many of 
the early investigators because of wide variations in composition, 
heat treatment and mechanical handling of the materials used. 
Thus in Table 1, details of the analysis and initial permeability 
of each sample, except electrolytic nickel, are included. 

The changes in permeability with frequency, temperature and 
polarizing d.c. field have been calculated for each specimen from 


Table 1 


CHARACTERISTICS OF THE VARIOUS FERROMAGNETIC MATERIALS EXAMINED 
a 


Material Analysis Deire | tnital | Auenuauon | xm | kre | Ko Remarks 
microhm- dB/m 
cm 
Nickel Contains following impurities: 9-39 i SCR 0-394 1-119 | 1-109 | 1-090 | Drawn tube 
Fe=0"538/, 
S = 0:022% 
Mn = 0:12% 
Si = trace 4 ¥, 
Electrolytic — 10°3 — 0-337 1:010 | 1-007 | 1-007 | Electrodeposited on precision- 
mokel 7. / drawn brass waveguide 
Mild-steel .. | Contains following impurities: 13°5 141 1-435 1:026 | 1-013 | 1-009 | Milled from solid bar 
C0274 si = 0-03: % 
Si=0°053 7 P= 0036 %, 
Mn = 0:74% Ni = 0:159 : : 

Mumetal .. Ni — aL . 65°3 21 0007 0-841 1-002 | 1-002 | 1-001 | Fabricated from0-015in sheets; 

Cu = 5:3% : then annealed in vacuo at 
Radiometal Ni = 49-1%* 46:6 1 8507 1-345 1-002 | 1-002 | 1-001 1050°C for 2 hours and 

Cu,= 0:0 cooled to 200°C in 8 hours 
Rhometal .. Ni 375574" 74:2 1 200+ 1-66 1-002 | 1-002 | 1-001 

Cu=0-0 
| 


* Remainder iron with traces of molybdenum and chromium. 


+ Manufacturer’s figures. 
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Fig. 2.—Variation of apparent permeability with frequency. Fig. 4.—Effect of superimposed d.c. field on apparent permeability. 
A = Mild steel. D = Nickel. A = Mild steel. 
B = Rhometal. E = Electrolytic nickel. B = Rhometal. 
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Fig. 3.—Variation of;permeability with temperature. 


A = Mild steel. D = Nickel. 
B = Rhometal. E = Electrolytic nickel. 
C = Radiometal. F = Mumetal. 
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fig. 5.—Variation of permeability wp of nickel with frequency. 
1) Hodsman, Eichholz and Millership:7 
nickel wire. 
2) Authors’ results: drawn waveguide. 
3) Authors’ results: electroplated wave- 


; guide. 
4) Maxwelll3 (as published by Kittel5): 
electroformed waveguide. 


(5) Simon:9 nickel wire. 

(6) Senyal and Chatterjee:!1 thick plates. 

(7) Maxwelll3 (as published by Kittel>): 
electroplated waveguide. 

(8) Arkadiew:2 nickel wire. 
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Fig. 6.—Variation of permeability jv of iron and steel with frequency. 

1) Hodsman, Eichholz and Millership:’? (4) Senyal and Chatterjee:1!  soft-iron 
bright-steel wires. thick plates. 

2) Hodsman, Eichholz and Millership: (5) Arkadiew:? mild-steel wires. 
annealed-steel wires. (6) Arkadiew:2 Swedish-iron wires. 

3) Authors’ results: mild-steel wave- (7) Maxwell:!3 (as published by Kittel5): 
guide. cold-rolled-steel waveguide. 

he attenuation, d.c. resistivity and surface-roughness measure- 

nents, using eqn. (1). These results are shown graphically in 

-igs..2, 3 and 4. 

Figs. 5 and 6 give the majority of the previously published 
esults for the resistive permeabilities of nickel and iron and steel 
it frequencies around 10000 Mc/s, together with the present 


esults for comparison. 


(5) DISCUSSION OF RESULTS 
(5.1) Permeability-Frequency Curves 


It is now well known that the permeability of a ferromagnetic 
naterial falls considerably in the microwave region. All the 
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metals examined show some degree of dispersion of permeability 
over the narrow frequency-band employed. It appears from 
the results that for the materials tested the higher the initial 
permeability the greater is the relative decrease of zp from its 
d.c. value to its value in the 3cm band. There seems to be no 
simple connection, however, between the initial permeability and 
the dispersion over the range 9000 to 9675 Mc/s. The results 
now obtained are rather higher than the average, a fact which was 
also mentioned in earlier work on nickel and mild-steel wave- 
guides.!2_ There is probably some significance in the fact that, 
for both nickel (with the exception of Simon’s result) and steel, 
the lower values have been obtained from experiments on wires 
whilst the comparable higher values have been acquired from 
measurements on thick plates. . This is thought to be largely due 
to the different treatments to which the machined plate and 
drawn-waveguide surfaces have been subjected compared with 
wires. Incidentally, Simon’s results for nickel wires are probably 
not very reliable, because the samples were used as bolometers 
and were therefore heated during test. 

Becker2° attributes the dispersion mentioned above to micro- 
scopic eddy currents which retard the rapidly moving domain 
walls. Eventually a frequency is reached when the induced 
counter field is so large that movement of the walls is prevented 
altogether and the permeability falls to unity. Millership et a/.6+7 
have compared their results with the Becker theory and find that, 
although the general forms of the experimental and theoretical 
curves are similar, the real part of the permeability decreases 
more rapidly than the theory indicates. Smidt?! has carried out 
similar experiments using a coaxial line with a magnetic inner 
conductor and he, too, finds that the dispersion of fz; is greater 
than the theory predicts. 

A theory has been developed by Kittel5 which ignores eddy- 
current effects and attributes the dispersion solely to the depth 
of penetration of the field at very high frequencies being com- 
parable with the thickness of the ferromagnetic domains, which 
has been estimated to be between 10-3 and 10-4cm. The 
effective field acting on the domain boundary is then the mean 
of the applied field taken over the entire wall, causing a reduction 
in the apparent permeability. Here again the decrease of 
permeability with frequency found by experiment is slower 
than the theory predicts.5> 2! 

Do6ring?2 has used a different approach to the problem and has 
shown that the domain wall behaves as if it had mass inertia. 
This inertia effect is larger than the eddy-current effect suggested 
by Becker and may play a more important part in the dispersion. 
Recently, Kittel?3 and Birks24 have shown that the damping term 
associated with spin precession in ferromagnetic resonance experi- 
ments is even more important than the inertia effects calculated 
by Doring and now appears to be the principal reason for the 
decrease of initial permeability with frequency. The Becker and 
Kittel theories suffer from the facts that, on one, a simple cubic 
domain model has been chosen on which to base the calculations, 
whereas in the other a film one domain in thickness is considered. 
A further objection to the Becker theory in the microwave region 
is that no account is taken of the reduced depth of field. Further, 
Kittel assumes that the domain boundary moves as a rigid whole, 
when there is no reason why it should not yield locally, so 
providing bending instead of movement. 

It should also be remembered that the domain structure of the 
surface layer is different from that of the body of the material 
giving varying magnetic properties with skin depth, and therefore 
frequency, if boundary movements are responsible for magnetiza- 
tion at high frequencies. That the surface consists of triangular 
domains preventing the appearance of free poles at the surface 
has, in fact, been suggested by Neéel,25 whereas in the body of 
the material the domains will probably be in the form of plane 
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parallel sheets. It has already been mentioned that the per- 
meability at high frequencies is likely to depend very much on 
the physical character of the surface. At 105c/s, for example, 
thin films of oxide formed during heat treatment have been 
found2® to cause the apparent permeability to decrease by a 
factor of 10. It has even been suggested that dispersion is due 
to the presence of surface layers of non-ferromagnetic material,27 
but the existence of such layers is now thought to be unlikely.® 
The strength of the magnetic field applied to the specimen with 
the type of measurement described here is very small (of the order 
of 0:01 oersted). Thus the permeabilities calculated refer to 
magnetization at the commencement of the magnetization cycle. 


(5.2) Permeability/Temperature Curves 


Bozorth28 records that if the field strength is low the initial d.c. 
permeability of a material increases with temperature but finally 
falls to unity at the Curie point. Glathart?9 obtained similar 
results at a frequency of 200 Mc/s. Although the authors could 
not find any reports of investigations at higher frequencies it 
seemed likely at the commencement of the present work that 
similar results could be expected in the microwave region. 

Because of the impossibility of measuring accurately the loss 
in very short lengths of waveguide, the actual length of each 
sample examined was comparable with that of the heating furnace. 
Thus there is a possibility of a variation of temperature along 
the length of a specimen and there may be some error in the 
actual temperatures recorded. Consequently, the sharp changes 
occurring in [4p may be even more severe. It is therefore evident 
that the temperature curves could be displaced slightly, indicating, 
for example, that the permeability of the mild-steel sample 
changes suddenly in the neighbourhood of the Curie point 
(770° C), falling to unity very rapidly. There is, however, no 
initial increase of permeability with increasing temperature as at 
lower frequencies. 

It seems evident that, at temperatures up to about 400-500° C, 
the changes in permeability are due to changes in the metallic 
state of the material. It has been suggested that the initial 
changes in permeability may be due to the relieving of stresses in 
the material, since all the metals, except the drawn-nickel speci- 
men, were taken through only one heat run. This tends to be 
disproved by the fact that although the drawn-nickel waveguide 
was taken through two heat cycles before measurements were 
made, with a consequent considerable increase of its initial 
apparent permeability at room temperature, the general shape of 
the j4p/temperature curve is still the same as that for the elec- 
trolytic nickel. There is also a possibility that the initial decrease 
of permeability may be due to absorption of gas from the 
atmosphere or, in electrolytic nickel, the liberation of hydrogen. 
At temperatures over about 400-500°C oxide films formed on 
the metal surfaces will affect the values obtained for up. These 
oxides (iron oxide being the dominant one), apart from causing 
the surface to roughen, have a resistivity which decreases as the 

’ temperature is increased. 


(5.3) Effect of Superimposed D.C. Field 


Harrison et al.3° have applied a d.c. axial field to a Mumetal 
wire carrying a 55 c/s alternatingcurrent and have found thatthere 
is a decrease in maximum permeability, the change being 60% 
for an applied field of 0-6 oersted. Whilst changes of such magni- 
tude do not appear to occur at higher frequencies, the external 
field still influences the properties of the material to some extent 
as may be seen from Fig. 4. Owing to leakage effects it is very 
difficult to estimate the actual magnetic field strength in the 
specimen. Consequently the circuit employed is shown in Fig. 4 
and apparent permeability is plotted against magnetizing-coil 
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m.m.f. Over the range used there are deviations of up to 20 y 
in the permeability. Presumably the initial shapes of the mag- 
netization curves for the materials are largely responsible for 
the changes in permeability recorded. 


(6) GENERAL CONCLUSIONS 


The dispersion of permeability in the microwave band is of 
considerable value for understanding the elementary magnetiza- 
tion processes, and although it has been studied extensively the 
results of the individual investigations have shown large varia- 
tions. It does seem, however, from a comparison of the present 
and previous studies that—because the skin-depth at these high 
frequencies is small and therefore the permeability is a property 
of the surface layer of a material—the discrepancies are probably 
largely due to the different treatments to’ which the various 
surfaces of the samples have been subjected. It also now 
looks as though the dispersion effects at microwave frequencies 
are associated with spin precession rather than with eddy currents, — 
reduced effective field strength or mass inertia of domain walls, 
as previously suggested by several workers. It is interesting to 
note that the permeability of most of the materials examined will 
not apparently reach unity until the frequency is much greater 
than 9 700 Mc/s. 

The present work has demonstrated that the losses in a ferro-_ 
magnetic waveguide are quite high because of the values of 
permeability and effective resistivity, and it has been confirmed 
that attenuation measurements on such a waveguide will give an 
accurate value for the high-frequency permeability of the material 
used provided that precise information is available about the 
roughness of the internal surfaces. It is difficult to establish the 
absolute degree of accuracy of the method. The source of largest 
error is the attenuation measurements, but the probably error 
in‘each attenuation value is estimated to be less than 2%. The: 
surface-roughness measurements need to be limited to a small 
number of cross-sections, but experience has shown repeatedly 
that different sections from the same length of waveguide give 
surprisingly similar results. i 

It is evident that there is no simple explanation for the complex 
nature of the permeability/temperature curves, but the variations 
observed are apparently connected with changes in lattice struc- 
ture, relief from stress and oxidation of the surface of the metal 
as the temperature increases. 
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SUMMARY 


The paper first digests existing information about 3rd-harmonic 
fields, mainly published previously in piecemeal fashion, and then 
adapts and extends it into modern form for use in symmetrical-com- 
ponent theory as applied to machines. This theory has provided the 
basis for a very successful 3:1 pole-changing machine which is 
described in another paper.’ and the present paper includes a number 
of test results which verify that the theory of 3rd-harmonic fields given 
here is essentially sound. 


LIST OF SYMBOLS 


T,, = Peak number of magnetizing turns acting on pole centre. 
I, = Peak magnetizing current, amp. 
h = Peak magnetomotive force for current-vector position I, 
AT/pole. 
n = Number of conductors per pole per phase. 
I, = Carrent (r.m.s.) per phase, amp. 
I = Peak current per phase, amp. 
@ = Electrical angle, rad. 
m = Order of harmonic. 
p = Number of pairs of poles. 
q = Number of slots per pole per phase in a.c. winding 
(primary). 
s = Number of slots per pole per phase in d.c. winding 
(secondary). 
V, = Generated voltage (r.m.s.) per phase at fundamental 
frequency, volts. 
V,; = Generated voltage (r.m.s.) per phase at 3rd-harmonic 
frequency, volts. 
a = Angle of short chording (for full pitch « = 0). 
xX, = Reactance per phase at fundamental frequency, ohms. 
xX; = Reactance per phase at 3rd-harmonic frequency, ohms. 
¢, = Flux per pole for fundamental pole number, webers. 
¢, = Flux per pole for 3rd-harmonic pole number, webers. 
I, = Magnetizing current (r.m.s.) for fundamental pole num- 
ber, amp. 
I, = Magnetizing current (r.m.s.) for triple pole number, amp. 
F, = M.M.F. acting on centre of fundamental poles, AT. 
F; = M.M.F. acting on centre of 3rd-harmonic poles, AT. 
Triplen harmonics are harmonics of order 3g, where g = 1, 3, 5, 
etc. 


(1) INTRODUCTION 


The 3rd-harmonic space components of a polyphase armature 
can, in some circumstances, produce a pole-tripling effect, and 
the magnetomotive force due to any a.c. winding, at one par- 
ticular instant, can always be simulated by passing direct current 
through the winding. These two principles can be combined to 
produce a triple-frequency generator from standard equipment 
without difficulty. The theory of 3rd-harmonic fields and 
windings producing them, together with the theoretical discussion 
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of an actual generator including certain test results, forms the 
first part of the paper. 

It is not thought that such a generator is likely to find any 
serious industrial application, but the collection and consolidation | 
of the theory of 3rd-harmonic fields is a fitting introduction to a 
description of a new 3:1 pole-changing winding of obvious 
industrial possibilities. This winding, and the performance of a 
motor incorporating it, are described in a companion paper.’ 

The theory of 3rd-harmonic fields has also recently acquired a 
new analytical importance. Brown and Butler+ have described | 
a system of applying the method of symmetrical components to— 
a machine with asymmetrical connections, which could equally 
be applied to a symmetrical machine with an unsymmetrical 
supply voltage. This method necessarily involves a knowledge 
of the positive-, negative- and zero-sequence magnetizing and 
leakage impedances of the machine under consideration. The 
zero-sequence impedance of a machine is its impedance when all 
phases are carrying equal cophasal currents: in effect it is the 
impedance when series-connected, as in the prototype pole- 
tripling circuits. Put shortly, the zero-sequence impedance of a 
machine is the same thing as its basic 3rd-harmonic or triple- 
pole impedance. If, in any way, the 3rd-harmonic impedance 
is made equal to zero, as it is if the winding distribution is either 
sinusoidal or uniformly spread over 120°, the passage of zero- 
sequence currents will produce no 3rd-harmonic field com- 
ponents. This fact gives new importance to the theoretica 
analysis of 3rd-harmonic fields, which are therefore considered 
in detail for a variety of windings. 


(2) ADDITION OF POLYPHASE WINDINGS WITH 
DIRECT-CURRENT EXCITATION 

In previous papers, such as those by Parker Smith and 
Boulding,! and by Hague,* the m.m.f. due to a polyphase winding 
has been examined, and a paper by one of the present authors? 
discussed in particular the effect of feeding direct current into a | 
polyphase winding. The methods employed in these papers | 
may be further applied as follows. : 
Let the fundamental and harmonic space-components of a 
polyphase winding be represented by 


T, = XT,, sin mp0 


T; = ET, sin m (p8 — aL 


T, = XT, sin m ( 96 -%), (RIBS S. Te) 2) 


Suppose that a direct current is fed through the three windings 
in the manner common in synchronous induction motors,’ giving 
effective phase currents +J,,, —J,,/2 and —I,,/2. Then, by 
simple algebra, the resultant space distribution of m.m.f. cam 
be shown to be 


Sisre sin mp@ (1 + cos a) aes 
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If m=1, 5, 7, 11, 13, etc., the corresponding term is 
$1,,2m Sin mp8, but if m = 3, 9, 15, etc., it is zero. 

Suppose, alternatively, that the three phases are connected in 
series, in the same sense, and fed with a direct current J,,.. Then 
the resultant space-distribution of m.m.f. can readily be shown 
to be 


XI,,T,, sin mp0 (1 waleog ) (2) 


3 


veel S,) 7.10, 13; etc'; the corresponding term is zero; 
but if m = 3, 9, 15, etc., it is 3/,,7,,, sin mp0. 

As is well known, the ordinary method of d.c. excitation, as 
in a synchronous induction motor, gives all odd harmonics 
except the third and odd multiples of the third, whereas the 
series method of d.c. excitation gives only those harmonics which 
the other method of excitation excludes. Further, in the series 
method the magnitude of the resultant harmonics is three times 
the magnitude of their phase components, whereas the magnitude 
of the resultant harmonics in the normal method of excitation is 
15 times that of the corresponding phase components. These 
two general expressions, (1) and (2) thus enable the magni- 
tude of the resultant harmonics of m.m.f. due to three windings 
combined and fed with direct current, in either way, to be 
calculated from the component harmonic series for each phase 
taken alone. These principles will be repeatedly applied in 
the paper. 

In a general paper on the m.m.f. of windings, Clayton> gave 
a number of general equations which can be made to cover this 
case of pole-tripling, but in Section IX of his paper he does not 
refer to the 3:1 pole ratio at all. His treatment throughout is 
solely mathematical and almost confined to an examination of 
the m.m.f.’s ideally produced by various windings: the operation 
of machinery in which such m.m.f.’s may be produced, with 
regard to load rating, torque characteristics and other aspects, 
is not discussed. 


(3) THIRD HARMONICS AND THE ZERO-SEQUENCE FIELD 


A paper by Brown and Butler* established, theoretically and 
practically, the existence of crawling 3rd-harmonic fields in 
asymmetrically connected induction motors. The method of 
symmetrical components was used to analyse these fields, and 
—as these authors put it—the 3rd-harmonic fields are due to 
the zero-sequence components of the unbalanced currents. 

To feed all the phase windings in series, in the same sense, 
with direct current is in effect to “‘freeze’’ the zero-sequence com- 
ponents in a particular vector position, just as the normal methods 
of feeding direct current into the secondary circuit of a syn- 
chronous induction motor are, in effect, methods of freezing the 
positive-sequence vectors in one of several possible vector 
positions.? The fact that a 3rd-harmonic field can be produced 
by d.c. series-excitation of a polyphase winding is in fact an 
elegant extension and practical demonstration of the possibility 
of producing 3rd-harmonic fields (due to zero-sequence currents) 
in unbalanced polyphase windings. One is accustomed to sup- 
pose that triplen harmonic fields are always absent in 3-phase 
windings, and therefore it is well to be forcefully reminded that 
this is only true for a balanced winding carrying balanced currents. 

In addition to being of triple space-frequency, the waveform 
and amplitude of the resultant m.m.f. produced by a 3-phase 
winding carrying three equal and cophasal currents are very 
different from the waveform and amplitude of the m.m.f. produced 
by normal 3-phase currents of the same magnitude flowing in 
the same winding. Typical m.m.f.’s of triple space-frequency 
obtained by series excitation are shown in Fig. 3. 

The amplitude of the m.m.f. for a given current determines the 
peak flux per pole, and this flux is governed by the terminal 
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voltage and can be calculated in the usual way. We are thus 
able successively to calculate the apparent impedance of the 
winding (per phase) to a 3-phase applied voltage, and its apparent 
impedance (series-connected) to a single-phase applied voltage. 
The first impedance is known as the positive-sequence mag- 
netizing impedance per phase and the second as the zero- 
sequence magnetizing impedance per phase. By symmetry, the 
negative-sequence magnetizing impedance of a balanced winding 
will be equal to the positive-sequence magnetizing impedance. 

These are impedances of the type discussed by Brown and 
Butler,* and their importance lies in the fact that to examine the 
behaviour of an unbalanced system it is necessary to resolve the 
voltages and currents into their balanced symmetrical com- 
ponents, but the impedances presented to the different com- 
ponents are not the same. 

In Section 8 detailed calculations are made of the positive- 
and zero-sequence magnetizing impedances of various balanced 
3-phase windings, and these values are compared with the 
experimental values: in general there is reasonable agreement. 


(4) IDEAL VALUE OF TRIPLE-FREQUENCY VOLTAGE 

The principle of the triple-frequency generator can be well 
illustrated, and tested in primitive form, by calculating the 
triple-frequency voltage generated at a given speed, and com- 
paring it with the fundamental-frequency voltage generated 
when the generator secondary circuit is excited by the same 
total direct current, fed into it as though the generator were 
a synchronous induction motor (s.i.m.).3 (The usual way of 
exciting an s.im. is by applying d.c. excitation through one 
phase winding in reverse series with the other two phase windings 
in parallel.) If V; is the triple-frequency voltage for a series- 
exciting current J,,, and V, is the fundamental-frequency voltage 
for the same exciting current applied as in an s.i.m., the ratio 
V,/V, for a given speed can be calculated, ignoring saturation, 
as follows. If the star point only of the secondary circuit is 
available, the three phase windings can be fed in parallel, the 
total current being 3/,,, and the exciting voltage correspondingly 
reduced. The turns distribution of a single phase of a full-pitch, 


Fig. 1.—Turns distribution of one phase of a 60° spread full-pitch 
winding. 


60°-spread winding is shown in Fig. 1, and its Fourier analysis 
can readily be shown to be 


BS Tn (sin 8 + 5 sin 30 + 35 sin 50 — 75 5in 70 
2, ieee 
= Sey, Se eee 3 
Il sin 96 Di sin 110 + ) (3) 


The 3rd-harmonic m.m.f. content of one phase is therefore two- 
ninths of the fundamental. For excitation as in a synchronous 
induction motor, from the above Fourier analysis and the argu- 
ments in Section 2, the fundamental fiux per pole is therefore 
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where K is a constant. This result can otherwise be obtained by 
taking a Fourier analysis of the resultant m.m.f. of the three 
phases, which has been shown!> to be 


9 1 ee 
TAT es (sin @ += sin 50 — sin 10 — ac) 


mn, q2 
(4) 


This expression can also be written down at sight from expres- 
sion (3) using the methods of Section 2. 

For series d.c. excitation, the fundamental flux, which is a 
3rd-harmonic flux relative to the flux in the first case, is seen by 


the arguments of Section 2 to be 3KI,,T,,, a x is 


Alternatively, the resultant m.m.f. of the three phases excited 
in series can be seen from Fig. 2 to be of triangular waveform, 
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Fig. 2.—M.M.F. distribution of three phases of a 60°-spread full-pitch 
winding, series-connected and carrying the same current Jj. 


and from this the Fourier analysis of the resultant m.m.f. is 
readily obtained as 
.) 18S} 


giving the same result as before for the new fundamental flux. 
This last Fourier analysis can also be written down at once 
from expression (3), using the results of Section 2. 

The voltages, V, and V3, induced in the primary circuit in 
each case are proportional to the corresponding fluxes per 
pole, the conductors per phase, and the spread and chord 
factors of the primary winding. The spread factor of the 
primary winding relative to the fundamental flux is, as usual, 3/7; 
but its spread eae relative to the 3rd-harmonic flux is 


0 ()/G) == 


assumed, as was te for the machine tested, that the fundamental 
chord factor, and therefore also the 3rd-harmonic chord factor, 
was unity. 
This gives the theoretical ratio between the 3rd-harmonic and 
the fundamental voltages for the two methods of d.c. excitation 
_of the secondary circuit, as 


8 : ee Lee 
pln lm (sin 30 — 33 sin 96 + 33 sin 150 —. 


—, if it is assumed to be uniformly spread. It is 


3rd-harmonic voltage per phase, V; 
Fundamental voltage per phase, V, ‘ 


8 
= 55 = 0-296 . ©) 


As will be seen in Sections 4 and 5, an approximation to this ratio 
was obtained in practice, but it was later found necessary to make 
some allowance for the actual slotting rather than to assume 
uniform phase spread for the 3rd-harmonic flux and induced 
voltages. 
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The fundamental 3rd-harmonic voltages, V3, in all the phases. 
of the primary will be identical and cophasal, since their angular 
spacing, 277/3, with respect to the main flux is equivalent to one 
pole pair of the 3rd-harmonic flux. Hence the three primary 
phases can be connected in series when the secondary is series- 
excited, and we then have 


Total 3rd-harmonic voltage 
Fundamental voltage per phase 


(7) 


8 
ge 888 


This also was found to be roughly true in practice, and, more- 
over, the three voltages were exactly equal and cophasal. 

Alternatively, the primary phase windings can be connected in 
parallel, giving an unaltered primary voltage but three times the 
current-carrying capacity. Itis, of course, a matter of indifference 
whether stator or rotor is treated as the primary, and for the 
machine tested, each was so treated in turn. It ought to be’ 
emphasized that throughout the paper, in dealing with d.c.-excited 
machines, the secondary means the winding which is fed with 
direct current, and the primary the element in which alternating 
current is generated or to which it is applied. 

The machine tested had 3 slots/pole/phase in the stator and 
2 slots/pole/phase in the rotor, and normally operated as a 6-pole 
400-volt 3-phase 50c/s induction motor. Both windings were 
single-layer full-pitch 60° spread concentric windings. The stator 
phases were completely separate. The rotor phases were con- 


CE byt tadd 


bs mmf. WAVEFORM 
lly MEAN LUNE 


ee 


m 


BEUEE: 


— 


(6) 


mmf 
WAVEFORM 


(c) 


Fig. 3.—Turns distribution of 3-phase full-pitch winding, series- 
connected. 


lee ty. 
Sas zsin 30 + gsin 50 +...) 
2vatH(sin 9 = 5 


(a) 3 slots/pole/phase. 


(b) 2 slots/pole/phase. y = 3 sin 36 — Esin 50 + 5 sin,70 +... -) 
tn 


(c) 1 slot/pole/phase. sin @ + sin 30 ree = 3 sin 56+. -) 
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lected in star, the star point being brought to a fourth slip ring. 
‘he experimental values of V3/V,, using each member in turn as 
he secondary, are shown in Fig. 4 against the theoretical value, 
vhich runs as a mean line between the experimental curves. 

It should be added that r.m.s. meters were used, and that the 
igher-harmonic content of the voltage V3, ignored in argument, 


V3 /\4 (ems) 
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Fig. 4.—Test results for harmonic yoltage ratio. 


(a) Rotor excitation. (6) Stator excitation. 
(c) Theoretical value for particular slotting. 


hus added about 1:5% to the meter reading. On the other 
and, the meter was known to read about 1% low at 150c/s, 
ompared with its reading at 50c/s. These two small errors thus 
ended to cancel each other, and both were therefore ignored; 
t was assumed that the experimental values for V/V, were, in 
act, values of the ratio of the fundamental quantities, unaffected 
9y harmonics. It will be observed from Fig. 4 that below 
aturation there is close accord between theory and practice: 
i\bove saturation exact analysis would necessarily be exceedingly 
lifficult. 

The authors are fully aware that the regulation of a triple- 
requency generator based on this principle is very poor, and 
hey do not suggest that the arrangement is ever likely to be 
mployed, except experimentally. Load tests have therefore not 
yeen recorded, but the close correlation between theory and 
yractice in regard to open-circuit voltages exhibited by Fig. 4 
s worth noting, if only to emphasize the fact that it is easily 
ittainable even in complicated electrical machine problems, 
intil saturation takes control. 


5) EFFECT OF SLOTTING THE SECONDARY AND PRIMARY 
CORES 

Preliminary rough tests on a particular machine gave a prac- 
ical value for V/V, [eqn. (6)] of about 0-35, taken over the 
insaturated range, and it therefore seemed probable that further 
‘efinement in calculation was necessary, since this departure from 
he ideal value of 0-296 exceeded that normally found in tests 
yn unsaturated machines. 

The exact forms of m.m.f. distribution, when the secondary 
winding was series-connected and fed with direct current, for 
|, 2 and 3 slots/pole/phase, were therefore plotted, the waveforms 
of turns distribution being shown in Fig. 3; the ratio of the 
3rd-harmonic m.m.f., F; (series-excitation), to the fundamental 
n.m.f., F, (excitation as in a synchronous induction motor), is 
shown in Table 1. It was still assumed that the effects of slotting 
on the fundamental m.m.f. and spread factor were negligible, 
.e. the standard results for uniform spread were used for 
the m.m.f. waveform which is set up by excitation as in a syn- 
chronous induction motor. The error in this is, at the worst, 
ess than 1%, as is well known. 
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Table 1 


CALCULATION OF V3/V,, TAKING SLOTTING INTO ACCOUNT 


ay 3rd harmonic m.m.f., F- Primary Hee ACE 
“pipes | Fundamental mms. | rarmonis | “pe” 
1 | 4@/3e9 =%7 =0-697 | 1-000 1 
2 |2V2) (2 a5) —2¥2 _ 0-495, y= 0707 | 2 
3 | ¢0/5e9 =F =0-465 | 2 = 0-667 3 
«© | 5@/2e)=$=0-44 | 20-67 | © 


*Fundamental spread factor taken as 0-955, 
Fundamental m.m.f. F;, taken as ee (central peak m.m.f.). 


Both chord factors taken as unity. 


For s = 2 andg = 3 |p ae 


and for s = 3 andg = 2 os 


VA 81 = 0:345. 


The full Fourier analyses for the waveforms with 1, 2 or 3 
slots/pole/phase when series excited are also given in Fig. 3, 
and these were used for determining the exact waveform to be 
expected from a particular triple-frequency generator based on 
these principles. Fig. 3 also shows the triangular waveform of 
Fig. 2 to which the others tend as the number of slots increases, 
superimposed in each case. 

In addition to allowing for the effect of slotting on the m.m.f. 
set up by the secondary winding, it was also desirable, for the 
highest accuracy, to make allowance for the effects of slotting on 
the spread factor of the primary winding in which the 3rd- 
harmonic e.m.f. is induced. The values of the 3rd-harmonic 
spread factor taking account of slotting are given by the exact 


formula 
. 7me 
oe ( 2 ) 
. 7m 
qsin ml 

The 3rd-harmonic spread factors in the machine tested were 
0-667 and 0-707 for the stator and rotor, respectively, compared 
with the ideal value for uniform spread of 2/77 = 0-637. Again, 
it was assumed that the effect of slotting on the fundamental 
induced e.m.f. was negligible, and that the factor for uniform 
spread (0-955) might be used for both stator and rotor in 
deducing this. 

Taking account of these slot effects, the corrected value of 
V3/V, = [2\/(2)77?]81 = 0-345, for the particular machine tested, 
was obtained (see Table 1), using either the stator or the rotor 
as secondary winding. This compared with the ideal ratio of 
0:296 [egn. (6)] obtained for uniform slotting. 

Repeated careful tests established very close agreement 
between test and theory when the theoretical ratio appropriate 
to the slotting was chosen. It is fortunate, for this purpose, that 
the effect of a limited number of slots is to increase the mag- 
nitude of the 3rd harmonic compared with that obtained from 
a uniform phase spread. 

In order that an existing machine shall be used as a 3rd- 


harmonic generator in the manner discussed, it is necessary that, 
at least, the star point of both primary and secondary windings 


(8) 
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shall be available, and preferably that both ends of all three 
phase windings shall be brought out on either or both members. 
If the star point only is available on the secondary (d.c.) side, 
the three phases must be fed in parallel to the star point. If 
both ends of the phases are available the windings can, more 
conveniently, be fed in series. If the star point only is available 
on the primary (a.c.) side, the output must be drawn across each 
phase to neutral. If both ends are available the primary can be 
connected either in series or in parallel. 


(6) WAVEFORM OF THE TRIPLEN FREQUENCY OUTPUT 


The output voltage obtained when the windings are connected 
for series excitation is basically of three times the fundamental 
frequency, and includes a series of triplen harmonics which are 
themselves odd multiples (3, 5, etc.) of three times the funda- 
mental frequency, i.e. of the new basic frequency. 

It is easy to deduce a theoretical expression for the resultant 
waveforms from the m.m.f. analyses given in Fig. 3 and Table 1, 
together with the appropriate spread factors as calculated from 
expression (8). It is important to remember that* harmonic 
spread factors can be negative relative to the fundamental,® and 
that only for uniform spread does the numerical magnitude of 
this factor diminish steadily with increase of the order of har- 
monic. .For a finite number of slots the fundamental spread 
factor recurs at certain harmonic intervals, the intervals being 
such that the finite slot “‘packets’” then occur at corresponding 
points on the particular harmonic flux wave. 

The windings of the machine tested were full-pitched to the 
fundamental, and therefore full-pitched to all odd harmonics 
as well, and the chording factor could thus be ignored. The 
chording factor is critical, since a small degree of chording with 
respect to the fundamental corresponds to a much larger degree 
of chording of the harmonic. In practice, a machine without 
virtually full-pitched windings would never be used in the way 
discussed in this paper. The spread factors here needed are, of 
course, those for the 3rd, 9th, 15th, 21st, 27th, etc., harmonics 
of the fundamental, corresponding to the fundamental and to 
the 3rd, 5th, 7th, 9th, etc., harmonics of the triplen-harmonic- 
frequency output. 

The secondary m.m.f. waveforms, the corresponding primary 
spread factors and the resultant primary e.m.f.’s using both stator 
and rotor in turn as secondary, are all given to arbitrary scales 
in Tables 2 and 3, which form Section 12.2. It will be seen that 
the ideal resultant e.m.f. waveform is the same whichever limb is 
excited by direct current. On general principles this must be so, 
since the e.m.f, induced must always be of the form i(dM/dt), 
and mutual inductance, M, is ordinarily a reciprocal property, 
provided that saturation in the magnetic circuit does not occur, 
or if it occurs, that it is equal whichever of the coils forming 
the system is used as primary. Clearly then, the ideal equality 
between voltages will be disturbed in some degree by the effect 
of saturation of the iron circuit which must always occur to 
some extent in any actual machine. None the less, this apparently 
surprising equality was approximately maintained in practice. 

There may be some useful practical application of the principle 
that, when a machine is driven at a given speed, a certain 
direct current passed through one winding of the machine 
will give the same induced alternating e.m.f. in the other 
winding, whichever is chosen for the excitation current. The 
authors do not know of a practical application, though the 
principle has here furnished a very useful and interesting check 
on the accuracy of complicated theoretical analysis. 

The theoretical ee i 


v(sin 0 aie = z sin 36 — = = sin 56 - = = sin 76. Jy ete.) . (9) 
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Fig. 5.—Approximate waveform of the series sin @ + é sin 36 — 


5 sin 50 + F sin 70 to an arbitrary scale. 
is shown to an arbitrary scale, for the first four terms only, in- 
Fig. 5. Preliminary oscillograms of the output waveform) 
showed good general agreement with theory, but the observed — 
magnitude of the harmonics was less than the theoretical. The 
m.m.f. waveforms shown in Fig. 3, and the assumption that these 
are the flux waveforms, ignore the effect of fringing, which will 
become more marked for the higher harmonics. 

Tests of the harmonic content of the actual generated e.m.f.’s 
were accordingly made with a harmonic analyser, and from these! 
values a curve of output voltage was constructed which closely 
agreed with the oscillogram recording. The actual waveform 
was similar for both stator and rotor excitation, but, for the) 
reason discussed above, the results were not identical. The. 
approximate waveforms obtained were 


A(sin 6 + 0-15 sin 39 — 0-20 sin 50 + 0-04 sin 70) (10), 
for stator excitation, and | 
A(sin 8 + 0:20 sin 30 — 0:08 sin 509 + 0:03 sin 76) (11) 


for rotor excitation, where A is an arbitrary constant. 

For harmonics higher than the 7th the experimental values 
of amplitude diminished very much more rapidly than the 
theoretical values given by expression (9), and they were virtually 
negligible. 


(7) EFFECT OF CHORDING THE WINDINGS 

If either the primary winding in which the voltages are induced, | 
or the secondary winding which carries the series-excitatio 
current, are chorded, a considerable variation in the 3rd-harmonic 
voltage will result. 
The effect of chording the secondary winding will first be con: 
sidered. The turns distribution of a single phase of a winding 
of 60° spread, chorded back by an angle «a, is shown in Fig. 6. 
Its Fourier analysis can be shown, by the usual methods, to be 


Z 30 1 Sa 
*Tn(sin 8 cos 5 +3 5 sin 30 COs > + 35 sin 50 cos = 


i Ta 2 9a 
—- 75 Sin 70 cos = — 1 


1 
8 cos = ae ) 

woe —— sin 11 Ae ent (12 
This expression is identical with expression (3), except that each, 


term is multiplied by cos (ma/2). Now it is already known that 
only odd multiples of the third harmonic will appear in the 
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ig. 6.—Turns distribution of one phase of a 60°-spread winding, 
chorded by an angle «. 


ssultant m.m.f. owing to series-excitation of the three phases; 

will be seen that the magnitudes of these harmonics will be 
duced in the ratios cos (3a/2), cos (9«/2), cos (15a/2), etc., 
nd the Fourier analysis of the resultant m.m.f. of the three 
hases, when series-excited by a current J,,, is seen at once, 
sing the arguments of Section 2, to be 


_ BE sin 98 cos me 


: 3a 
lil (sin 38 cos ae 5 


il 15a 
+= Sl ae ean (lS. 
53 sin 158 cos 5 ) (13) 
yy Section 2 also, the resultant m.m.f. of the three phases when 
xcited as in a synchronous induction motor, with a total direct 


irrent J,,,, is 


Sine Nee 5 
hn Tm (sin @ cos + x sin 58 cos > 


— 7 sin 76 cos = asin 118 cos ~5* +... 
his result was also obtained in different form by direct analysis 
y Jakeman,’ in a paper which should be consulted in relation 
) the effects of chording on m.m.f. curves. The result given in 
xpression (13), for the m.m.f. wave actually obtained by series 
xcitation of the three chorded phase windings, can otherwise 
e obtained by direct analysis. Because the result requires care 
1 its direct deduction and is not exactly what might be expected 
t first sight, a brief outline of the proof is given in Section 12.1. 

From an inspection of expression (13) it is apparent that as 
1e chording is increased the higher terms will very rapidly 
iminish to zero, and indeed pass through it. 

In the limit, where « = 77/3 (that is, for 2/3 chording) all the 
10rd factors, cos (3«/2), cos (9«/2), etc., will be simultaneously 
sro, and the combined m.m.f. of all the windings when series- 
xcited will be zero. This is of course clear by reference to the 
hase-band distribution diagram (Fig. 7) for a double-layer wind- 
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ig. 7.—Phase-band diagram of double-layer 60°-spread, 120°-coil- 
pitch, series-fed winding, showing total neutralization of all 
m.m.f.’s. 


2A, 


ing of 60° spread, chorded to two-thirds (120°) of full pitch. The 
upper layer is, at every point, neutralized by the lower layer, and 
the three windings together produce no flux. 

If, however, the secondary winding is full-pitched, so that it 
sets up an m.m.f., the induced e.m.f.’s in the primary winding 
can still be reduced or eiiminated by chording the primary 
winding in the usual way. In particular, two-thirds chording of 
the primary winding will eliminate the 3rd-harmonic induced 
e.m.f., and its family of triplen harmonics. 

It may well be that the results given in this Section are of less 
significance than the rest of the paper, but it has been thought 
desirable to include them for completeness, since they might well 
be applicable in other contexts. 


(8) MAGNETIZING REACTANCES WITH VARIOUS TYPES 
OF WINDING 


(8.1) General Discussion 


It is possible, as explained in a companion paper,’ to recon- 
nect the winding of a given machine for a 3:1 pole and speed 
ratio in several different ways besides the prototype discussed 
above. The theoretical ratios (x,/x3) between the two mag- 
netizing reactances per phase, for each of several types of pole- 
changing connection, are deduced below, and certain experimental 
results are added. 

The ratio is deduced for each of the following cases: 

(a) When first connected 3-phase delta (2p poles), and then con- 
nected single-phase open-delta (6p poles). This gives pole-changing 
without any alteration in the windings of each phase and is the type 
of connection described in this paper. 

This ratio can otherwise be described as the ratio between the 
positive-sequence magnetizing reactance x; and the zero-sequence 
magnetizing reactance x3, per phase, of the given winding. 

(b) When first connected 3-phase delta (2p poles), and then recon- 
nected 3-phase star (6p poles). This was the form first tested by the 
authors, though previously suggested by others. It is discussed in 
the companion paper.’ 

(c) When first connected 3-phase delta, two-thirds full spread (2p 
poles), and then reconnected 3-phase star (6p poles). This was the 
second form tested by the authors and found successful, apart from 
crawling torques for the 2p-poles connection. 

All these variations were first considered, both in theory and 
in practice, for a double-layer winding connected in the standard 
industrial manner for 60° spread. When at a later stage in the 
tests it was decided to reconnect the winding as a true 3-phase 
winding for 120° spread, it seemed desirable to repeat these 
computations, and the confirmatory experiments, for 120° spread. 

It is not, however, possible to obtain any results for the open- 
delta connection with a winding of 120° spread, because the 
reactance of such a winding, series-fed in open delta, is zero: 
the winding generates no flux and the machine ceases to function 
as a piece of dynamo-electric apparatus. This will be clear at 
once from Fig. 8, which shows that a 120°-spread winding gives 
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Fig. 8.—Phase-band diagram of double-layer 120°-spread full-pitch, 
series-fed winding, showing total neutralization of all m.m.f.’s. 


zero net m.m.f. in every slot. The point may be expressed other- 
wise by saying that the m.m.f. of a single-phase winding of 120° 
spread has no triplen harmonic content, and that the resultant 
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Fig. 9.—Turns distribution of one phase of a 120°-spread full-pitch 
winding. 


of the three phase-windings in series is necessarily zero. The 
Fourier analysis of a single phase of 120° spread, as shown 
in Fig. 9, can readily be obtained as 
—.sin 110 :) 
aa sin MO ee terete, 


This result should be contrasted with the result given by Fig. 1 
and by expression (3), for a single phase of 60° spread. 

Tn all these calculations it is assumed to be sufficient to compute 
the fundamental space-component of m.m.f., and to assume 
that this alone sets up a flux which induces voltage. The voltage 
induced by the space-harmonic fluxes will be exceedingly small. 
It is further assumed that the full terminal voltage is applied to 
a totally inductive magnetizing circuit. In fact, there is always 
an equivalent series inductance—the primary leakage inductance 
—through which the magnetizing current must also flow. 
The relative magnitude of this inductance is very much greater 
for the larger number of poles, and, in consequence, the 
practical value of the ratio x,/x, always exceeds the theoretical 
value. The leakage reactance of the winding in any connection 
can, of course, be determined easily by the usual short-circuit 
test on low voltage. This was done in a number of cases, and 
whilst the detailed results have not been thought worth inclusion, 
it may be recorded that the measured ratios of leakage reactance 
to magnetizing reactance were of the order which would be 
required to account for the practical value of the ratio x3/x, 
exceeding the theoretical ratio by amounts varying from 15 to 
34%, which is the range of variation shown in Table 2. 


a (sin 0 — 5 sin 30 + 7 a Es os 1 sin 70 — 
7 


Table 2 


RATIOS OF MAGNETIZING REACTANCES FOR VARIOUS CONNECTIONS 


Ratio 
Practical 
Theoretical 


Value of 2 
x1 


Connection 


Theoretical Practical 


60° spread, 3-phase delta, and 
single-phase open delta. 

60° spread, 3-phase delta, and 
3-phase star, reconnected. 

60° spread, 3-phase delta (4 
used), and 3-phase star, re- 
connected. 

120° spread, 3-phase delta, and 
3-phase star, reconnected. 

120° spread, 3-phase delta (4 
used), and 3-phase star, re- 

' connected. 


0-103 
0-122 
0-260 


0-119 
0-163 
0:331 


0-122 
0:225 


0-144 
0-282 


The practical values of the ratio x3/x, were deduced in a 
typical case from the initial slopes of the families of magnetizing 
curves which are shown in Figs. 14 and 15, and which refer to the 
machine when connected respectively with 60° spread and with 


THIRD-HARMONIC AND ZERO-SEQUENCE FIELDS. 


120° spread; Fig. 15, therefore, shows no magnetizing curve for | 
open-delta operation. 4 
In Table 2 is given a summary of the values of the ratios of 
x3/x, for the three types of connection as obtained by calculation 
and also by experiment. The value 0-103, obtained with the first 
connection given, is the fixed ratio of the zero-sequence mag: 
netizing reactance to the positive-sequence magnetizing reactance 
for a 60°-spread winding, with 3 slots/pole/phase. This ratio is 
independent of the number of conductors in the winding, but — 
would vary somewhat if the number of slots per pole per phase 
were varied. | 
Calculation of the theoretical ratios is given in Sections 8.2 | 
to 8.6. 


(8.2) 3-Phase Delta (2p poles), and Single-Phase Open-Delta 
(6p poles), both 60° Spread 


For equal flux density in the two cases, which is the condition” 
for equating magnetizing force, it follows that 


Spread factor for higher pole number 
Spread factor for lower pole number 


Vz by 
Veo DA 
since the total number of conductors per phase is the same in” 


both cases. On the assumption that the winding may be regarded 
as uniformly spread in both cases, 


_ $3 2/m _ 2 
, 3/a 9 


For the higher number of poles the phases are in arithmetic 
series and therefore 


Now 


V3 
VY 


=0:222. (15) 


Open delta voltage/Line voltage in delta = : = 0-667 


For equal flux density, the magnetizing force acting on the” 
centre of the resultant poles must be the same for both numbers: 
of poles. | 
The peak fundamental m.m.f. in ampere-turns per pole is, 
as is well known 
9/2 
F, = ar nh) => 1-29n1, 
By reference to Fig. 3, and considering the case of 3 slots per 
pole per phase in the original winding, it will be clear that the | 
peak m.m.f. is given, for single-phase open-delta operation, by 


8 n 4/2 
F, = 5 VOL = a, bs) = 0:60nI, 
Equating F, and F;, 
Pe, 
3 = ee 
I, 4a ; 
Combining this with the value already deduced for V3/V,, we 
obtain the ratio of magnetizing reactances 


de 

Xy - Vy 9 See , 

% ty ee O03 meec. (ml 
q 


This is the ideal ratio of the magnetizing reactances per phase, | 
when a delta-connected 3-phase motor is operated first normally 
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and then single phase in open-delta, with three times the number 
of poles and at one-third the speed. It is also the ratio of positive- 
Sequence magnetizing reactance to zero-sequence magnetizing 
reactance for a normal 3-phase winding having 3 slots/pole/phase. 


8.3) 3-Phase Deita (2p poles), and Reconnected 3-Phase Star 
(6p poles), both 60° Spread 


It can readily be seen that in this case 


(18) 
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Fig. 10.—M.M.F. waveform of 60°-spread winding with one slot per 
pole per phase. 
h = »/2nIqg ampere-turns/pole. 


Fundamental Fourier component = Peak value x —. 
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assuming 60° uniform spread in the first case and a winding 

concentrated in one slot per pole per phase in the second case. 
The peak fundamental m.m.f. in the first case is, as before, 

2 9/2 


ri 


F, ni, mat 1-29n1, 

By reference to Fig. 10, and to the Fourier analysis of the stepped 
wave which it shows for the larger number of poles, it will be 
clear that the peak fundamental m.m.f. in the reconnected case, 
if there are initially 3 slots/pole/phase, is 


ep = 0 onl, 


F. 
= TiS 7 


where the number of conductors per pole per phase is now n/3. 

If the change of waveform is ignored, and the standard 3-phase 

60° spread m.m.f. waveforms are still assumed, the result would 

94/2 nl, 

ine jas a8 

me m2 3 
numerically. 


= 0:43nI, which is only slightly different 


Equating F, and F, 


e == = = 2-86 (19) 
1 vin 
V; 
Ve 2 
Thus Mie J 1 eg 155 (20) 
xj dt; 1 
q 


This is the ratio of magnetizing reactances per phase for the 
prototype pole-changing winding with 60° spread in its two 
connections. It is a distinct improvement on the value 0-103 
for an open-delta connection. 


TYPICAL WINDING 
DISTRIBUTION 


(@) 
o 

| 
pole 


Fig. 11.—M.M.F. waveform of 60°-spread full-pitch double-layer winding (only 40° spread used, followed by 20° gap), 
for currents as shown by vectors. 


Vector position I. 


h= iv 2Iqn ampere-turns/pole. Coefficient of mth harmonic is am 


36h, eoRe mim an =) 
T2m2 ( 6 9 
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(8.4) 3-Phase Delta, Two-thirds (40°) Spread (2p poles), and 
Reconnected 3-Phase Star 60° Spread (6p poles) 
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By the same reasoning as before, we now have: 


or (21) 
Only 2/3 conductors per phase are used with 2p poles, and the 
factor 0:979 is the spread factor for a 40° uniformly spread 
phase band. The winding for 6p poles is concentrated in one 
slot per pole per phase. 

Taking the m.m.f. waveform from Fig. 11, the m.m.f. for 
2p poles can be written 


2 
F, = 0-935 5 m/(2)l, = 0-883n1, 


For 6p poles, the expression for waveform is the same as in 
Section 8:3, 1:e: 


Equating F, and F,, 


=10-935 9 —e 22 
i 3 *? (>) 
The ratio of magnetizing reactances then follows as 
Ke 
va 
poe y-260 (23) 
q 


It will be observed that the effect of omitting one-third of the 
winding with 2p poles is desirably to increase the ratio x3/x, to 
more than twice its previous value of 0-122. 


(8.5) 3-Phase Delta (2p poles), and Reconnected 3-Phase Star 
(6p poles), both 120° Spread 


For the same reasons as for the connection discussed in 
Section 8.3, it follows that 


aie eS i Be (24) 
20 


the spread factor now being 34/(3)/27 for 2p poles, corresponding 
to 120° uniform spread, and +/(3)/2 when reconnected, corre- 
sponding to 120° spread with two slots per 120° phase band. 
It should be noted that with 120° spread the number of slots 
per phase band is twice the number of slots per pole per phase. 
The peak fundamental m.m.f. for 2p poles, as is well known, 


is now 
nl SA’ 
2 4/2 
iz 
the effect of using 120° spread being to reduce the magnetizing 


force in the ratio 1/(3)/2, compared with 60° spread. 
By reference to Fig. 12 it will be clear that the peak funda- 


Ve nl, = 1-12n], 
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Fig. 12.—M.M.F. waveform of 120°-spread winding with one slot per 
pole per phase. 


h= splat ampere-turns/pole. 


V2 


Fundamental Fourier component = Peak value x ey 3. 


1 slot/pole/phase = 2 slots/phase-band with 120°-spread double-layer winding. 


mental m.m.f. in the reconnected condition (if there are initially 
3 slots/pole/phase, and therefore only one slot per pole per phase 
on reconnection) is 


\_ 3/3 aie 
where the number of slots per pole per phase is now n/3. If the 
change of waveform is ignored and the standard 3-phase 120°- 


spread m.m.f. waveforms are still assumed, the result would be 


0-372n1, 


This again differs numerically, but not appreciably, from the 
more exact value, as it did for 60° spread. 
Equating F; and F;, : 


— 2 = 2°86 (25) 
1 7 
from which 

V; 

X3 V, a2 

Sr le 2 

aS ian LE 81 ( 
q 


It will thus be seen that the ratio of magnetizing reactances pet 
phase, for the prototype pole-changing winding but with 120° 
spread, is the same as the ratio with 60° spread. 


Reconnected 3-Phase Star 120° Spread (6p poles) 


For the same reasons as in the case discussed in Section 8.4) 
it follows that for this winding, 


Vy 


x 


en 


or 
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: 
ig. 14.—Magnetizing curves for typical 4/12-pole induction motor, 
with 60°-spread full-pitch windings, for various connections. 
(a) Normal delta, 4 poles. x; = 1380 ohms. 
(b) Delta 40°-spread, 4 poles. x; = 680 ohms. 
(c) Star reconnected, 12 poles. x3 = 225 ohms. 
(d) Open delta single-phase, 12 poles. x3 = 165 ohms. 


14 16 18 
CURVES (c )AND(@) 


nly (2/3)n conductors per phase are used with 2p poles; the 
actor 0-923 is the spread factor for an 80° uniformly spread 
hase band, and 0-866 is the same spread factor as for the 
ase discussed in Section 8.5 with 6p poles. 

Taking the m.m.f. waveform from Fig. 13, the m.m.f. in the 
'p-poles connection can be written as 


7 
1 Pa a = 0°823n/, 


Coefficient of mth harmonic is a» = dl (cos 


ames a 
SK =n 
Aur 
I 
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Fig. 13.—M.M.F. waveform of 120°-spread full-pitch double-layer winding (only 80° spread used, followed by 40° gap) 
for currents as shown by vectors. 
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Fig. 15.—Magnetizing curves for typical 4/12-pole induction motor 
with 120°-spread full-pitch windings, for various connections. 


(a) Normal delta, 4 poles. x, = 1110 ohms. 
(b) Delta 80°-spread, 4 poles. x; = 565 ohms. 
(c) Star reconnected, 12 poles. x; = 160 ohms. 


For 6p poles, the expression is the same as in Section 8.5 for 
6p poles, i.e. 
VJ3 


ue yaks 


I, = 0:390n1, 


Equating F, and F3, 


= SPN 
I, 6/3 (28) 
V3 
3 Vv; 
and therefore So BS = | op ep (29) 
x 4; 
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This is a considerable improvement on the value 0-122 when 


using the whole winding, although it is not quite so favourable, 6 
relatively, as the value 0:260 for 60° spread using two-thirds g 
of the winding. The higher value arises from the concentration ee aie 
of the winding which for the 6p-poles connection discussed in “IS 
Section 8.4 is in one slot, while in this case it is spread over a x 
two slots per phase band. wae Fae 
eed 
(9) CONCLUSION mit =12 a 
The generator arrangement described here is of some theoretical Es ee 1 ‘a 
interest because it exemplifies and uses the zero-sequence field, = eel es ees, 
and this extension of the method of “freezing” a.c. vectors 3 Sy 
(hitherto used only in the synchronous induction motor and in 8 ee eile ee 
various kinds of Magslip) to zero-sequence currents is of special 4 =| =|5 = : 
analytical interest. In practice, this type of generator may some- | | < fe 
times be used to improvise a triple-frequency supply from 2 2 JS 
standard equipment for test purposes, but a 3:1 3-phase eS as 
pole-changing winding, developed from the same theory, is very g 8 S 8 
much more likely to be industrially useful. This winding has a(c 4/9 a =| 
properties superior to most commonly accepted pole-changing 5 | | CON eet 
windings, and has accordingly been investigated in detail and < Lia S 
described in a separate paper. 5 ms a 
The other results given in the paper are also primarily of S | 
theoretical interest, but recent growing concern with asymmetrical o = = 
windings and connections has given a new value to experiment 3 aes gs x 
and analysis on the zero-sequence components of unbalanced & : ies 1S 
systems. The authors believe that a too slavish addiction to | re] a + + 
balanced positive-sequence systems only has perhaps tended to 2 2 ee len 
limit the vision of some machine designers, and that the effect of au a! ahd oe 
zero-sequence phenomena has sometimes been overlooked. Ey =i he es 
x ies 
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harmonic | ¥ 


scale of 9. Fourier series as in Fig. 3 


(12) APPENDICES 
(12.1) Fourier Analysis for Series-Excitation of Short-Chorded 
Windings : 
As the windings are progressively chorded, the upper and 
lower layers of the winding begin to neutralize each other. 


with unit current on 3rd- 
ing harmonics, from eqn. (8) 


Secondary m.m.f. for series connection 
Fourier series of e.m.f. corresponding 


Primary spread factors for correspond- 


Secondary slots/pole/phase, s .. 
Primary slots/pole/phase, g .. 
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Fig. 16.—M.M.F. waveform due to series-fed, 60°-spread, 3-phase 
chorded windings. 
i= (2%), 9 5-3 


(a) Triangular wave: resultant m.m.f. of three unchorded phases. 
(b) Trapezoidal wave due to chording. 


x = 30. 


The effect is to remove the peaks of the initial triangular m.m.f. 
wave in the manner shown in Fig. 16 and to set up a trapezoidal 
n.m.f. wave of amplitude diminishing as the chording increases. 


ae 7 é : 
n the limit, where « = 3 the m.m.f. wave vanishes at all points. 


. whether the stator or the rotor is excited. 
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The Fourier analysis of this wave on the natural scale is 


3 


Rewrite in terms of «, H and 0, using the relationships shown 
below the Figure, and the analysis then is 
8H 


cos ae 
72 2 


wp (in Bsin x + 4 sin 38 sin 3x + zysin SBsin 5x +...) 


sin 30 — a cos 


9a. 1 lipyea s 
rv = sin 99 + =; cos sin 150 —...) 


2 


which is identical with expression (13). 


(12.2) Theoretical Expressions for Induced E.M.F.’s for Series- 
Excited Machine 


As has been explained in Section 6, the 3rd-harmonic induced 
e.m.f. for a given exciting current must in principle be the same 
It is, however, 
instructive to carry out the calculation in detail and to verify 
that the result is identical for both cases. This is done in Table 3. 
The higher harmonics are small, but it is necessary to take 
12 terms in order to pass through a whole cycle of signs. 
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MUTUAL HEATING IN TRANSMITTING-VALVE FILAMENT STRUCTURES 
By W. J. POHL, M.Sc., Associate Member. 


(The paper was first received 17th June, and in revised form 25th August, 1955. It was published as an INSTITUTION MONOGRAPH 
in December, 1955.) 


SUMMARY 
The paper deals with heat radiation characteristics of filament 
structures in the region of 2000°K, such as are used in transmitting 
valves. It shows how the effects of mutual heating between the 
individual elements may be calculated, and includes a set of universal 
curves which enable the results to be readily applied to structures of 
cylindrical form. 


(1) INTRODUCTION 


In the design of filament structures for transmitting valves, 
the highly critical nature of the effect of temperature on valve 
life and on emission is widely recognized.! In the future, an 
increasing requirement for valves operating at higher frequencies 
will necessitate filament structures with large numbers of wires 
to give large emitting areas, and to minimize the self-inductance 
of the filament. For example, a modern high-frequency trans- 
mitting triode for operation at frequencies up to 250 Mc/s may 
have a filament structure consisting of 50 or more thin thoriated 
tungsten strands in parallel. In such structures the mutual 
heating effect can be appreciable, so that normal design methods 
applicable to straight single wires!:2»3 lead to higher values of 
filament power than are necessary to attain required levels of 
emission. ‘The paper shows how to calculate the extent to which 
mutual heating gives a saving in power at any stipulated tem- 
perature. The results of the work it;describes are given in 
Sections 2, 3 and 7, and these form a self-contained Summary. 


(2) THE FACTOR K 
The power radiated per unit length from a straight rod or 
wire of circular or rectangular section is proportional to A, the 
surface area per unit length. If the wire is at a uniform tem- 
perature the power can be expressed as 


Radiated power = ofA(T4 — T4) 


where o is the Stefan—Boltzmann constant, T and Tp are the 
temperatures of the wire and the surroundings respectively in 
degrees absolute and ¢ is the emissivity. This is the Stefan- 
Boltzmann law and applies when the wire is enclosed by a perfect 
black body. The figures given for tungsten wire in References 2 
and 3 apply in vacuo under these conditions. Since Ts To the 
expression can be written 


Radiated power = o@AT*  . 37> 2 aaa) 


If some of the heat is reflected, however, or if the wire 
receives heat from another wire, the conditions may be repre- 
sented by multiplying the emissivity by a factor K less than 
unity, and the equation will then be 


Radiated power = Ko¢AT4 


It is proposed to calculate the value of K in cylindrical fila- 
ment structures in which the elements are arranged in a,sym- 
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Fig. 1.—Typical filament structure. 


metrical manner, as shown in Fig. 1, although the results are 
applicable to any cylindrical arrangement of wires or tapes 
such as, say,.a helical one. End-lead conduction will be neglected 
since, at operating temperatures around 2000°K, its effects are 
usually confined to a short length at the end of each wire, and 
can be calculated by the use of curves given in Reference 4. 
Only that portion of the wire over which conduction cooling 
causes no variation in temperature is considered, and this is 
usually referred to as the ‘effective emitting length.” This termi 
will be used throughout the paper. 

If J, is the calculated current required for a short section of 
wire to attain a stipulated temperature, using information given, 
for example, in References 2 and 3, a knowledge of the factor K_ 
will readily give the modified values of current J, which will give 
the same wire temperature at a given position in a filament struc 
ture. Thus, for any short length of wire over which the tem- 
perature may be considered uniform, the power equations are, for 
a single wire, 


I2R = of AT4. (la) | 


and for the same wire in a structure, 
BR= KodAT4 
I3R = KI?R 


where R is the wire resistance per unit length. 
Since R is the same for both conditions at the same tem 


perature, ; 
1, = 9( Big ey a sane (2) 


In any filament structure of finite length, K varies along the 
wire. It is shown in Sections 3 that although K may vari 
(normally between values of 0:7 and 1-0), T will vary only to < 
very small extent. From these considerations it can be show! 
that in practice, for tungsten or molybdenum filaments at tem 
peratures in the region of 2000°K, conduction effects along th 
wire are negligible, provided that the length of the strand i 
large compared with its diameter, as it invariably is in moder 
transmitting-valve filaments. The problem then, for practic 
purposes at such temperatures, is one of heat radiation only. — 


Hence 


if 
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(3) TEMPERATURE VARIATION FOR TUNGSTEN 
FILAMENTS 
It was shown that the power radiated per unit length is for 
I practical purposes proportional to KT4. For constant current 
le power input per unit length is proportional to the resistivity 
hich, according to Clark and Neuber,¢ is proportional to (T)!:*!. 
ence 
T!-41 oc KT4, ie, KT2°79 is constant. 


If 7, is the temperature at the ends of the structure and 7, 
the temperature at the centre of the structure, and K, and K, 
e the corresponding values of the factor K, then 


K,T2°79 LS) K,12:79 P A i ° . (3) 
K.\ 9:358 

T, = T.() Ga) 
K,.\ 97358 


his enables the centre temperature to be found if a filament 
is been designed for a stipulated temperature at the end of the 
fective emitting area, or vice versa. 


(4) CYLINDRICAL FILAMENT-STRUCTURE OF INFINITE 
LENGTH 

A cylindrical structure of infinite length will first be con- 

dered. If the wires are at a uniform temperature the power 

ow is outwards in a plane perpendicular to the axis of the 


xX 


Fig. 2.—Cross-section of filament structure of infinite length. 


iret (see Fig. 2). This power flow can be considered to be 
ependent of @ (as defined in Fig. 2) if the number of wires is 
ge, and if the structure is viewed from a distance large com- 
red to its diameter. For this case, the factor K, which may be 
Iled K,,, is given by 


Intensity of radiation at point Z a very large distance from 
the structure 


N X Intensity due to each individual wire at this point 


ere N is the number of wires in the structure. The numerator 
‘this expression is proportional to the area per unit length of 
ture when viewed from Z, while the denominator is pro- 
VoL. 103, PART C, 
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portional to Nid. These facts are used in Section 10 to show 
that K,, is given by the expression 


d I 1 Pp 
Janes ap fas S90 tos a Ga) ( ‘ba ) = 
‘| = % D OE tan a 7 sin a gi a soar 


in which 


d = Wire diameter 
p = Circumferential pitch 
a& = arc sin d/p 


I 


This function is plotted in Fig. 3. 
1:0 
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/D 
Fig. 3.—Values of K for infinitely long structures. 


Using similar methods it is readily shown that for a thin-tape 
structure the relevant expression is 


en eee ee TA 0) 


where w is the width of the tape, and p is the pitch. 

It should be realized that eqn. (4) has been developed by 
methods which assume that the number of wires is very large, 
and for small numbers an appreciable error may result. Using 
a different approach it is possible to assess this error, but only 
for values of d/p less than about 0-5 can this be done accurately. 
The procedure is as follows. 

Consider an individual wire P, which from symmetry will be 
representative of any of the wires. Since all the wires can be 
considered as radiating heat uniformly in all directions perpen- 
dicular to their axes, each wire other than P will receive from P 
an amount of heat per second equal to the amount returned to P 
by each wire. Therefore for this case the factor K,, is given by 


K, = os (et — Angle subtended at 4) Pa 16) 
27 by other wires 


Let R be the radius of the structure. Then if d is the wire 


diameter and N is the number of wires 
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Gee of wires, V 


Fig. 4.—Values of function y used in eqn. (7). 


y 
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; IN, =) d 4 
and since Re me Ke gt) i istde ee) 


Values of y are plotted in Fig. 4 against N, and it is clearly 
seen that if N is greater than about 100, approaches an 
asymptotic value, and for such cases it is best to use eqn. (4) 
because the method used in deriving eqn. (7) makes no allowance 
for possible overlap of the angles subtended at P by the wires 
nearest to it. Eqn. (7) may be readily corrected to take this into 
account for any particular case, but in most practical instances 
for conditions where eqn. (7) is valid (e.g. where d/p is less than 
0-2), the effect is negligible. 

When WN = 100, and d/p = 0-1 the results from egns. (7) and 
(4) agree within 1%. It is suggested, therefore, that eqn. (7) 
be used where the number of wires is less than 100, and egn. (4) 
where it exceeds this figure. 

If N is very large, K,, may be found by putting 


I 
Ki aS (Total angle subtended at P by gaps between wires) 


30 40 60 80 100 400 600 


ref 2 
1 psin@ —d d 
ri 6 ae 
ae psin@ o ae 5) 
id aa 1 1 
2p Pie moe) , 
For small values of d/p this becomes 


1 
Kp =| n- “G + log, | 


which is the same result as that obtained in Section 10 by 
different method. 


(5) THREE-DIMENSIONAL TREATMENT 


It is convenient first to consider a tape structure as shown if} 
Fig. 5. The problem of the infinite structure can be solved i 
three dimensions by considering a small area, dA, at the point Q)| 
on the inside surface of one of the tapes. The amount of hea 
returned to this small area by the rest of the structure could 6 
summed by the use of well-known fundamental cosine-la\ 
relationships (see, e.g., Reference 5, pages 52 and 53). Rathe 
than integrate the effect of the other tapes along their length, | 
somewhat different method will be used here, in order that 


Fig. 5.—Perspective view of tape-filament structure for three-dimensional treatment. 


asoning may be readily applicable to circular wire as well as 
pe structures. Consider a small length d/ of the cylinder, at a 
istance / from Q, as shown in Fig. 5. If AP, is the power 
‘hich the small area at Q radiates into the dark spaces, i.e. the 
Noga of power which is not returned in equal measure, and 
the area dA radiates a total amount of power PdA into space, 
| being the total emissive power, the factor K., would be given by 
i 


Power not returned 
Power radiated — 


Power returned _ 
Power radiated 


i=0 


2] AP, + PdA 
ERS os ae 
| eens 6 Pda * 2 


ihere P, is the sum of the unreturned power radiated by both 
a of the elemental area. This expression takes into account 
1e fact that the opposite side of the small area at Q on the tape 
idiates an amount PdA but receives no power in return. 

|Let AP, = gAP where the factor g is the unreturned fraction 
F the total power AP, radiated by the area dA to the cylindrical 
ment. If the number of wires or tapes is large, this factor g 
i be independent of the axial position of the element and 
erefore constant. 


Total power not returned 
Total power radiated | 


ince aoe 


the centre of an infinite structure, where P; = PdA for one 


ice, and gP(dA) for the other 


PdA+gPdA_1+¢ 
2PdA a) 


g = 2K, —1 


K, = 


lence 


This relation will be used in Section 6, where it is of value 
ecause it is independent of the length or diameter of the 
ructure, 


(6) STRUCTURES OF FINITE LENGTH 
Consider a structure of finite length L for which it is desired 
) calculate the value of K at the centre, i.e. the point Q is at 
= L]2. For both sides of the small area at Q, each side radiating 
ower equal to PdA, the power which is not returned is 


J=L]2 = 0 


tay oP 24] AP + PdA 
=L/2 


“MP rf [ar 


yhats oP cae AP+(1 -9| ap] + Pa 


0 151/e2 


Now 


Now 


| AP = P/2 
: co 


| PLS 1 1 
oe Ee Piet 
aa se oe ea ( ) 2 


Since g = 2K,, — | this becomes 
: Ki eK Othe er 8 ae setts GR) 


L/2 
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oe al ope Met 
The expression Pp AP is the fraction of the total power 
L|2 

radiated by a small area (on the surface of a cylinder distance 
L/2 from the end) which passes through the open end of the 
cylinder. The calculation is given in Section 10.2, and the 
results are plotted in Fig. 6, curve (a). 
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Fig. 6.—Fractional power radiated through one end aperture of an 
open cylinder from a very small area on the cylinder surface. 


For the end of a cylinder, 


rear wk 
P, dA(3P + f r+ P) 


Proceeding as before, i.e. substituting 


6 co co 


| ar-|ar—| a 
0 0 L 
and aca 0A Cai 
Kea (An 
we obtain K, = 2 T D + al «(5 AP) * . - (9) 


1 co 
p [ar is found from Fig. 6. 
fb 

It is also easy to derive the value of K at any position at a 
distance x from the end of the cylinder by proceeding in the same 


manner. 
For this it is found that 


(end ee hee >of (p| 4°) a (7) 27) | 


1 
Again the expressions r: AP and id P| AP are readily found 
L—-x 
from Fig. 6. 
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This reasoning has so far been applied only to a tape structure 
as shown in Fig. 5. For a circular wire, the surface may be 
regarded as a large number of elemental surfaces which are 
either perpendicular or parallel to a tangentialplane of the 
cylinder.* It is therefore necessary also to evaluate the expres- 
sions for surfaces perpendicular to the tangential planes, and 
this is given by curve (b) in Fig. 6, the derivation of which is 
also given in Section 10.2. Now for circular wire, the total area 
of the infinitesimal surfaces which are perpendicular to the 
tangential plane will be equal to those which are parallel to it, 
so that the arithmetic mean between curves (a) and (6) is appli- 
cable. This is given by curve (c). 

In the foregoing it has been assumed that the filament is at a 
uniform temperature throughout its length. The error due to 
this is thought to be small because of the effect of the cosine 
law of radiation. This causes the heat interchange between the 
area at Q and a part of the structure at a distance / from Q to 
become rapidly less important in the determination of K at Q 
as / increases, i.e. as the temperature begins to differ from that 
of the area at Q. 


(7) SUMMARY OF RESULTS 


(7.1) K as a Function of Position 


For the centre of a cylindrical structure of effective emitting 
length L and diameter D, we have from eqn. (8) 


K.)f) 


Here A = L/2D and f(A) is given in Fig. 6, in which curve (c) 
should be used for wire structures, and curve (qa) for thin tapes. 

K,, may be found from eqns. (4) or (7). In accordance with 
the discussion in Section 4, it is suggested that where the number 
of wires exceeds 100, eqn. (4), i.e. Fig. 3, be used. For less than 
100 wires, the use of eqn. (7) and Fig. 4 is recommended, and 
where thin tape is used instead of wires, eqn. (5) should be used. 

For the end of the structure (not the physical end but the end 
of the effective emitting length) 


Kix kK. £20 = (9a) 


K,="2 +5 +0 - Kof (96) 
Here A = L/D and K,, is found as before. 
in Fig. 6 for this value of A. 

Although these calculations apply strictly only to filament 
structures in which the elements are parallel to the axis, they 
may be used for helical or other cases where the wires or tapes 
are evenly distributed over the structure. For these, it is sug- 
gested that N, the number of elements of an ‘‘equivalent parallel 
structure,” be taken as 


Again f(A) is given 


Total length of elements in the structure 


N= ar 


D 
hence Pipe 


aD 
aaa a Nas 


N ’ 
and values of K,, are then obtained from Fig. 3, or eqn. (5) in 
the case of tape. 

That this method is accurate for a filament structure of infinite 
length is readily shown. For a structure of finite length, the 
mean effective value of the ‘equivalent parallel” structure as 
here defined will also be correct. The substitution in the, case 
of tape structures is easily shown to be equivalent in every way. 


* Since the factor K is independent of emissivity, such a substitution is permissible 
for the purposes of this calculation, 
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(7.2) Example to illustrate Use of the Curves 


A cylindrical tungsten-filament structure has an effective” 
emitting length of 2in, and is 2in in diameter. h 
of wire in the structure is 420 in, and the wire diameter is 0-006 in. 


length is to be 2000° K, it is required to find 


(a) The required current per wire. 

(6) The temperature in the centre of the structure. 

(c) The percentage power saved as a result of mutual heating 
if the temperature at the end of the ee emitting 
length is to be 2000°C. 


Total length of wire 


si 
by —., where N = 
p is given by bute Structure length 


— 


7 x2 
P= —Fi0 
d__ 0-006 D 

H —— = =e 

ence a = 0-030 Ome also > 1-0 

For the centre of the structure eqn. (9a) is used. 

K, = K,, + 11> Koy) 

K,, is given in Fig. 3, and for d/p = 0:2 K,, = 0°75. 


A =L/2D = 0:5. f(A) from Fig. 6, curve (c) (circular wire) is 
0-132. ; 


Hence K, = 0:75 + 20:25) x 0-132 = 0-75 + 0:066 = 0°81.) 
For the effective end of the structure, K, is given by eqn. (95), 


x, = *21' + @ = 2mye 


where for this case A = L/D = 1:0. 
f(A) from Fig. 6 is 0-045. 


Hence K, =F? +5 +.0-25 x 0-045 = 0-887. 


From Reference 2 for a straight wire at 2000°C the current 
per wire is found to be 1-95amp for wire of 0:006in diameter. 

Taking into account mutual heating, in order to sustain the | 
same temperature at the end of the effective emitting length the | 
current must be multiplied by +/K;,. ) 

Hence the current required is 


1:95 x 4/0-887 = 1:95 x 0:94 = 1-835 amp 


The centre of the filament will run at a temperature given by 
eqn. (35). 


K,\ 0-365 
i hee 2000( 2) e 
€ K, 


fe 887 


o 8 _ 2070°C 
on se 


The saving in power is very nearly proportional to Ky. 
Expressed as a percentage it is 


1-0 ‘ 
97597 * 100 = 11 4% 
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(10) APPENDIX 
(10.1) Calculation of K,, for Structures with Circular Wires 


_ Reference should be made to Fig. 2. 


I _____ Intensity of radiation at a very large distance 


Kn = ive 
° I, + Nx\Intensity at the same distance due to an indiv. wire 


where N is the number of wires, of diameter d. The denominator 
f this expression, J, is equal to CNd, where C is a constant. 
he numerator is given by C x area per unit length of shadow 
hich parallel light would throw on a plane such as XX parallel 
o the axis of the structure, and is therefore 


Teas c|2 [3 (1 + a! + 2R(1 — cos 2) | 


n = Number of wires in a small arc AB 
Al = Projection of AB on XX 
g = Projection of the gap between two wires on XX. 
27R 


p = Circumferential pitch = ae 


Where 


R = Radius of structure. 


a = Angle at which g=0. Since g=psinO—d, «= 
rc sind/p. Since Al = np sin @ = Rsin 6d0, we have 


2d ym d2 Pete dt. 
; = 2cr| (3 ‘ a) p28 lars " sin 2) ere 2| 


Now i CNG. — oe Rad 

Tence 

1 _a | Pp (4) 
tc Tn a ao 8 tana’ sin ) Bat oe | 


This expression is plotted in Fig. 3. 
Suppose d/p is small, so that « 


1 d/3 2p 

|= pat 8G | 

Somparing eqn. (4) with eqn. (7a) it may be shown that the 
lifference is very nearly 1/87(d/p)3. Since eqn. (4) may be con- 
idered accurate, this is a measure of the error introduced by 
he assumptions in deriving eqn. (7). If d/p is, for example, 0-5, 
he error is (1/87r)(0-5)3 = 0-005, so that for practical purposes 
qn. (7) is accurate within 1°% if dip is less than 0-5. 


sin « = tana = d[p. 


Then K, = 
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(10.2) Fraction of Total Power radiated through the Open End 
of a Cylinder of Diameter D by a Small Area dA on the 
Curved Surface, at a Distance L from the open end. (See 
Reference 5, pp. 52 and 53.) 

(10.2.1) Small Element dA, Parallel to the Cylindrical Surface. 


Referring to Fig. 7(a), the fraction dP of the total power 
radiated by dA, which is received by a small area dA, of height 


(@) i 


(A) 


wae ) 
dA’ a, j 


Fig. 7.—Co-ordinates and symbols used in Section 10.2. 


dy and width dx, in a plane perpendicular to dA, is readily shown 
to be 
dxdy ly 


P= +e 


Hence for an elemental strip width, extending from y, to yo 
[Fig. 7(6)] 


fe ie = “yay laxl ¥e— 5| 
J Pe | G+ yy 2, Ty +) 
yo 


The shaded strips in Fig. 8(a@) must be integrated to cover the 
circular end of the cylinder shown, so that 


y4=14+V0-xX) yw=1-Vl—x) cosf=Lfl 


Here all dimensions are normalized with respect to the radius of 
the cylinder. 


=| 
= 2| AP cos ys 
x=0 
where AP is given above. 


Substituting for AP and inserting the values for y,, Yo, cos y, 
putting /? = L2 + x?, and simplifying, 


P= f x 
7 
gl 4/(1 — x2)dx 
J f242+[1-V0 —x9PKP +22 +[1+V0 —x)P} 
This integral has been evaluated and the results are shown in 


Fig. 6 curve (a), where P is plotted as a function of the 
normalized length 


length  L 
~ diameter 2. 
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Fig. 8.—Co-ordinates and symbols used in Section 10,2. 


That P = 0:5 when A = 0 is consistent with conclusions drawn 
from purely physical considerations, as is the fact that the curve 
is asymptotic to the abscissa. 
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(10.2.2) Small Element dA, in a Radial Plane, i.e. Perpendicular to 

Surface. 

The plane of the element dA is perpendicular to that of the 
previous case [see Fig. 8(d)]. ; 

Procedure is the same as in Section 10.2.1. In this case all 

dimensions are normalized with respect to the diameter of the 

cylinder, and thus we obtain 


y=Vax— x) yy =0 


In order that eqns. (8) and (9) may still be correct, we need to 
insert a factor of 2 because here both sides of dA radiate through 
one half of the open end. 


1 
P= [ AP-cos w 
h 


\ 
Using again the expression for AP and substituting y, = 
/(x — x?), Yo = 0, cos & = L// we obtain 
pLLl  @ =x) | Jae 
77) (22 + x2)(12 + x) 77) Gree P+x 


arctanl1/L L 1 
=m bg (145) 


Again, when L = 0 P = 0:5, which is what would be expected. 
This function is plotted in Fig. 6, curve (6). Fig. 6, curve (c),. 
shows the mean value of curves (a) and (6), which is applicable 
to wire elements of square or circular cross-section. : 
In Fig. 6, A equals L for these conditions, since L had been 
normalized with respect to the diameter. 


IP 


DISCUSSION ON 
‘(A NOTE ON THE SURFACE LOSS IN A LAMINATED POLE-FACE’* 


Mr. K. C. Mukherji (communicated): In the course of an 
attempt to obtain a general formula applicable to tooth-ripple 
losses and losses due to load harmonics in electrical machines, 
I have been engaged for some time in an investigation of 
cylindrical electromagnetic waves of various peripheral wave- 
lengths, rotating in space with various angular velocities, such 
as those existing in the air-gap of most rotating machines. The 

- author’s paper is therefore of great interest tome. My approach 
to the problem, although independently developed some time 
before the author’s work was published, had in fact been 
essentially similar to his, with limitations similar to those implicit 
in his paper, namely that all discontinuities in the volume or 
surface of the pole due to slots or wedges were neglected, and 
that the air-gap field was assumed to remain unaffected by the 
field produced by the eddy currents. However, I obtained my 
solutions in terms of the cylindrical polar system of space 
co-ordinates, involving modified Bessel functions of complex 
arguments. Fortunately, the arguments were large enough in 
the case of the tooth-ripple harmonics to justify the use of the 
asymptotic expansions of these functions at the final stage, and 


* Carter, G. W.: Monograph No. 123, March, 1955 (see 102 C, p. 217). 


in so doing, my result degenerated exactly into the author’s | 
eqn. (20). 

Since then, however, a closer review of the work, prompted 
by some experimental observations, has revealed two important 
points relating to my solutions of Maxwell’s equations, or equally 
to those obtained by the author. These are, first, that the 
solutions are not wholly consistent physically, and secondly, that 
they are not sufficient to explain the entire phenomenon of 
tooth-ripple flux pulsation as observed in a particular laminated 
pole-shoe. I should like to elaborate these two points as follows: 

(a) It will be noted from the author’s eqn. (8) that B, is an odd 
function of x and has finite values at x = + A/2; this implies a 
discontinuity in the axial component of the induction at the 
boundaries between adjacent laminations in a laminated pole- 
shoe. There is nothing to be said against such an expression for 
B,, when only a single lamination is considered by itself, but it is 
surely inadmissible in the case of the usual compact laminated 
structure. 

(b) A group of experiments on the penetration of tooth-ripple 
flux pulsation into a laminated pole-face has been made on an 
experimental machine with stationary salient poles employing 


}'18mm cold-rolled close annealed pole-stampings, and an un- 
vyound rotor having a tooth-pitch of 24-4mm. Axial holes of 
/16in diameter were drilled in the pole stampings, arranged in 
pairs one-half tooth-pitch apart circumferentially, each pair being 
jpaced radially at successive depths of 1:-5mm, 3-Omm, and 
i-Omm behind the pole-face. The holes in individual stamp- 
jngs were aligned so as to allow the threading of a search-coil 
\vire throughout the full length of the pole, two such wires 
laruiig a single-turn coil one-half tooth-pitch wide. An 
idditional search coil of the same width was glued to the 
bale fab. A third search coil was wound embracing the entire 
bole-face with a view to observing the main flux pulsation. This 
vas found to be relatively small. Measurements of the e.m.f.’s 
nduced in the other search coils, using an electronic wave- 
inalyser, showed that the attenuation of the flux-ripples took 
olace, in fact, at a much lower rate than that envisaged by the 
uthor’s eqn. (23), which should have been valid for our par- 
\icular experiment; still more striking was the observation that 
i rate of attenuation was independent of the speed of the 


jotor, In fact, the measurements suggested an exponential 
lecay of the fiux-ripples, roughly according to the law e— 27/9, 
_ Rough calculation indicated that holes of the size used would 
not affect the induced e.m.f.’s by more than about 15%. We 
herefore had to look back to Maxwell’s equations again for an 
*xplanation of this apparent anomaly, and it became clear that a 


olution of the equations of the form 


x py Lai 
cosh (va@3)e EY 


has not only perfectly feasible but also possibly compatible with 
more exact boundary conditions of the problem. A rather 
*xtensive mathematical investigation of the entire phenomenon 
$ now in progress in association with Prof. H. Bondi. 

The field variation across the thickness of the laminations, as 
mnvisaged by this particular type of solution, is familiar to us 
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in the classical problem of the field distribution in an infinite 
lamina of restricted thickness placed in the alternating field of an 
infinitely long solenoid. In fact, the existence of this pheno- 
menon in association -with the tooth-ripple flux pulsation in 
laminated poles was referred to (if only qualitatively) by Adams* 
at the beginning of this ceutury, when he described the circum- 
ferential elements of pole-face eddy currents as “screening 
currents” because of their tendency to screen the centre of the 
pole-face from the tooth-ripple flux pulsations. 

Prof. G. W. Carter (in reply): I was very interested to learn 
that Mr. Mukherji and I had been working on similar lines, and 
that he had obtained a formula for the surface loss perhaps 
earlier than I had. I did not consider it worth while, however, 
to take account of the cylindrical curvature of the surfaces, in 
view of the many other, more serious differences between the 
idealized problem and an actual motor. 

The finite value of the normal fiux-density at the faces of a 
lamination, explicit in eqn. (8) of my paper, is implicit also in 
my father’s work. Such a component of flux-density would 
arise, in a single lamination, from the magnetic effect of the 
eddy currents themselves. lt is therefore probable that the turn- 
ing of a blind eye to this component (which would not exist if 
the lamination were in the middle of a pile) is of a piece with the 
general neglect of the field of the eddy currents in comparison 
with the inducing field. This neglect is admittedly an imperfec- 
tion in my solution; it is therefore gratifying to learn that Mr. 
Mukherji believes himself to have discovered another solution 
which promises to be less open to criticism. Further particulars 
will be welcome, for it is not easy to see how the frequency of the 
disturbance and the physical properties of the material, sum- 
marized in the constant d, can be without effect on the attenuation 
in the z-direction, yet can make their appearance in the mode 
of variation of the quantities in the x-direction even on the 
plane z = 0. 


* Transactions of the American I.E.E., 1909, 28, p. 1133. 


DISCUSSION ON 


‘STEADY-STATE STABILITY OF SYNCHRONOUS GENERATORS AS AFFECTED BY 
REGULATORS AND GOVERNORS’’* 


Mr. D. Broadbent (Australia: communicated): The paper is a 
progressive step in the modern treatment of power systems and 
their regulators as closed-loop systems with their components 
representable by transfer functions. So long as the operation 
is restricted so that the systems can be represented by linear 
>quations, the method has much to recommend it. However, the 
parameters of machines and loads are not constant, as the authors 
have indicated, and an exact mathematical treatment would be 
very complicated, particularly for paralleled machines and loads. 
For specific problems a miniature machine analoguef is simpler. 

These remarks apply equally to the problems in governor 
operation. Various authors, including Crary, have suggested 
that the low speed of operation of the governor loop justifies 
. MEssERLE, H. K., and Bruck, R. W.: Monograph No. 134S (see page 24). 


t MACKLEY, K. W.: “Development of Model Power System,” Electrical Engineer 
(Melbourne), 1955, 32, p. 117. 


taking the prime-mover power as a constant for the first swing 
of the stability study. An approach of the type indicated in the 
paper is the means for confirming or modifying this. Unfor- 
tunately, while the authors have gone tosome trouble to introduce 
the effects of machine field time-constant by 7/,, in eqn. (16), they 
have neglected the all-important 7; and rT, in their solutions. 
This omission has the effect of increasing the damping coefficient 
from 4:0 to about 24:0 without raising the order of the equation. 
In fact, because of its inherent time-constants, and its dead-band, 
a speed-error governor gives nothing like this degree of damping 
and may even excite oscillations. 

Partly for this reason a time-error governor} with stabilizing 
circuitst was developed at Melbourne University Electrical 

+ BRoADBENT, D.: ‘Integral Governing of Turbo-Alternators,” Electrical Engineer 


(Melbourne), 1953, 29, p. i ; : 
{ BROAD BENT, D.: “Stability of Integral Governing,” ibid., 1955, 32, p. 40. 
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Engineering Department for use in a miniature machine system. 
Tests were made using a differential analyser* for an isolated 
machine and two paralleled machines time-error governed. 

Eqn. (A) describes the isolated machine behaviour, the 
nomenclature used being the same as that.in the paper. 


Mp?Aé6 + DpA6d + AT,, =0 (A) 

KA6 
| mu oe: ae, ; i: 
where AT,, Gp 1G pan forsimpletime-error governing 


K = Governor gain 
= 0-02 per unit in the tests. 


The difference in the solutions using 7; + 72 = 0 and a design 
figure of r, + T2 = 0-3sec was negligible. This is partly because 
their omission in a time-error-governed system does not introduce 
heavy damping. 

Eqns. (B) and (C) describe two machines connected by a tie-line 
having a damping coefficient D,, and a synchronizing torque 
coefficient T,;>. 


M,p?Aé6, + D,pAd; + D,>p(A6, es A6d,) 


air Ty12( Ad; ee Aé)) a AT, ='0 (B) 
Mp7A6, ate D,pAd, ae Dy, p(Ad, = A6,) 
+ Ty2(Ad, — Ad,) + AT. = 0 (C) 
K,A6 
NGF ize ae es Merl ee 
m (yp + DGap + 1) 
and AT.» = K,A6, 


(T1207 + I(t2p + 1) 


for simple time-error governing. 

For tests described 7,1, 71,7; and 729 were neglected, resulting 
in the governor gain-constant K increasing the effective value of 
the synchronizing torque coefficient, possibly raising the stability 


* BROADBENT, D.: “The Stability of Time-Error Governed Turbines in Power 
Systems,” Australian Journal of Applied Science, 1955, 6, p. 281. 
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limit. For this measure to be effective, not only must 7, +- T> be 
small, but the value of K must be comparable to T,. 
raises the question of governor stability for the isolated machi 
For this reason in the machine analogue the governor incor- 
porated a second-derivative stabilizing feedback according to 
eqn. (D). , 


ee K1p2A6 . 
x8 Soe D) 
AT, (|p + DG@op + (kA si aioe ) ( 


Time-error-governed machines using a low value of K have 
worked in parallel in a power system and have been described. 

Messrs. H. K. Messerle and R. W. Bruck (in reply): Mr. 
Broadbent’s comments amplify the importance of the effects of 
governors on the performance of oe machines. The 
governor time-delay modifies the transient response and stability, 
limit, and a more detailed analysis can be found in a later 
publication.* q 

Normal integrated speed controllers or time-error governors 
have a negligible effect so far as fast machine transients are” 
concerned, and the steady-state and dynamic stability limits are 
only slightly modified. The sensitivity, K, of this type of con-~ 
troller, as implied by Mr. Broadbent, could be increased beyond 
the values which are normally used. This, however, is usually 
considered as impracticable for two reasons: first, fast integral 
control makes the operation of the alternator very unstable, and. 
secondly, there is no point in trying to force large machines or | 
power stations to corréct for every load change. In general, the’ 
sensitivity is chosen so that the controller averages out the overall 
speed variations over a period of, say, 30sec or more and then 
acts accordingly. By that means excessive machine oscillations — 
are avoided. 

The simplified approach for the differential analyser study by 
Broadbent has been used also by Concordia and Kirchmayer 
(Reference 13). It neglects the effect of alternator field time- 
constant, which is very critical in stability studies.* 


* MESSERLE, H. K.: ‘‘Relative Dynamic Stability of Large Synchronous Generators,” 
Proceedings I.E.E., Monograph No. 1598S, January, 1956 (103 C), 
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